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Statement of the Problem

k-width of analytic functions

Let

@ G be abounded simply connected domain, [ := 9G;

@ E be aregular compact set with connected complement D;
@ H® be the Hardy space of bounded analytic functions in G;
e C(E) be the space of continuous functions on E;

@ A be the unit ball of H™ restricted to E.

1|'<’ctlonol approximation and n-dimensional diameter, J. Approx. Theory, 5: 343--361, 1972
2The n-width of analytic functions, Duke Math. J., 47(4): 789--801, 1980



Statement of the Problem 2 ns of the Potential Theory

k-width of analytic functions

Let

G be a bounded simply connected domain, [ := 0G;

E be a regular compact set with connected complement D;
H®* be the Hardy space of bounded analytic functions in G;
C(E) be the space of continuous functions on E;

A be the unit ball of H™ restricted to E.

It was obtained by Widom' that

i (‘| (A% c(E))) 1
im (= lo : =
k—oo \ k e cap(E,T) J
Later, Fisher and Micchelli? showed that
(A C(E)) = inf sup{llhlle : he A, h(z) = 0}. J
] gocon Zy
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2The n-width of analytic functions, Duke Math. J., 47(4): 789--801, 1980
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k-width of polynomials

Set

AY =AY NP, J

where P, is the space of polynomials of degree at most n.

We are interested in the asymptotic behavior of

00 llealle
d,(AY; C(E)) and xn:= inf sup ,
" " pePy, gep,, Al

when

K
im = =98, 8€lo0,1]. J

n—oo N




Statement of the Problem Extremal Problems of the Potential Theory

Min-max problem for potentials

For a positive Borel measure o, set

M( o) := min V° — min vV, J
r E

where V°(z) = — [log |z — f|do(t). Then

lIog (M) = M (v(p) + v(q)). }

n lleallr

where




Statement of the Problem Problems of the Potential Theory

Min-max problem for potentials

Hence,

1
—logx, = Inf sup M (v(p)+ v(q)). J
n PPy GEP i

Set /\E(K ) to be the set of positive Borel measures supported on K of
mass at most €. Consider

inf  sup  M(pu+ A).
VEAB(E) ﬂE/\]_a(r)
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fe]e] Yololele}

Extremal Problem on I

There uniquely exists 5 € A1_5(I") such that

Jo () = a /r\nin( )Ja(ﬁ)’

SUVE)

where

Jo(A) = ffgp(z, f)dﬂ(r)dﬂ(z)—2ng(f,oo)dﬂ(f)

and gp(z, 1) is the Green function for D.
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0008000

Extremal Problem on I

It holds that
V22 (2) — gp(z,00) = my, z€ Sy :=supp(y) C T, J
where
v3(e) = [ aole Hantr, J
and

V(2) - gp(z,00) = my, z€T. J
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Extremal Problem on I

Constant mg can be expressed as

1-9

- L(Ja(ﬂan f gD(f,OO)dﬂa(f)). }

Set m; = —maxr gD(-, oo). Then mg is a continuous and strictly
decreasing function of 8 € [0, 1]. In particular, my = 0.

Moreover, Sy is a decreasing family of sets, S = I, such that

S5 C No<zeaS: = {z €T : Vga(z) - g(z,0) = ms} J

and

S1 = NS ={z €l : g(z,oo) = —m}. J
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Extremal Problem on E

There uniquely exists g € Ag(E) such that

ls(1a) = m;r(w )la(u)

where

lo(p) == fflog |z — tldu(t)du(z) +2fVﬁ3(f)du(f)
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Min-max problem for potentials

Theorem 1 (PSY)

For each 8 € [0, 1] we have

mg= inf  sup M(u+A)= sup inf M(u+A).
#EAB(E) ﬂE/\]_a(r) ﬂE/\]_g(r) #EAB(E)

Moreover, if u*, |u*| < 8, and A*, |A*| < 1 — 8, are compactly
supported positive Borel measures such that

my =M(u" + A7) = sup M(u" + A)
AN _o(T)

then supp(u*) € E, 1i* = ug. and A* = fly when Sy # I and
supp(A*) c C\ G, A* = A5 — (1 — 8 — |A*|)wr . otherwise.




Statement of the Problem emal Problems of the Potential Theory Main Results
00 000 00 " Ye)

General case

Recall

Xn = inf sup M
" PPun qePos, PGl

<

Theorem 2 (PSY)

Let k,/n — 8 € [0, 1]. Then

1
lim (— log X,,) = mg.
n

n—oo
Let k, — oo and k, = o(n) as n — 0. Then

1 1
lim | —lo = -
n—co (kn ° Xn) cap(E,T)
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k-width of polynomials

Set

Gy 1= {z eC: V(2) - gp(z, ) > mg}. J

Then the following theorem takes place.

Theorem 3 (PSY)

Let kn/n — 8 € [0, 1], G’ be a simply connected domain such that
G C G C Gy and AY = AY(G'). Then

lim (% log di (A C(E))) = me.

n—oo

In particular, when & = 0 and k,, — oo as n — oo, we have that

1

n"L“oo(kln log i, (A7 C(E))) = TcopET)
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