Chapter 6: Linear Equations and Matrix Algebra

Section 6.1 and 6.2: The All Integer Method

e DMethod 1: Solving Graphically

A
f/ [
S I ] / ]
Consistent, Independent Inconsistent, Independent Consistent. Dependent
One solution No solution (v depends on x)
Infinite number of solutions

e Method 2: Solving by Substitution
e Method 3: Solving by Elimination

e Method 4: Solving by The All Integer Echelon Method
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The All Integer Method First and Last Steps:

Example:

Solve for x, vand z:
2x+y+3z=3
y-z=5
x+ty+iz=

*The First step s to create the
Setup (initial) table:

*The Last step will be:

*The Answer : x=3, y=2andz=-

X ¥ 4
o 1 55
0 2 -1 |5
2 1 2 | b
X y 4

1 0 0 |3
0 1 g [ B2
0 0 1 | -1
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The All Integer Method Steps:

Solve for x, v and z using the All-Integers Method:

x ¥ 4

Fig 1 3 |
0 /. -1]35
s 1 216
o | 3|3
0

0

2x+y+3z=5

2y«z=5

2x+y+2z=6

1) Setup the imtial table and select the

first Pivot Element (* the first element
in the table).

2) Copy the pivot row and make all other
clements in the pivot column = (.

3) Replace the other elements using the
"criss-cross” multiplication method.
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"Criss-Cross" Operation Step by Step Using First Pivot

Current Pivot { First Pivor) =2

x y 4
2¢ 1 5
0 i =1 ¥:5
P 1 6
2 A 3| B
0 -2
0

Replace it in the same
location as its original,

Previous Pivot (there is none, so assume it = 1)

Lets replace any element such as -1;

Create a rectangle where the pivot clement and
the element to be replaced are on facing corners.

Multiply the pivot clement by the clement to
be replaced  (2%)(-1)

Subtract the product of the two clements on
the opposite diagonal. - (3)(0)

Divide the result by the previous pivot element

EHEH-BN0 2

previous pivot 1

Note: The result must be an Integer (no decimal, no
fraction) until the very last step (as we will see later),
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First Tableau, First Pivot

Current Pivot (First Pivar) =2
Previous Pivot (there is none, so assume it = 1)

X Z

2% 3 | 3

2 2|6 0 2
2% 3 S Yok 4
0 previous pivot 1
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First Tableau, First Pivot

Current Pivot (First Pivor) =2
Previous Pivot (there is none, so assume it = 1)

e e B b

o

<
315
2" 3
L) | i, .
216
3|5
210 2860 0
previous pivot 1
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First Tableau, First Pivot

Current Pivot (First Pivor) = 2
Previous Pivot (there is none, so assume it = 1)

X y z

2% 1 3|9 2r I

0 2| -1|5 ><

2 @] 2|6 2 ]

> 1 AR 2* 0

0 4 2|10 2x-0A L =0
previous pivot

0 0
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First Tableau, First Pivot

Current Pivot ( First Pivol) =2
Previous Pivot (there is none, so assume it=1)

X 5 Z

2 1 3 5 2# 3

6 2 s ><

2 1 gs :

2 l 3| D g

0 4 a2l 2200 - 2 _
0 0 ) previous pivot 1
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First Tableau, First Pivot

Current Pivot { First Pivor) =2
Previous Pivot (there is none, so assume it = 1)

X y 4

2 1 3([5]| [z s

0 2 1|5 ><

2 1 2 @ ’ 6
V.5 1 315

0 4 ollo -6 2 _,
0 0 AP previous pivot 1
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First Tableau, First Pivot

Current Pivot (First Pivot) = 2

Previous Pivot (there is none, so assume it = 1)

10 First Tableau Finished

X y Z
i 1 3 | D
0 @ XS
2 O &
2% I -
0 4 -2

0 0 212
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Second Tableau, Second Pivot

Select a new pivot element which is located diagonaly in the next row.

y

4%

=

4%

10

New (Second) Pivot =4
Previous Pivot=2

Repeat the steps used in the previous table:

Copy the pivot row and make all other
elements in the pivot column = 0.

Note: For columns already pivoted, the old
pivat will change to the new and current pivot
and the 0% will stay.

Replace the other elements using the
"criss-cross" multiplication method.
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Second Tableau, Second Pivot
New (Second) Pivot =4
Previous Pivot=2

X y z
@ 1 OB
0 4% 2110
0 o0 DD
0 T |2
0 4% =2 110 Second Tableau Finished
0 0 -4|4
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Third Tableau, Third Pivot

Select a new pivot element which is located diagonaly in the next row.

2 New (Third) Pivot = -4

Previous Pivot =4

-2 | 1()  Repeat the steps used in the previous table:

Copy the pivot row and make all other
elements in the pivot column = (.

Note: For columns already pivoted, the old
0 pivot will change to the new and current pivat
0 and the s will stay.

