Ergodic Theory of Z^d-actions London Math. Soc. Lecture Note Series 228, 1996, 1–61

Ergodic Ramsey Theory–an Update

VITALY BERGELSON The Ohio State University Columbus, OH 43210 U.S.A.

5. Some open problems and conjectures.

Our achievements on the theoretical front will be very poor indeed if...we close our eyes to problems and can only memorize isolated conclusions or principles...

–Mao Tsetung, “Rectify the Party’s style of work”, [Mao], p. 212.

A mathematical discipline is alive and well if it has many exciting open problems of different levels of difficulty. This section’s goal is to show that this is the case with Ergodic Ramsey Theory.

To warm up we shall start with some results and problems related to single recurrence. The following result ([K2]) is usually called Khintchine’s recurrence theorem (cf. [Pa], p. 22; [Pe], p. 37).

Theorem 5.1. For any invertible probability measure preserving system (X, B, μ, T ), ϵ > 0, and any A ∈ B the set {n ∈ Z : μ(A ∩ T^nA) ≥ μ(A)^2 − ϵ} is syndetic.

One possible way of proving Theorem 5.1 is to use the uniform version of von Neumann’s ergodic theorem: if U is a unitary operator acting on a Hilbert space H, then for any f ∈ H

lim N−M→∞ 1 N − M N−1∑ n=M U^nf = P_{inv}f = f^∗,

where the convergence is in norm and P_{inv} is the orthogonal projection onto the subspace of U-invariant elements.

Noting that ⟨f^∗, f⟩ = ⟨f^∗, f^∗⟩ and taking H = L^2(X, B, μ), (Ug)(x) := 1 g(T x), g ∈ L^2(X, B, μ), and f = 1_A one has lim N−M→∞ 1 N − M N−1∑ n=M μ(A ∩ T^nA)

= lim N−M→∞ 1 N − M N−1∑ n=M ⟨U^nf, f⟩ = ⟨f^∗, f⟩ =⟨f^∗, f^∗⟩ = ⟨f^∗, f^∗⟩⟨1, 1⟩ ≥ ( ⟨f^∗, 1⟩ )_2 = ( ⟨f, 1⟩ )_2 = μ(A)^2

(cf. [Ho]).

The following alternative way of proving Theorem 5.1 is more elementary and has two additional advantages: it enables one to prove a stronger fact, namely the IP^∗-ness of the set {n ∈ Z : μ(A ∩ T^nA) ≥ μ(A)^2 − ϵ} and is easily adjustable to measure preserving actions of arbitrary (semi)groups.

Note first that if A_k, k = 1, 2, · · · are sets in a probability measure space such that μ(A_k) ≥ a > 0 for all k ∈ N then for any ϵ > 0 there exist i < j such that μ(A_i ∩ A_j ) ≥ a^2 − ϵ. Indeed, if this would not be the case, the following inequality would be contradictive for sufficiently large n:

n^2a^2 ≤ ( ∫^n∑ i=1 1_{Ai} )_2 ≤ ∫ ( n∑ i=1 1_{Ai} )_2 = n∑ i=1 μ(A_i) + 2 ∑ 1≤i<j≤n μ(A_i ∩ A_j)

(cf. [G]).

To show that {n ∈ Z : μ(A∩T^nA) ≥ μ(A)^2 −ϵ} is an IP^∗-set, let (n_i)^∞_{i=1} be an arbitrary sequence of integers and let A_k = T^{n1+···+nk} A, k ∈ N. By the above remark, there exist i < j such that a^2 −ϵ ≤ μ(A_i ∩A_j) = μ(T^{n1+···+ni} A∩T^{n1+···+nj} A) = μ(A∩T^{ni+1+···+nj} A). This shows that {n ∈ Z : μ(A ∩ T^nA) ≥ μ(A)^2 − ϵ} ∩ F S(n_i)^∞_{i=1} ≠ ∅ and we are done. We remark also that the IP^∗-ness of the set {n ∈ Z : μ(A∩T^nA) ≥ μ(A)^2 −ϵ} is equivalent to the “linear” case of Theorem 3.11.

