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ABSTRACT. For all # large enough, we show uniqueness of a critical point in best rational approxi-
mation of degree 7, in the L?-sense on the unit circle, to functions of the form

d
(z)= f s ()+r(z> du=pdag s,

z—t

with 7 a rational function and g a complex-valued Dini-continuous function on a real segment
[4,£] € (=1,1) which does not vanish, and whose argument is of bounded variation. Here cwp, ;]
stands the normalized arcsine distribution on [4, 5].

1. INTRODUCTION

Best rational approximation of given degree to a holomorphic function, in the least squares
sense on the boundary of a disk included in the domain of analyticity, is a classical issue for which
early references are [22, 30, 26, 20, 17]. The interplay between complex and Fourier analysis
induced by the circular symmetry confers to such an approximation a natural character, and the
corresponding approximants provide one with nice examples of locally convergent sequences of
dlagonal multlpomt Padé interpolants. The problem can be recast as best rational approximation
of given degree in the Hardy space H? of the unit disk and also, upon reflecting the functions
involved across the unit circle, in the Hardy space of the complement of the disk which is the
framework we shall really work with.

Because of the natural isometry between Hardy spaces of the disk and the half-plane, that pre-
serves rationality and the degree [25, Ch. 8], the question can equivalently be stated as best rational
L?-approximation of given degree on the line to a function holomorphic in a half-plane.

Further motivation for this type of approximation stems from Control Theory and Signal Pro-
cessing. Indeed, the transfer-function of a stable linear control system belongs to the Hardy space
of the half-plane or of the complement of the disk, depending whether the setting is in continuous
or discrete time, and it is rational if the system is finite-dimensional. Moreover, by Parseval’s theo-
rem, the L? norm on the line or the circle of this transfer function coincides with the norm of the
underlying convolution operator from L?[0,00) to L*°[0,00) in the time domain [19]. Further,
in a stochastic context, it coincides with the variance of the output when the input is white noise
[24]. Therefore approximating the transfer function by a rational function of degree 7, in L? of the
line or the circle, is tantamount to identify the best system of order 7 to model the initial system
with respect to the criteria just mentioned. Also, since any stationary regular stochastic process
is the output of a linear control system fed with white noise [29, 18], this approximation yields
the best ARMA-process to model the initial process while minimizing the variance of the error.
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A thorough discussion of such connections with System Theory, as well as additional references,
can be found in [2].

From the constructive viewpoint no algorithm is known to constructively solve the question
we raised, and from a computational perspective this is a typical non-convex minimization prob-
lem whose numerical solution is often hindered by the occurence of local minima. It is therefore
of major interest in practice to establish conditions on the function to be approximated that en-
sure uniqueness of a local minimum. This turns out to be difficult, like most uniqueness issues in
nonlinear approximation.

New ground for the subject was broken in [1], where a differential-topological method was
introduced to approach the uniqueness issue for critical points, i.e. stationary points of the ap-
proximation error. Uniqueness of a critical point implies uniqueness of a local minimum, but is a
stronger property which is better suited to analysis. In fact, the above-mentioned method rests on
the so-called index theorem [5] that provides us with a relation between the Morse indices of the
critical points, thereby reducing the proof of uniqueness, which is a global property, to checking
that each critical point has Morse index 0, which is a local issue. The latter is in turn equivalent to
each critical point being a non-degenerate local minimum.

This approach was taken in [12] to handle the case where the approximated function is of
Markov type, that is, the Cauchy transform of a positive measure on a real segment, when that
measure is supported within some absolute bounds. Subsequently, in [8], the property of being
a local minimum was connected to classical interpolation theory and the technique was applied
to prove asymptotic uniqueness of a critical point in best ? rational approximation to e'/*/z on
the unit circle, as well as in best L2 rational approximation to generic holomorphic functions over
small circles; here, asymptotic uniqueness means uniqueness in degree 7 for all sufficiently large
n. The criterion derived in [8] for being a local minimum was further refined in [11], where it is
shown that asymptotic uniqueness of a critical point holds for Markov functions whose defining
measure satisfies the Szeg6 condition. The result is sharp in that the Szeg6 condition cannot be
omitted in general [10]. A general condition on the logarithmic derivative of the approximated
function was derived [3] but it only ensures uniqueness in degree 1. A criterion for best approx-
imation in degree 7 — 1 to a rational function of degree 7 can further be found in [9, Thm. 9.1],
based on fast geometric decay of the error in lower degree.

Alrogether, these works indicate the fact, perhaps unexpected, that uniqueness of a critical point
in best L? rational approximation is linked to a regular decrease of the error.

The present paper can be viewed as a sequel to [11]. Indeed, the latter reference expressed
hope that the techniques set up there could be adapted to handle more general Cauchy integrals
than Markov functions. Below, we take a step towards carrying out this program. Specifically, we
consider Cauchy transforms of complex measures that are absolutely continuous with respect to
the equilibrium distribution on a real segment [a, 5] C (—1,1). The density will be required to be
Dini-smooth and non-vanishing. In addition, it should admit an argument function of bounded
variation on [a, b]. Moreover, we handle with little extra-pain the case where a rational function
is added to such a Cauchy tranform.