4*| 4 Replace the other elements using the
"criss-cross” multiplication method.
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Third Tableau, Third Pivot

New (Third) Pivot = -4
Previous Pivot=4

y Z

0 75

4 2(10

0 4% 4

0 0 |-12

% 0|-8 Third Tableau Finished
0 4| 4
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Last Tableau

Select a new pivot element which is located diagonaly in the next row.

New Pivot = No more rows
4 No more pivot

Previous or last Pivot = -4
0 ; l 2 Divide all elements by the last pivot
0 |-8  wichis=-4.

4| 4

This is the last step and the only step

_—

where vou can gel fractions or decimals
as answers.

6-15


TSOMRAN
Typewritten Text
6-15


Summary of All Tableaus and Pivots

X y z

2 1 3|5

0 2 -1|5 Sewp
2 1 2|6

2* 1 3|5

0 4 -2 |10 First
0 0 2|2

4 0 7|5

0 4% 2110 Second
0 0 -4|4

4 0 0|12

0 -4 0/|-8 Third
0 0 444

Last Tableau, Result:

X ¥ 4
I 0 03
0 I 0|2
0 0 2 |-
I=3
y =2

&

I

'
P
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The All Integer Method

Example 2

Solve for x, v and z using the all integers method:

- y z
3 0 2 |9
1 -1 303 Setup Table
- | v 4 5

6-17
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Solve for x, v and z using the all integers method:

X ¥y 4

3 0 2 19

I -1 -3 -3
-1 2 4|5
‘o 0 219
0 -3 -11] -18
0 6 14| 24
-3 0 2|9
0 3% -1 -18
0 0 8 | 12
8 0 0|16
0 8 0|4
0 0 g% 12

Setup Table

First Tableau
First Pivot=3

Second Tableau
Second Pivot = -3

Third Tableau
Third Pivot =8

6-18

Ix+2z=0

X=yp=-32m-3
x+2y+d4z =5

=]

-0 o

112
312

1/2
32
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The All Integer Method
Example 3

Solve for x and y using the all integers method:
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Solve for x and y using the all integers method: 2x -y =4

x i
2 -1 4
I 1 |3
2% -1|4
0 |6
3 09
0 3*| 6
I 013
0 1|2

x4y =5

Setup Table

First Tableau
First Pivot =2

Second Tableau
Second Pivot =3
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The All Integer Method , Special Cases:
Case 1, No Solution

Solve for x, v and = using the all integers method:  2x - 6y +4z |
4x -10y+10z=3
xX-2y+3 =2
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Solve for x, v and z using the all integers method:  2x - 6y +4z = |

x ¥ z
2 6 41
4 -0 103
.3 3|2
2¢ 4|1
0 4 4|2
0 2 2 |3
2 6 4|1
0 4 4|2
0 2 2 |3
4 0 208
0 4 4|2

(o 0 04)

4x -10v+10z=3
x=-y+3 =2

Setup Table

First Tableau
First Pivot=2

Second Tablecau
Second Pivot = 4

No Solution,

Any time we have a row with all s to the left, and a
nonzero to the right, the system is inconsistent or no
solution,  0=4 is not possible.

But, it is ok to have a zero on the right and nonzeros
on the left (when variables are = 0), For example:

0 3 0o or 3y=0
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The All Integer Method , Special Cases:
Case 2, Infinite Number of Solutions

Solve for x, v and z using the all integers method:
= [ =)

2x - 3y -9:
x+ 3z
3y o= 4z
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Solve for x, v and z using the all integers method: 2x - 3y -9z = -5

¥ ¥ z x+3 =2
ety -4z =3
: 3 gl B 5 Tabl
tu
| 0 y |z R
-3 1 -4 | -3
PAS 91 5 First Tableau, First Pivot = 2
0 3 15
() -7 -35] 21
3 0 9 6 Second Tableau, Second Pivot = 3
3+ 15| 9 Eliminate the ling of all 0's,
Move to the next pivol if possible.
(o 0 0]0)
I 0 3 |2 No more pivotes, then divide all elements by last
pivot,
0 1 513 Translate the solution. It is Linearly Dependent
x+3z =2 x=2-3

or =
S =3 y=3-5
z = any number

6-24


TSOMRAN
Typewritten Text
6-24


Section 6.3: Matrix Notation

Matrices

« A matrix is a rectangular or square array of
values arranged in rows and columns.

« An m x n matrix A, has mrows and n
columns, and has a general form of

Ay G .- Gy,
A - Iy Ay .. Oy,
mxn
_ﬂ"’] ﬂmz T n"“" dmxn
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Examples of Matrices

3 5 8
A=
1 2 2

2 =1 i

Lo N (S B o T

S TR
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Two matrices are equal 1f they have same dimension. same elements:

| 2 | X
A= : B =
-1 3 -1 v
If 4 = B. then:
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Addition of Matrices 4 and B:

A and B must have same dimensions:

LA g_[l 5 3
19 -1 5 12 3 7

(241 445 843 2-1 4-35
A+B= A-B=|_

9+2 (-D)+3 5+(-7) 9-2 -1-3

39 11 AT =3

111 2 - _7 -4 12
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It & 1s a real number, then the scalar product £.4
1s abstained by multiplying each element of 4 by &

-1 -4 5
[fhk=-2and 4=|] 3 -3
2 4 =2

Then kA =-2.4 =
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Example: for the following matrices, find 24 — 3B

-1
A=|1
2

24 —-3B =

—4
3
4

R
-3
-2

B:

6-30

4
—1
-3

~1
-2
—4

2
3
1
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The Transpose of a Matrix:
Each row becomes column. and each column becomes row.