Since in mixing measure preserving systems for any A ∈ B one has lim_{n→∞} μ(A∩T^nA) = μ(A)^2, we see that in a sense, Khintchine’s recurrence theorem is the best possible. We have however the following.

Question 1. Is it true that for any invertible mixing measure preserving system (X, B, μ, T ) there exists A ∈ B with μ(A) > 0 such that for all n ≠ 0, μ(A ∩ T^nA) < μ(A)^2? How about the reverse inequality μ(A ∩ T^nA) > μ(A)^2?

Definition 5.1. A set R ⊂ Z is called a set of nice recurrence if for any invertible probability measure preserving system (X, B, μ, T ) and any A ∈ B one has lim sup_{n→∞,n∈R} μ(A ∩ T^nA) ≥ μ(A)^2.

Exercise 19. Check that all the sets of recurrence mentioned in Sections 1 through 4 are sets of nice recurrence.

A natural question arises whether any set of recurrence at all is actually a set of nice recurrence. Forrest showed in [Fo] that this is not always so. See also [M] for a shorter proof.

We saw in Section 1 that sets of recurrence have the Ramsey property: if R is a set of recurrence and R = ⋃_r i=1 C_i then at least one of C_i, i = 1, · · · , r is itself a set of recurrence.

Question 2. Do sets of nice recurrence possess the Ramsey property?

A natural necessary condition for a set R ⊂ Z \ {0} to be a set of recurrence is that for any a ∈ Z, a ≠ 0, R ∩ aZ ≠ ∅. In particular, the set {2^n3^k : n, k ∈ N} is not a set of recurrence. But what if one restricts oneself to some special classes of systems?

Question 3. Is it true that for any invertible weakly mixing system (X, B, μ, T ) and any A ∈ B with μ(A) > 0 there exist n, k ∈ N such that μ(A ∩ T^{2n3k} A) > 0? Some sets of recurrence have an additional property that the ergodic averages along these sets exhibit regular behavior. For example, we saw in Section 2 that for any q(t) ∈ Z[t] and for any unitary operator U: H → H the norm limit lim_{N→∞}^1_N ∑_N n=1 U^{q(n)}f exists for every f ∈ H. The following theorem, due to Bourgain, shows that much more delicate pointwise convergence also holds along the polynomial sets.

Theorem 5.2 ([Bo3]). For any measure preserving system (X, B, μ, T ), for any polynomial q(t) ∈ Z[t] and for any f ∈ L^p(X, B, μ), where p > 1, lim_{N→∞}^1_N ∑_N n=1 f(T^{q(n)}x) exists almost everywhere.

Question 4. Does Theorem 5.2 hold true for any f ∈ L^1(X, B, μ)?

Another interesting question related to ergodic averages along polynomials is concerned with uniquely ergodic systems. A topological dynamical system (X, T ), where X is a compact metric space and T is a continuous self mapping of X is called uniquely ergodic if there is a unique T -invariant probability measure on the σ-algebra of Borel sets in X. The following well known result appeared for the first time in [KB]:

Theorem 5.3. A topological system (X, T ) is uniquely ergodic if and only if for any f ∈ C(X) and any x ∈ X one has lim N→∞ 1 N N−1∑ n=0 f(T^nx) = ∫ f dμ, where μ is the unique T -invariant Borel measure.

Question 5. Assume that a topological dynamical system (X, T ) is uniquely ergodic and let p(t) ∈ Z[t] and f ∈ C(X). Is it true that for all but a first category set of points x ∈ X lim_{N→∞}^1_N ∑_{N−1} n=0 f(T^{p(n)}x) exists?

The next question that we would like to pose is concerned with the possibility of extending results like Theorem 4.2 and 4.3 to polynomial expressions involving infinitely many commuting operators. We shall formulate it for a special “quadratic” case which is a measure theoretic analogue of Theorem 4.12 for k = 1. Recall that an indexed family {T_w : w ∈ W} of measure preserving transformations of a probability measure space (X, B, μ) is said to have the R-property if for any A ∈ B with μ(A) > 0 there exists w ∈ W such that μ(A ∩ T^{−1}_w A) > 0.

