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Statement of the Problem Extremal Problems of the Potential Theory Main Results

k-width of analytic functions

Let

G be a bounded simply connected domain, Γ := ∂G;

E be a regular compact set with connected complement D;

H∞ be the Hardy space of bounded analytic functions in G;

C(E) be the space of continuous functions on E ;

A∞ be the unit ball of H∞ restricted to E .

It was obtained by Widom1 that

lim
k→∞

(
1

k
log dk(A

∞; C(E))
)

= −
1

cap(E, Γ)
.

Later, Fisher and Micchelli2 showed that

dk(A
∞; C(E)) = inf

z1,...,zk

sup
{
‖h‖E : h ∈ A

∞, h(zj) = 0
}
.

1
Rational approximation and n-dimensional diameter, J. Approx. Theory, 5: 343--361, 1972

2
The n-width of analytic functions, Duke Math. J., 47(4): 789--801, 1980
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k-width of polynomials

Set

A
∞
n := A

∞ ∩ Pn,

where Pn is the space of polynomials of degree at most n.

We are interested in the asymptotic behavior of

dkn
(A
∞
n ; C(E)) and χn := inf

p∈Pkn

sup
q∈Pn−kn

‖pq‖E

‖pq‖Γ
,

when

lim
n→∞

kn

n
= θ, θ ∈ [0, 1].
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Min-max problem for potentials

For a positive Borel measure σ , set

M(σ) := min
Γ

V
σ −min

E
V
σ ,

where Vσ(z) = −
∫

log |z − t |dσ(t). Then

1

n
log

(
‖pq‖E

‖pq‖Γ

)
= M (ν(p) + ν(q)) ,

where

ν(p) :=
1

n

∑
p(z)=0

δz and ν(q) :=
1

n

∑
q(z)=0

δz .
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Min-max problem for potentials

Hence,

1

n
log χn = inf

p∈Pkn

sup
q∈Pn−kn

M (ν(p) + ν(q)) .

Set Λϸ(K ) to be the set of positive Borel measures supported on K of

mass at most ϸ. Consider

inf
µ∈Λθ(E)

sup
λ∈Λ1−θ(Γ)

M(µ + λ).
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Extremal Problem on Γ

There uniquely exists λθ ∈ Λ1−θ(Γ) such that

Jθ(λθ) = min
λ∈Λ1−θ(Γ)

Jθ(λ),

where

Jθ(λ) :=

"
gD(z, t)dλ(t)dλ(z) − 2

∫
gD(t,∞)dλ(t)

and gD(z, t) is the Green function for D.
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Extremal Problem on Γ

It holds that

V
λθ
D

(z) − gD(z,∞) = mθ, z ∈ Sθ := supp(λθ) ⊆ Γ,

where

V
λ
D

(z) =

∫
gD(z, t)dλ(t),

and

V
λθ
D

(z) − gD(z,∞) ≥ mθ, z ∈ Γ.
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Extremal Problem on Γ

Constant mθ can be expressed as

mθ :=
1

1 − θ

(
Jθ(λθ) +

∫
gD(t,∞)dλθ(t)

)
.

Set m1 = −maxΓ gD(·,∞). Then mθ is a continuous and strictly

decreasing function of θ ∈ [0, 1]. In particular, m0 = 0.

Moreover, Sθ is a decreasing family of sets, S0 = Γ, such that

Sθ ⊆ ∩0≤τ<θSτ = {z ∈ Γ : V
λθ
D

(z) − g(z,∞) = mθ}

and

S1 := ∩0≤τ<1Sτ = {z ∈ Γ : g(z,∞) = −m1}.
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Extremal Problem on E

There uniquely exists µθ ∈ Λθ(E) such that

Iθ(µθ) = min
µ∈Λθ(E)

Iθ(µ),

where

Iθ(µ) := −

"
log |z − t |dµ(t)dµ(z) + 2

∫
V
λθ(t)dµ(t).
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Min-max problem for potentials

Theorem 1 (PSY)

For each θ ∈ [0, 1] we have

mθ = inf
µ∈Λθ(E)

sup
λ∈Λ1−θ(Γ)

M(µ + λ) = sup
λ∈Λ1−θ(Γ)

inf
µ∈Λθ(E)

M(µ + λ).

Moreover, if µ∗, |µ∗| ≤ θ, and λ∗, |λ∗| ≤ 1 − θ, are compactly

supported positive Borel measures such that

mθ = M(µ∗ + λ∗) = sup
λ∈Λ1−θ(Γ)

M(µ∗ + λ)

then supp(µ∗) ⊆ E , µ̂∗ = µθ, and λ∗ = λθ when Sθ , Γ and

supp(λ∗) ⊂ C \ G , λ̃∗ = λθ − (1 − θ − |λ∗|)ωΓ , otherwise.
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General case

Recall

χn = inf
p∈Pkn

sup
q∈Pn−kn

‖pq‖E

‖pq‖Γ
.

Theorem 2 (PSY)

Let kn/n→ θ ∈ [0, 1]. Then

lim
n→∞

(
1

n
log χn

)
= mθ.

Let kn → ∞ and kn = o(n) as n→ ∞. Then

lim
n→∞

(
1

kn

log χn

)
= −

1

cap(E, Γ)
.
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k-width of polynomials

Set

Gθ :=
{
z ∈ C : V

λθ
D

(z) − gD(z,∞) > mθ

}
.

Then the following theorem takes place.

Theorem 3 (PSY)

Let kn/n→ θ ∈ [0, 1], G′ be a simply connected domain such that

G ⊆ G′ ⊆ Gθ, and A∞n = A∞n (G′). Then

lim
n→∞

(
1

n
log dkn

(A
∞
n ; C(E))

)
= mθ.

In particular, when θ = 0 and kn → ∞ as n→ ∞, we have that

lim
n→∞

(
1

kn

log dkn
(A
∞
n ; C(E))

)
= −

1

cap(E, Γ)
.
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