~1 4

A=1 3 i
R -4 3 4
2 4
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Matrix Multiplication

To Multiply matrix 4 by matrix B:

*Multiply each Row in matrix 4 by each Column in matrix B
*Multiply corresponding entries and then add the resulting products

=B 12
34 13 -2 3
2x2 Pl 45
(D1 +@)3) (M)A +2)-2) 1)) +(2)3) 2 =2
AB= -
B)-D)+H3) BN +D(-2) (3)2) +(4)3) 2 -3
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We had:

—|] 2
2rows 4 =
— x5 4
2x2
How about B.A:
__—1 1 2
|3 -2 3
2X3

l

-1
3

3 columns

|

1 2
—=Z '3

2x3

2x2

6-33

Result:
2 rows by 3 columns

5 =3 &
and AB-=
9 -5 18
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For the following matrices, using the multiplication of Row by Column :

2 S =
'115

— s B =11 « =1 2

2 1 -1 0 0 4

a) Which of the following multiplication is possible ?
b) Ifitis possible, find the dimension of the resulting matrix

A.B A.C B.C CA
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For the following matrices, using the multiplication of Row by Column :

2 2
L 1 o v
A= s B = |1 s+ C=1|1

a) Which of the following multiplication is possible ?

—1

7

4

b) Ifitis possible, find the dimension of the resulting matrix

I 1 >3

2
|
2 1 -1},

AB = ‘
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For the following matrices, using the multiplication of Row by Column :

B 2 2 -1
A= s B = |1 s C=]1 2
2 1 -1 0 0 4

a) Which of the following multiplication is possible ?

b) Ifit1s possible, find the dimension of the resulting matrix
-1

2

4

.
5 1 <

= e

AC = ‘
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For the following matrices, using the multiplication of Row by Column :

2 z =i

1 1 3
A= B=l| » @@=l 2
&k = 0 0 4

a) Which of the following multiplication is possible ?
b) Ifitis possible, find the dimension of the resulting matrix

2 2 -1
Bc= |1].1 2
0 0 4
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For the following matrices, using the multiplication of Row by Column :

2 2 -1

1 0 5
A= B =1 s C=|1 2
21 -1 0 0 4

a) Which of the following multiplication 1s possible ?
b) Ifit s possible, find the dimension of the resulting matrix

Wt B

2 1 =l

CA =

o =
[ %)
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For the following matrices, Find 4.B and B.4 if possible:

(NS
Il
[a—
—
N
o
Il
=

e
o]
1]
[
—
]
(= e

=]
=
Il
= = 2
—
—
. 8
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Section 6.3 Cont.: Inverse Matrix

2

To find the mverse matrix of A= 1

:I using the All Integer Method:

e Step 1: Re-write 1t with the Identity Matrix J next to 1t on the night side:
(The Identity Matrix I the square matrix where all Diagonal elements = 1. the rest are zeros)

1
1

—
—

e Step 2: Do the pivot steps (2 pivots for two rows), and the last step should be:

1

1 0
-1

0 1

[N TN

* Step 3: The Identity Matrix / 1s now on the left side. and the Inverse Matrix A7 is on the right side-

1 -
-1 2

*  You can check your answer by multiplying the onginal matrix 4 and the inverse A7' . The answer must be
an Identity Matrix /.

Al=

2

1

Note: Not every matnx has an mverse, for example: 4= X

does not have an inverse (the second pivot 1s zero).

4=
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Solve the same example and show steps
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Examples: Find the inverse matrix for each of the following and check your answer by multiplying the onginal
matrix by its inverse, the resulting matrix must be an Identity Matrix:

llll 2)

2 4 B -2
D)1 1 1 ) |1 01

2 4 1 2 0 1

e ST CE T
B . R CE
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4 -1
3 -1

[
[

4

[
()

21

Note: Not every matnx has an mverse, for example: 4= ;

does not have an inverse (the second p1vot 1s zero).

e
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Find the inverse of the following 3x3 matrix:

Original Marrix A Identity matrix I
7 1 1 2 1 1 1 0 0
! l { 1 1 1 0 0 1
2 1 1 1 0 0
0 3 -3 2 0
0 1 1 1 0 2
3 0 3 2 1
0 3 -3 1 2 0
0 0 3 1 1 3
3 0 3 0 -3
0 3 0 -2 1 3
0 0 3 -1 1 3
1 0 0 1 0 -1
0 1 -3 13 1
0 0 1 -3 -1 1
I A7
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