Question 6. Let (T_{ij} )_{(i,j)∈N×N} be commuting measure preserving transformations of a probability measure space (X, B, μ). For any finite non-empty set α ⊂ N × N let T_α = ∏ (i,j)∈α Tij . Is it true that the family

of measure preserving transformations {T_{γ×γ} : ∅ ≠ γ ⊂ N, γ finite} has the R-property?

We move on now to questions related to multiple recurrence.

Definition 5.2. Let k ∈ N. A set R ⊂ Z is a set of k-recurrence if for every invertible probability measure preserving system (X, B, μ, T ) and any A ∈ B with μ(A) > 0 there exists n ∈ R, n ≠ 0, such that μ(A ∩ T^nA ∩ T^{2n}A ∩ · · · ∩ T^{kn}A) > 0. One can show that items (i), (ii), (iv) and (v) of Exercise 6 are examples of sets of k-recurrence for any k. On the other hand, an example due to Furstenberg ([F], p. 178) shows that not every infinite set of differences (item (iii) of Exercise 6) is a set of 2-recurrence (although every such is a set of 1-recurrence).

Question 7. Given k ∈ N, k ≥ 2, what is an example of a set of k-recurrence which is not a set of (k + 1)-recurrence?

Question 8. Given a set of 2-recurrence S, is it true that for any pair T_1, T_2 of invertible commuting measure preserving transformations of a probability measure space (X, B, μ) and a set A ∈ B with μ(A) > 0 there exists n ∈ S such that μ(A ∩ T^n_1 A ∩ T^n_2 A) > 0? (The answer is very likely no.) Same question for S a set of k-recurrence for any k.

Question 9. Let k ∈ N, let T_1, T_2, · · · , T_k be commuting invertible measure preserving transformations of a probability measure space (X, B, μ) and let p_1(t), p_2(t), · · · , p_k(t) ∈ Z[t]. Is it true that for any f_1, · · · , f_k ∈ L^∞(X, B, μ)

lim N→∞ 1 N N∑ n=1 f(T^{p1(n)}_1 x)f_2(T^{p2(n)}_2 x) · · · f_k(T^{pk(n)}_k x)

exists in L^2-norm? Almost everywhere?

Remark. The following results describe the status of current knowledge: The answer to the question about L^2-convergence is yes in the following cases:

(i) k = 2, p_1(t) = p_2(t) = t ([CL1]).

(ii) k = 2, T_1 = T_2, p_1(t) = t, p_2(t) = t^2 ([FW2]).

(iii) k = 3, T_1 = T_2 = T_3, p_1(t) = at, p_2(t) = bt, p_3(t) = ct, a, b, c ∈ Z ([CL2], [FW2]).

The answer to the question about almost everywhere convergence is yes for k = 2, T_1 = T_2, p_1(t) = at, p_2(t) = bt, a, b ∈ Z ([Bo4]).

Question 10. Let k ∈ N. Assume that (X, B, μ, T ) is a totally ergodic system (i.e. (X, B, μ, T^k) is ergodic for any k ≠ 0). Is it true that for any set of polynomials p_i(t) ∈ Z[t], i = 1, 2, · · · , k having pairwise distinct (non-zero) degrees, and any f_1, · · · , f_k ∈ L^∞(X, B, μ) one has:

lim N→∞ ‖ ‖ 1 N N∑ n=1 f_1(T^{p1(n)}x)f_2(T^{p2(n)}x) · · · f_k(T^{pk(n)}x)

− k∏ i=1 ∫ f_idμ ‖ ‖_{L2(X,B,μ)} = 0?

Remark. It is shown in [FW2] that the answer is yes when k = 2, p_1(t) = t, p_2(t) = t^2. See also Theorem 4.1.

