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Outline of the talk

We consider

automata and automata groups

Lamplighter group

rooted regular trees and group action on them
Schreier graphs

Markov operators on Schreier graphs, and its spectra

ok~ b=

spectrum of the Lamplighter group
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Automata

@ We consider finite invertible automata with the same input and
output alphabet {0, 1}.

Example

Denote the following (non-initial) automaton by A:

o0

00 01

d: 10 S 100

o We call A;, and Ag, initial automata.
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Examples of initial Automata

@ Initial automata operate on (finite or infinite) sequences over the
alphabet {0,1}.

Example

Let A be the following (non-initial) automaton:

(OO0

0—0 o 0=1

Id: 015 €1 9,40

Then, for example,

Ag, : 00000 > 11111, 10100 ~ 01011
Ag, : 010 — 011, 01000000---+>01111111---
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Examples of Automata

@ Automata producing the identity map on the set of strings are called
trivial automata.

Example (trivial automaton)

Denote the following automaton by A:

A:111111 — 111111, 0100000- - -+ 0100000 - - .

0,1

Then, for example,
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Examples of Automata

Example

@ The following automaton A generates the Lamplighter group.

C@ o

A (0X1X2 ce ) == 1A3(X1X2 ce ), Aa(].Xle ce ) = OAb(X1X2 ce )
Ab(OX1X2 ) = OAa(X1X2 ce ), Ab(1X1X2 ce ) = 1Ab(X1X2 cee )

Note that
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Composition of automata

@ For any two initial automata A, and B, joining the output of Ag
with the input of Bs one gets a map which corresponds to an initial
automaton Cg .

e We call G4 s the composition of A; and A, and denote it by A, * Bs.
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Composition of automata

Example

Denote the following automaton by A.

O

q

0,1

Then, for example, 10000 — 01111 — 10000. Therefore,

Ag*Aq = 1d.
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Equivalence of initial automata

@ Two initial automata are called equivalent if they determine the same
map on the set of strings.

Example
Denote the following automata by A:

07 1C 0
1 @
q1 q2

Then Ag, is equivalent to the trivial automaton.
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Groups generated by automata

@ The classes of equivalence of initial automata over the alphabet
{0,1} constitute a group which is called the finite automata group.

Let A be a non-initial automaton, and let Q = {q1, g2, -, q¢} be the set
of states of A. Then, the group G(A) = (Aq,, - ,Aq,) is called the group

generated by A.

Reminder: the following automaton generates the Lamplighter group:

C@ o
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@ The study of automata groups led to the solution of a number of
important problems in group theory (Burnside problem, Milnor
problem, Atiyah problem, Day problem, Gromov problem, etc).

@ The original definition of the Lamplighter group is ($7Z/27Z) x Z. It
can also be written as Z /27 1 Z.

@ In general, it is not an easy task to recognize the group generated by
a given automaton.

@ A full classification of all automaton groups defined by automata with
given number of states m and size of the alphabet k has been
achieved only for m = k = 2. For the next smallest case m = 3 and
k = 2 only a partial classification was obtained.
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Rooted 2-regular tree

Consider the following rooted 2-regular tree:

00 01 10 11

@ Denote by X the set of infinite rays joining the root vertex to infinity.

@ Write the set of vertices of the n-th level as X,,.

Then, any finite automata group G acts on X and X, in the natural way.

Yuki Takahashi (UC Irvine) August 16, 2016 12 / 37



Action of G on X and X,

o Let d,: Xptr1 — Xpn be the map given by deleting the last letter in
each word. Define §, : X — X, in a similar way.

Then, 8, and 8, are surjective G-equivariant map, that is,

gon(x) =
gg,,(x) =
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Action of G on X and X,

The following diagram commutes, and §, and S,, are surjective
G-equivariant map.

