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Figure: By Nuria FAGELLA.

Independence polynomial
G = (V ,E ): Finite graph.

Independent set: I ⊂ V such that v , v ′ ∈ I Ñ {v , v ′} /∈ E ;Indenpendence polynomial: ZG (λ) := ∑
I⊂Vindependent

λ#I .

Independence polynomial: 1 + 4λ + 2λ2.

Statistical mechanics

Figure: ISING model configuration at critical temperature, MarioULLRICH.



Statistical mechanics
Phase transitions: Failure of analytic dependence.
G = (V ,E ): Finite graph;Ω: Finite space.

Spin: Element of Ω;Configuration: Element of ΩV ;Interaction: X 7Ï Φ(X ) : ΩX → R ∪ {+∞}.
Finite nonempty
subset of V

Statistical mechanics
Hamiltonian:

HG (Φ) := ∑
X⊂G

Φ(X );
Partition function:

ZG (Φ) := ∑
ω∈ΩV

exp (−HG (Φ)(ω)) ;
Pressure, P(Φ) := “limG→∞” 1

|G | logZG (Φ).GIBBS measure:
1

ZG (Φ) exp (−HG (Φ)) · µ0.

µ0 := normalized counting measure on ΩV .

ISING model
Ω = {+1, −1};

Φ(X )(ω) =

−Jωvωv ′ if X = {v , v ′} ∈ E ;
−hωv if X = {v};
0 otherwise.

J = “interaction” constant;
h = “magnetization” constant.

ZG is a LAURENT polynomial in λ := exp(−h).
Theorem (LEE-YANG, 1952)
Assume J > 0. Then all zeros of ZG (λ) are in the unit circle.

FISHER’s predictions on the limit distribution of zeros and the phase transition.

Neighbor exclusion model
Ω = {0, 1};

Φ(X )(ω) =


+∞ if X = {v , v ′} ∈ E and ωv = ωv ′ = 1;
hωv if X = {v};
0 otherwise.

h = “magnetization” constant.
Partition function = Independence polynomial;

λ = exp(−h) in (0,+∞).
ZG (λ) may vanish outside the unit circle.

The LEE-YANG theorem does not apply.



Regular trees

Figure: Bonsai Diurno - estado II, by Jorge MARTÍNEZ GARCÍA 2009.

Regular trees
d : Integer ≥ 2.
Td ,k : d − regular tree of depth k ≥ 0;

vk : root of Td ,k .

Phase transition
Phase transition at

λcr := dd(d − 1)d+1 .

Birth of a “period 2” GIBBS state;Clustering of independent sets in odd/even sites;Also detected computationally:Polynomial time algorithm for approximating ZG (λ), for λ ∈ (0, λcr);NP-hard to approximate |ZG (λ)|, for λ > λcr .
Pressure function:

P := lim
k→∞

1
|Td ,k |

log |ZTd ,k |.

Thermodynamic limit as k →∞,with free boundary conditions.

Phase transition
P := lim

k→∞

1
|Td ,k |

log |ZTd ,k |.

Theorem (RL, SOMBRA)1. The pressure function P is real analytic
on (0,+∞) \ {λcr}, and infinitely differentiable at λcr.2. The limit holds as electrostatic potentials on C, and for
every α > 0: lim

r→0

∆P(B(λcr, r ))
rα

= 0.

∆P = LAPLACIAN of P;
Ñ ∆P has zero pointwise dimension at λcr ;

Consistent with FISHER’s predictions.



Figure: Support of ∆P for
d = 2, by Nuria FAGELLA.

Figure: Support of ∆P for
d = 4, by Bernat ESPIGULE.

Plan

Plan:1. Recursive relation and complex dynamics; SCOTT–SOKAL, 2005.2. Speed of converge towards the thermodynamic limit;Quantative equidistribution.3. Zero free region and pointwise dimension;4. Smoothness of the pressure function.

Recursive relation and complex dynamics
Rd ,k := ZTd ,k

ZTd ,k\{vk}
; fd ,λ(z) := 1 + λ

zd
.

Rd ,k (λ) = fd ,λ(Rd ,k−1(λ))= f kd ,λ(1 + λ).
f kd ,λ = fd ,λ ◦ · · · ◦ fd ,λ︸ ︷︷ ︸

k

.