We now formulate a few problems related to partition Ramsey theory. A unifying property that many configurations of interest (such as arithmetic progressions or sets of the form F S(x_j )^n_{j=1}) have is that they constitute sets of solutions of (not necessarily linear) diophantine equations or systems thereof. A system of diophantine equations is called partition regular if for any finite coloring of Z \ {0} (or of N) there is a monochromatic solution. For example, the following systems of equations are partition regular: x_1 + x_3 = 2x_2 x_2 + x_4 = 2x_3 x_3 + x_5 = 2x_4 x_4 + x_6 = 2x_5 x + y = t x + z = u z + y = v x + y + z = w

A general theorem due to Rado gives necessary and sufficient conditions for a system of linear equations to be partition regular (cf. [Ra], [GRS] or [F2]). The results involving polynomials brought forth in Sections 1-4 hint that there are some nonlinear equations that are partition regular too. For example, the equation x − y = p(z) is partition regular for any p(t) ∈ Z[t], p(0) = 0. To see this, fix p(t) and let N = ⋃_r i=1 C_i be an arbitrary partition.

Arguing as in [B2] one can show that one of the cells C_i, call it C, has the property that it contains an IP-set and has positive upper density. Let {n_α}_{α∈F} be an IP-set in C. According to Theorem 3.11, {p(n_α)}_{α∈F} is a set of recurrence. This together with Furstenberg’s correspondence principle gives that for some α ∈ F, d ( C_i ∩ ( C_i − p(n_α) )) > 0. If y ∈ ( C_i ∩ ( C_i − p(n_α) )) then x = y + p(n_α) ∈ C_i. This establishes the partition regularity of x−y = p(z). In accordance with the third principle of Ramsey theory one should expect that there are actually many x, y, z having the same color and satisfying x − y = p(z). This is indeed so: using the fact that {p(n_α)}_{α∈F} is a set of nice recurrence one can show, for example, that for any ϵ > 0 and any partition N = ⋃_r i=1 C_i one of C_i, i = 1, 2, · · · , r satisfies d ({ z ∈ C_i : d ( C_i ∩ ( C_i − p(z) )) ≥ ( d(C_i) )_2 − ϵ }) > 0 (cf. [B2], see also Theorem 0.4 in [BM1]).

Question 11. Are the following systems of equations partition regular? (i) x^2 + y^2 = z^2.

(ii) xy = u, x + y = w.

(iii) x − 2y = p(z), p(t) ∈ Z[t], p(0) = 0.

The discussion in this survey so far has concentrated mainly on topological and measure preserving Z^n-actions. Ergodic Ramsey theory of actions of more general, especially non-abelian groups is much less developed and offers many interesting problems.

In complete analogy with the case of the group Z, given a semigroup G call a set R ⊂ G a set of recurrence if for any measure preserving action (T_g)_{g∈G} of G on a finite measure space (X, B, μ) and for any A ∈ B with μ(A) > 0 there exists g ∈ R, g ≠ e, such that μ(A ∩ T^{−1}_g A) > 0. Different semigroups have all kinds of peculiar sets of recurrence. For example, one can show that the set {1 +^1_k : k ∈ N} is a set of recurrence for the multiplicative group of positive rationals. Sets of the form {n^α : n ∈ N}, where α > 0, are sets of recurrence for (R, +). As a matter of fact, one can show (see [BBB]) that for any measure preserving R-action (S^t)_{t∈R} on a probability space (X, B, μ) one has for every A ∈ B that

lim N→∞ 1 N N∑ n=1 μ(A ∩ S^{nα} A) ≥ μ(A)^2.

On the other hand one has the following negative result.

Theorem 5.4 ([BBB]). Let (S^t)_{t∈R} be an ergodic measure preserving flow acting on a probability Lebesgue space (X, B, μ). For all but countably many α > 0 (in particular for all positive α ∈ (Q \ Z)) one can find an L^∞-function f for which the averages^1_N ∑_N n=1 f(S^{nα} x) fail to converge for a set of x of positive measure.

It is possible that the countable set of “good” α coincides with N. Such a result would follow from a positive answer to the following numbertheoretical question which we believe is of independent interest.