X, 8o X, 51 X, 55
A 5/ 56

5o 01

X
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Schreier graphs

Let G be a group generated by a finite symmetric set S (S being
symmetric means S = S~!) which acts on a set Y. The Shreier graph Y
can be defined by:

@ the vertex set of the Schreier graph is Y
o the edge setis S x Y
e fors € S and y € Y, the edge (s,y) connects y to sy.
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Example of a Schreier graph

Example (Schreier graph Y = {1,2,3,4})

Let G be the dihedral group Dg, and let Y be the set {1,2,3,4}. Let
S = (0,071, 7), where 0 = (1234) and 7 = (24).

v
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Markov operator and adjacency operator

The Markov operator on a Schreier graph Y is the operator
M : (Y )—>€2(Y)
(MF)(Y) = 1 Zf sy).

seS

Similarly, the adjacency operator A is defined by

=> f(sy).

seS
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Example of an adjacency operator

o Let G=Dg, Y =1{1,2,3,4} and S = (0,071, 7).

Co— —

Note that £2(Y) is isomorphic to R*. Therefore,

= O =
= = O
[ R e N
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Spectra of Schreier graphs

@ Denote by Sp(T) the spectrum of a self-adjoint operator T.

Let G be a group generated by a finite symmetric set S, and assume that
G actsonsets Y and Y, and § : Y — Y be a surjective G-equivalent
map.

Then we have
Sp(My) C Sp(My),

where My and Mg, are the Markov operators on the Schreier graphs Y

and Y, respectively.
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The Lamplighter group G and its symmetric set S

Reminder: the following automaton generates the Lamplighter group G:

CG o

Denote G,, Gp, simply by a, b, respectively. Let S = {a, b,a~ !, b7 1}.
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Action of G on X, and G

@ Recall that G acts on the rooted regular tree X, and also on the set
of vertices of the n-th level X,. It is known that action on X, is
transitive.

@ Also, G acts on itself by left multiplication (left regular
representation).

@ Therefore, one can consider the spectrum of the Schreier graph G
(which is precisely what we want to do! :)).
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Nested sequence of spectra

Reminder: the following diagram commutes, and 8, and 4, are surjective
G-equivariant map.

X, do X, 01 X, d2
X

Therefore, we have

Sp(Xo) € Sp(X1) € Sp(X2) € -
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How to compute Sp(G)?

The following holds:
Theorem (L. Bartholdi & R. Grigorchuk, '00)

We have

L Sp(Xa) € Sp(G).

n>0

e We want to show that Sp(G) = [-1,1].

@ By the above theorem, it is enough to show that

U Sp(Xn) = [-1.1]

n>0

Yuki Takahashi (UC Irvine) August 16, 2016



A little bit more detail...

@ Since X is uncountable, the action of G on X cannot be transitive.

Let £ € X be an infinite ray.

Denote the orbit of £ by X..
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@ The following diagram commutes:

92

do X 01 X,

Therefore, we have
Sp(Xo) € Sp(X1) € Sp(X2) € -+ C Sp(Xe),

SO

U Sp(Xn) € Sp(Xe).

n>0

In fact they coincide. By Sp(X¢) = Sp(G), we have

L Sp(Xa) € Sp(G).

n>0
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A tiny little bit more detail...

Denote the stabilizer of of the ray £ by P (parabolic subgroup).
The parabolic subgroup P is cyclic, or trivial.

Since G acts on X transitively, this action is equivalent to the action
of G on G/P.
Therefore, we have

S5p(Xo) € Sp(X1) € Sp(X2) € --- C Sp(X) = Sp(G/P).
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The Lamplighter group

Reminder: the following automaton generates the Lamplighter group.

o @

a(Oxle s ) = 18(X1X2 s ), a(1X1X2 s ) = Ob(X1X2 s )
b(0xixz--+) = 0a(xaxz- -+ ), b(lxxp---) =1b(xixz--+)

Recall that

Xn+l :
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Operator recursion

a(0xyxp- -+ ) =la(xixa--+), a(lxixa---) =0b(x1x2---)
b(OX1X2 . ) = 03(X1X2 e ), b(].X1X2 e ) = ].b(X1X2 s )