Dynamics of fd ,λ :
• Critical points: 0 and ∞;
• 0 7Ï ∞ 7Ï 1 7Ï 1 + λ.

Λd ,k := {λ ∈ C : ZTd ,k (λ) = 0} = {λ ∈ C : f k+3
d ,λ (0) = 0}.

Centers of hyperbolic components of period k + 3.

Speed of converge towards the thermodynamic limit
µbif : Bifurcation measure of (fd ,λ)λ∈C.

µbif := limk→∞
1deg(Fk ) F ∗k ω, Fk (λ) := f kd ,λ (0), ω uniform measure on C.Proposition

There is C > 0 such that for every LIPSCHITZ function
φ : C→ R, and k ≥ 3,∣∣∣∣∣∣ 1

|Λd ,k |
∑
λ∈Λd ,k

φ(λ)− ∫ φ dµbif
∣∣∣∣∣∣ ≤ C Lip(φ) (log k

dk

) 1
2

.

Arithmetic height function of (fd ,λ )λ∈C∗ ;
+ arithmetic equidistribution (FAVRE–RL).

In particular,
1
|Λd ,k |

∑
λ∈Λd ,k

δλ −−−Ï
k→∞

µbif.
LEVIN, RL–FAVRE, DUJARDIN–FAVRE, OKUYAMA, GAUTHIER–VIGNY, . . .



Speed of converge towards the thermodynamic limit

Equidistribtion ⇔ P = lim
k→∞

1
|Td ,k |

log |ZTd ,k |.

exists as electrostatic potentials on C.
Not really, but morally true.

∆P = µbif.

Zero free region and pointwise dimension
At λ = λcr:
• fλcr has ζ0 := d

d−1 as a fixed point of multiplier −1;
• f kλcr (0) −−−Ïk→∞

ζ0.
FATOU’s theorem.Proposition

There is C ′ > 0 such that for k ≥ 3,

Λd ,k ∩ B

(
λcr, C ′

k

) = ∅.
Approximate FATOU coordinates.Corollary

There is κ ∈ (0, 1), such that for every small ρ > 0

µbif (B(λcr, ρ)) ≤ κ
1
ρ .

Zero free region and pointwise dimension
Proof.
φ : C→ [0, 1] LIPSCHITZ, such that:
• Lip(φ) ∼ 1

ρ ;
• φ ≡ 0 on B(λcr, 2ρ);
• φ ≡ 1 on B(λcr, ρ).

Quantitative equidistribution Ñ For k ≥ 3 so that k ∼ C ′

2ρ :
µbif(B(λcr, ρ)) ≤ ∫ φ dµbif

≤ 1
|Λd ,k |

∑
λ∈Λd ,k

φ(λ) + C Lip(φ) (log k
dk

) 1
2

= C Lip(φ) (log k
dk

) 1
2

∼ C
1
ρ

(log 1
ρ

) 1
2 (

d−
C ′
4

) 1
ρ .

Smoothness of the pressure function
Proposition
µ̂: probability measure on C such that

lim
r→0

log µ̂(B(0, r ))log r = 0,

and for some η > 0 is supported on

{z ∈ C : =(z) > η<(z)}.
Ñ P̂(x ) := ∫ log |x − ζ| dµ̂(ζ)

is infinitely differentiable on R.



Smoothness of the pressure function Smoothness of the pressure function
P̂(λ) = ∫ log |λ − ζ| dµ̂(ζ).

Divide and conquer:
A` := {

λ ∈ C : 2−(`+1) < |λ| ≤ 2−`
};

µ̂` := µ̂|A` ;
P̂` (λ) := ∫ log |λ − ζ| dµ̂` (ζ).

Ñ P̂ = ∞∑
`=−∞ P̂` .

Smoothness of the pressure function

CAUCHY estimate:
1(m − 1)! |P̂ (m)

` (x )| ≤ ∣∣∣∣∫ 1(x − ζ)m dµ̂` (x )∣∣∣∣ w
1(2−` )m µ̂` (A` ).

Ñ 1(m − 1)! ∞∑
`=−∞ |P̂

(m)
` (x )| ≤ ∞∑

`=−∞ 2`mµ̂
(
B
(
0, 2−`

))
< +∞.