Question 12. Let us call an increasing sequence {a_n : n ∈ N} ⊂ R weakly independent over Q if there exists an increasing sequence (n_i)^∞_{i=1} ⊂ N having positive upper density such that the sequence {a_{ni} : i ∈ N} is linearly independent over Q. Is it true that for every α > 0, α ∉ N, the sequence {n^α : n ∈ N} is weakly independent over Q? (It is known that the answer is yes for all but countably many α.)

Definition 5.3. Given a (semi)group G, a set R ⊂ G is called a set of topological recurrence if for any minimal action (T_g)_{g∈G} of G on a compact metric space X and for any open, non-empty set U ⊂ X there exists g ∈ R, g ≠ e, such that (U ∩ T^{−1}_g U) ≠ ∅.

Exercise 20. Prove that in an amenable group any set of (measurable) recurrence is a set of topological recurrence.

An interesting result due to Kriz ([Kr], see also [Fo], [M]) says that in Z there are sets of topological recurrence which are not sets of measurable recurrence. While the same kind of result ought to hold in any abelian group, and while for any amenable group sets of measurable recurrence are, according to Exercise 20, sets of topological recurrence, the situation for more general groups is far from clear. We make the following

Conjecture. A group G is amenable if and only if any set of measurable recurrence R ⊂ G is a set of topological recurrence.

An intriguing question is, what is the right formulation of the Szemerédi (or van der Waerden) theorem for general group actions. In this connection we want to mention a very nice noncommutative extension of Theorem 1.19 which was recently obtained by Leibman in [L2]: he was able to show that the conclusion of Theorem 1.19 holds if one replaces the assumption about the commutativity of the measure preserving transformations T_i by the demand that they generate a nilpotent group. He also proved earlier in [L1] a topological van der Waerden-type theorem of a similar kind. This should be contrasted with an example due to Furstenberg of a pair of homeomorphisms T_1, T_2 of a compact metric space X generating a metabelian group such that no point of X is simultaneously recurrent for T_1, T_2 (this implies that for metabelian groups one should look for another formulation of a Szemeréditype theorem).

A possible way of extending multiple recurrence theorems to a situation involving non-commutative groups is to consider a finite family of pairwise commuting actions of a given group. Results obtained within such framework ought to be called semicommutative. We have the following

Conjecture. Assume that G is an amenable group with a Følner sequence (F_n)^∞_{n=1}. Let (T^{(1)}_g )_{g∈G}, · · · , (T^{(k)}_g )_{g∈G} be k pairwise commuting measure preserving actions of G on a measure space (X, B, μ) (“pairwise commuting” means here that for any 1 ≤ i ≠ j ≤ k and any g, h ∈ G one has T^{(i)}_g T^{(j)}_h = T^{(j)}_h T^{(i)}_g ). Then for any A ∈ B with μ(A) > 0 one has:

lim inf n→∞ 1 |F_n| ∑ g∈F_n μ(A ∩ T^{(1)}_g A ∩ T^{(1)}_g T^{(2)}_g A ∩ · · · ∩ T^{(1)}_g T^{(2)}_g · · · T^{(k)}_g A) > 0.

Remarks. (i) We have formulated the conjecture for amenable groups for two major reasons. First of all, the conjecture is known to hold true for k = 2 ([BMZ], see also [BeR]). Second, in case the group G is countable, a natural analogue of Furstenberg’s correspondence principle, which was formulated in Section 1, holds and allows one to obtain combinatorial corollaries which, should the conjecture turn out to be true for any k, contain Szemerédi’s theorem as quite a special case.

(ii) The “triangular” expressions

A ∩ T^{(1)}_g A ∩ T^{(1)}_g T^{(2)}_g A ∩ · · · ∩ T^{(1)}_g T^{(2)}_g · · · T^{(k)}_g A appearing in the formulation of the conjecture seem to be the “right” configurations to consider. See the discussion and counterexamples in [BH2] where a topological analogue of the conjecture is treated (but not fully resolved). We suspect that the answer to the following question is, in general, negative.