Recall that G acts on X,,. Let a,, b, be the matrices corresponding to the
action of a and b on Xj,, respectively. Then we have

S 0 ap1 b — (31 0
" bn—l 0 ’ " 0 bn—l ‘
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Spectrum of X,

@ Note that the spectrum of X, is the set of eigenvalues of the matrix

an+ by +a,t + byt

Theorem (R. Grigorchuk & A. Zuk, '01)
We have

Sp(a,,-l—b,,-l—a;l-l—b;l):{4U4cos(§7r> :1§p<q§n-|—1}.
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Computation of the spectra (1)

Let us introduce the following matrix:

(0 Id
5"+1_</d2n 0)‘

Define
Cbn(Xl, X2) = det(a,, + b, + 3;1 + b;l — x1Idon — x25,,),

where x; and x, are complex parameters.

@ The same method also works for the first Grigorchuk group, the
Hanoi Towers group, the tangled odometers group, etc etc...
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Computation of the spectra (2)

We then obtain a recursive expression of the form

Dp(x1, - s xd) = Palxt, - s xd)Pr1(F(x1, -+, Xq)),

where P, is a polynomial function and F : R? — R is a rational function.

In our case,

n 2 2
Pn(x1,x2) = (x1 —x2)2 and F(x1,x2) = <X1 + xo + ,— ) .
X2 — X1 X2 — X1

Therefore, we have

n 2 2
<I>n+1(><1,X2) = (Xz - Xl)2 o, (Xl + x> + - ) .

X2_X1’ X2 — X1
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Computation of the spectra (3)

So,
(Dn(Xl, X2) = det(a,, + b, + a;l + b;l — x11don — x25,,)

satisfies
Ppn(x1,x2) = Pn(x1, x2)®n_1(F(x1, x2)),

where P, is a polynomial function and F : R?> — R? is a rational function.

o If the point (x{, x}) is in the zero set of ®,_1(x1, x2) then any point
in F71(x{, x}) is in the zero set of ®,(x1, x2).

@ Therefore, describing the joint spectrum leads us to consider
iterations of the rational map F.
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Computation of the spectra (4)

@ We then find semi-conjugacy from the 2-dimensional rational function
F to a polynomial function f in a single variable, that is,

V(F(xa,x2)) = (¥ (x1, x2)).
@ Then, since we have
Y(F"(x1,x2)) = F7(¢(x1, x2)),

the iterations of F are related to the iterations of f and then the
desired spectrum is described through the iterations of f.

In our case,

¥(x1,x2) = x1 + x2, and f is the identity.
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Computation of the spectra (5)

Therefore, denoting

!
X1:X1+X2+ 3
X2 — X1

we have

n

Opi1(x1,x0) = (0 — x1)2 P, (x(, %) and x|+ x5 = x1 + xa.

@ Since 4
xp—xp = —(x1+x) —

xp —x1

one only needs to consider the iteration of the map

4
g:x»—)—(xl—i—xQ)—;.

Yuki Takahashi (UC Irvine) August 16, 2016



Computation of the spectra (6)

@ Denote (gogo---0g)(x2— x1) by Px/Qx.
N——

n

Lemma (R. Grigorchuk & A. Zuk, '01)
We have

on—k

®u1.22) = (4= x1 — ) | (M)

i1 \ Qi(x1, x2)
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Computation of the spectra (7)

Write x; = 4cos z for z € [0, 7.

Then we get

det(a, + b, + a,t + bt — xiIdan) = ®,(x1,0)

on—1 n
= (4 —4cosz) <s|r::z> 2" H(sin(zk))znfk sin(z(n+1)).

k=2

This proves that

Sp(a,,—i-bn—l—a,,l—i-bnl):{4U4cos<57r) :1§p<q§n—|—1}.

Yuki Takahashi (UC Irvine)

August 16, 2016 36 / 37



Thank you! :)
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