Question 13. Given an amenable group G and a Følner sequence (F_n)^∞_{n=1} for G, let (T_g)_{g∈G} and (S_g)_{g∈G} be two commuting measure preserving actions on a probability space (X, B, μ). Is it true that for any A ∈ B the following limit exists: lim_{n→∞} 1 |F_n| ∑ g∈F_n μ(T_gA ∩ S_gA)?

We want to conclude by formulating a conjecture about a density version of the polynomial Hales-Jewett theorem which would extend both the partition results from [BL2] and the density version of the (“linear”) Hales- Jewett theorem proved in [FK4]. For q, d, N ∈ N let M_{q,d,N} be the set of q-tuples of subsets of {1, 2, · · · , N}^d: M_{q,d,N} = { (α_1, · · · , α_q) : α_i ⊂ {1, 2, · · · , N}^d, i = 1, 2, · · · , q } . Conjecture. For any q, d ∈ N and ϵ > 0 there exists C = C(q, d, ϵ) such that if N > C and a set S ⊂ M_{q,d,N} satisfies^{|S|}_{|Mq,d,N |} > ϵ then S contains a “simplex” of the form: { (α_1, α_2, · · · , α_q), (α_1 ∪ γ^d, α_2, · · · , α_q), (α_1, α_2 ∪ γ^d, · · · , α_q), · · · , (α_1, α_2, · · · , α_q ∪ γ^d) } , where γ ⊂ N is a non-empty set and α_i ∩ γ^d = ∅ for all i = 1, 2, · · · , q.

Remark. For d = 1 the conjecture follows from [FK4]. This paper contains a wealth of related material and is strongly recommended for rewarding reading.

REFERENCES

[Ba] J.E. Baumgartner, A short proof of Hindman’s theorem, J. Combinatorial Theory (A) 17 (1974), 384-386.

[B1] V. Bergelson, Sets of recurrence of Z^m-actions and properties of sets of differences in Z^m, J. London Math. Soc. (2) 31 (1985), 295-304.

[B2] V. Bergelson, A density statement generalizing Schur’s theorem, J. Combinatorial Theory (A) 43 (1986), 338-343.

[B3] V. Bergelson, Ergodic Ramsey Theory, Logic and Combinatorics (edited by S. Simpson), Contemporary Mathematics 65 (1987), 63-87. [B4] V. Bergelson, Weakly mixing PET, Ergodic Theory and Dynamical Systems, 7 (1987), 337-349.

[BBB] V. Bergelson, M. Boshernitzan, and J. Bourgain, Some results on non-linear recurrence, Journal d’Analyse Mathématique, 62 (1994), 29-46. [BeR] V. Bergelson and J. Rosenblatt, Joint ergodicity for group actions, Ergodic Theory and Dynamical Systems (1988) 8, 351-364. [BFM] V. Bergelson, H. Furstenberg and R. McCutcheon, IP-sets and polynomial recurrence, Ergodic Theory and Dynamical Systems (to appear). [BHå] V. Bergelson and I.J. Håland, Sets of recurrence and generalized polynomials, to appear in The Proceedings of the Conference on Ergodic Theory and Probability, June 1993, Ohio State University Math. Research Institute Publications, de Gruyter, 1995.

[BH1] V. Bergelson and N. Hindman, Nonmetrizable topological dynamics and Ramsey theory, Trans. AMS 320 (1990), 293-320.

[BH2] V. Bergelson and N. Hindman, Some topological semicommutative van der Waerden type theorems and their combinatorial consequences, J. London Math. Soc. (2) 45 (1992) 385-403.

[BL1] V. Bergelson and A. Leibman, Polynomial extensions of van der Waerden’s and Szemerédi’s theorems, Journal of AMS (to appear). [BL2] V. Bergelson and A. Leibman, Set polynomials and a polynomial extension of Hales-Jewett theorem. Preprint.

[BM1] V. Bergelson and R. McCutcheon, Uniformity in polynomial Szemerédi theorem, these Proceedings.

[BM2] V. Bergelson and R. McCutcheon, An IP polynomial Szemerédi theorem for finite families of commuting transformations, in preparation. [BMZ] V. Bergelson, R. McCutcheon and Q. Zhang, A Roth theorem for amenable groups (to be submitted).

[Bo1] H. Bohr, Zur theorie der fastperiodischen functionen, I, Acta Math. 45 (1924), 29-127.

[Bo2] N. Bogolioùboff, Sur quelques proprietés arithmetiques des presquepériodes, Ann. Phy. Math. Kiew 4 (1939).

[Bo3] J. Bourgain, Pointwise ergodic theorems for arithmetic sets, Publ. Math. IHES 69 (1989), 5-45.

[Bo4] J. Bourgain, Double recurrence and almost sure convergence, J. Reine Angew. Math. 404 (1990), 140-161.

[Br] J.R. Brown, Ergodic Theory and Topological Dynamics, Academic Press, 1976.

[C] W. Comfort, Ultrafilters–some old and some new results, Bull. AMS 83 (1977), 417-455.

[CL1] J. Conze and E. Lesigne, Théorèmes ergodiques pour des mesures diagonales, Bull. Soc. Math. Fr. 112 (1984), 143-175.

[CL2] J. Conze and E. Lesigne, Sur un théorème ergodique pour des mesures diagonales, C. R. Acad. Sci. Paris, t. 306, I (1988), 491-493. [CN] W. Comfort and S. Negrepontis, The Theory of Ultrafilters, Springer- Verlag, Berlin and New York, 1974.

[CY] P. Civin and B. Yood, The second conjugate space of a Banach algebra as an algebra, Pac. J. Math. 11 (1961), 847-870.

[D] E. van Douwen, The Čech-Stone compactification of a discrete groupoid, Topology and its applications 39 (1991), 43-60.

[E1] R. Ellis, Distal transformation groups, Pac. J. Math. 8 (1958), 401- 405.

[E2] B. Ellis, Solution of Problem 6612, Amer. Math. Monthly 98 (1991), 957-959.

[ET] P. Erdös and P. Turán, On some sequences of integers, J. London Math. Soc. 11 (1936), 261-264.

[F1] H. Furstenberg, Ergodic behavior of diagonal measures and a theorem of Szemerédi on arithmetic progressions, J. d’Analyse Math. 31 (1977), 204-256.

[F2] H. Furstenberg, Recurrence in Ergodic Theory and Combinatorial Number Theory, Princeton University Press, 1981.

[F3] H. Furstenberg, Poincaré recurrence and number theory, Bull. AMS (New Series) 5 (1981), 211-234.

[FK1] H. Furstenberg and Y. Katznelson, An ergodic Szemerédi theorem for commuting transformations, J. d’Analyse Math. 34 (1978), 275-291. [FK2] H. Furstenberg and Y. Katznelson, An ergodic Szemerédi theorem for IP-systems and combinatorial theory, J. d’Analyse Math. 45 (1985), 117-168.

[FK3] H. Furstenberg and Y. Katznelson, Idempotents in compact semigroups and Ramsey theory, Israel J. Math. 68 (1990), 257-270. [FK4] H. Furstenberg and Y. Katznelson, A density version of the Hales- Jewett theorem, J. d’Analyse Math. 57 (1991), 64-119.

[Fo] A.H. Forrest, The construction of a set of recurrence which is not a set of strong recurrence, Israel J. Math. 76 (1991), 215-228.

[Fø] E. Følner, Bemaerkning om naestenperiodieitetus definition, Mat. Tidsskrift B, 1944.

[FW1] H. Furstenberg and B. Weiss, Topological dynamics and combinatorial number theory, J. d’Analyse Math. 34 (1978), 61-85. [FW2] H. Furstenberg and B. Weiss, A mean ergodic theorem for 1 N ∑_N n=1 f(T^nx)g(T^{n2} x), to appear in The Proceedings of the Conference on Ergodic Theory and Probability, June 1993, Ohio State University Math. Research Institute Publications, de Gruyter, 1995.

[G] J. Gillis, Note on a property of measurable sets, J. London Math. Soc. 11 (1936), 139-141.

[GJ] L. Gillman and M. Jerison, Rings of continuous functions, Springer- Verlag.

[GRS] R. Graham, B. Rothschild and J. Spencer, Ramsey Theory, Wiley, New York, 1980.

[Ha] G.H. Hardy, A Mathematician’s Apology, Cambridge University Press, 1990.

[H1] D. Hilbert, Über die Irreduzibilität ganzer rationaler Funktionen mit ganzzahligen Koeffizienten, J. Math. 110 (1892), 104-129. [H2] N. Hindman, Finite sums from sequences within cells of a partition of N, J. Combinatorial Theory (Series A) 17 (1974) 1-11.

[H3] N. Hindman, Ultrafilters and combinatorial number theory, Number Theory Carbondale, M. Nathanson, ed., Lecture Notes in Math. 751 (1979) 119-184.

[H4] N. Hindman, Partitions and sums and products of integers, Trans. AMS 247 (1979), 227-245.

[H5] N. Hindman, The semigroup βN and its applications to number theory, The Analytical and Topological Theory of Semigroups, K. H. Hoffman, J. D. Lawson and J. S. Pym, editors, de Gruyter, 1990.

[HJ] A.W. Hales and R.I. Jewett, Regularity and positional games, Trans. AMS 106 (1963), 222-229.

[Ho] E. Hopf, Ergodentheorie, Chelsea, New York, 1948.

[HR] E. Hewitt and K. Ross, Abstract Harmonic Analysis I, Springer-Verlag, 1963.

[K1] A. Y. Khintchine, Three Pearls of Number Theory, Graylock Press, Rochester, N.Y., 1952.

[K2] A. Y. Khintchine, Eine Verschärfung des Poincaréschen Wiederkehrsatzes, Comp. Math. 1 (1934), 177-179.

[KB] N. Krylov and N. Bogolioùboff, La théorie générale de la measure dans son application à l’étude des systèmes dynamiques de la mécanique non linéare, Ann. of Math. 38 (1937), 65-113.

[KN] B. O. Koopman and J. von Neumann, Dynamical systems of continuous spectra, Proc. Nat. Acad. Sci. U.S.A. 18 (1932), 255-263. [Kr] I. Kriz, Large independent sets in shift-invariant graphs. Solution of Bergelson’s problem, Graphs and Combinatorics 3 (1987), 145-158. [L1] A. Leibman, Multiple recurrence theorem for nilpotent group actions, Geom. and Funct. Anal. 4 (1994), 648-659.

[L2] A. Leibman, Multiple recurrence theorems for nilpotent group actions, Ph.D. dissertation, Technion, Haifa, 1995.

[M] R. McCutcheon, Three results in recurrence, Ergodic Theory and its Connections with Harmonic Analysis (edited by K. Petersen and I. Salama), London Math. Soc. Lecture Notes Series 205, Cambridge University Press, 1995, 349-358.

[Mao] Mao Tsetung, Selected Readings from the Works of Mao Tsetung, Foreign Language Press, Peking, 1971.

[N] K. Numakura, On bicompact semigroups, Math. J. of Okayama University 1 (1952), 99-108.

[Pa] W. Parry, Topics in Ergodic Theory, Cambridge Univ. Press, Cambridge, 1981.

[Pe] K. Petersen, Ergodic Theory, Cambridge Univ. Press, Cambridge, 1981. [Ra] R. Rado, Note on combinatorial analysis, Proc. London Math. Soc. 48 (1993), 122-160.

[Ro] K. Roth, Sur quelques ensembles d’entiers, C.R. Acad. Sci. Paris 234 (1952), 388-390.

[S] A. Sárközy, On difference sets of integers III, Acta. Math. Acad. Sci. Hungar., 31 (1978) 125-149.

[Sz1] E. Szemerédi, On sets of integers containing no four elements in arithmetic progression, Acta Math. Acad. Sci. Hungar. 20 (1969), 89-104. [Sz2] E. Szemerédi, On sets of integers containing no k elements in arithmetic progression, Acta Arith. 27 (1975), 199-245. [W] N. Wiener, Time Series, The M.I.T. Press, 1949.