For functions of this kind, we establish an analog to [11, Thm. 1.3], namely asymptotic unique-
ness of a critical point in best rational approximation for the Z?-norm on the unit circle. This is
the first uniqueness result in degree greater than 1 for Cauchy integrals with complex densities,
more generally for non-rational functions without conjugate symmetry. In contrast, say, to [12,
Thm. 3], it is only fair to say that such a statement is not really constructive in that no estimate
is provided for the degree beyond which uniqueness prevails. However, considering our restricted
knowledge on uniqueness in non-linear complex approximation, our result sheds considerable
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light on the behaviour of best rational approximants to Cauchy transforms, and it is our hope that
suitable refinements of the technique will eventually produce effective bounds.

Our method of proof follows the same pattern as [11]. Namely, the index theorem is invoked
to reduce the question of uniqueness to whether each critical point is a non-degenerate local min-
imum. Next, a criterion for being a local minimum is set up, based on a comparison between the
error function generated by the critical point under examination and the error function attached
to a particular multipoint Padé interpolant of lower degree; we call it for short the comparison
criterion. Finally, the fact this criterion applies when the degree is sufficiently large depends on
strong asymptotic formulas for the error in rational interpolation to functions of the type we con-
sider, that were recently obtained in [15, 13, 31], and on a specific design of interpolation nodes
to build the particular multipoint Padé interpolant of lower degree that we need.

With respect to [11], however, two main differences arise. The first is that the comparison
criterion was set up there for conjugate-symmetric functions only, i.e. for those functions having
real Fourier coefficients. Because we now adress Cauchy transforms of complex densities on a
segment, we handle complex Fourier coefficients as well. Although the corresponding changes are
mostly mechanical, they have to be carried out thoroughly for they impinge on the computation
of the Hessian quadratic form and on the nondegeneracy thereof.

The second difference causes more serious difficulties. Indeed, the construction of the spe-
cial interpolant of lower degree needed to apply the comparison criterion requires rather precise
control on the poles of multipoint Padé interpolants to the approximated function. For Markov
functions, it is known that such poles are the zeros of certain orthogonal polynomials with respect
to a positive measure on the segment [4, ], therefore they lie on that segment. But for Cauchy
transforms of complex measures, the poles are the zeros of some non-Hermitian orthogonal poly-
nomial with respect to a complex measure on [, 5], and their behaviour does not lend itself to
analysis so easily. We resort here to the work in [4] on the geometry of non-Hermitian orthogonal
polynomials to overcome this difficulty, and this is where the boundedness of the variation of the
density’s argument becomes important.

Let us briefly indicate some generalizations of our results that were not included here. Firstly,
asymptotic uniqueness of a critical point extends to Cauchy transforms of absolutely continuous
measures whose density with respect to Lebesgue (rather than equilibrium) measure satisfies similar
assumptions, e.g. non-vanishing and Holder-smoothness; in fact, densities with respect to any
Jacobi weight could be handled the same way under suitable regularity requirements. We did not
mention them, however, because such an extension depends on asymptotics for non-Hermitian
orthogonal polynomials with respect to this type of weight which are yet unpublished [14].

Secondly, finitely many zeros in the density would still be acceptable, provided they are of
power type with sufficiently small exponent. Developing the precise estimates would make the
paper heavier (compare [13, Thm. 4] and [31, Thm. 5]), so we felt better omitting this stronger
version.

The organization of the article is as follows. In Section 2 we present the rational approximation
problem under study and we state the main result of the paper, which is Theorem 1. Section 3
introduces the critical points in H>-rational approximation and develops their interpolating prop-
erties; this part is adapted to complex Fourier coefficients from [8]. The index theorem and the
comparison criterion are expounded in section 4, paralleling the treatment for real Fourier coef-
ficients given in [11]. Section 5 recalls the necessary material on interpolation from [15, 13, 31],
which is needed to carry out the comparison between critical points and interpolants of lower
degree required in the comparison criterion. Finally, elaborating on [11], we prove Theorem 1 in
Section 6.
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2. NOTATION AND MAIN RESULTS

Let T be the unit circle and D the unit disk. We let L? (resp. L*) stand for the space of square-
integrable (resp. essentially bounded) measurable functions on T. Denote by H? the familiar
Hardy space of the unit disk, consisting of those LZ?-functions whose Fourier coefficients of strictly
negative index are zero. The space H? identifies with traces on T of those holomorphic functions
in D whose L?-means on circles centered at zero with radii less than 1 are uniformly bounded
above. In fact, any such function has non-tangential boundary values almost everywhere on T that
define a member of L? from which the function can be recovered by means of a Cauchy integral
[21]. The space of bounded holomorphic functions on D is denoted by H* and is endowed with
the L norm of the trace.

Let H; be the orthogonal complement of H? in L? with respect to the standard scalar product

|d=|

e V.9)=| @RS figer’

The space I—_Ig, in turn, identifies with traces of those holomorphic functions in C \ D that vanish
at infinity and whose L2-means on circles centered at zero with radii greater then 1 are uniformly
bounded above. In what follows, we denote by || -||, the norm on L2, H?, and H? induced by
the scalar product (2.1). On one occasion, we shall refer to the Hardy space Hg(@\]DTP), which is
defined similarly except that ) gets replaced by D, := {|z| < p} where o >0.

Set 2, for the space of algebraic polynomials of degree at most 7 and .#,, for the subset of
monic polynomials with exactly 7 zeros in D. Note that g € 4, if and only if 1/g € 1:102 and
1/q(z) ~ z7" at infinity. From the differential viewpoint, we regard 2, as C"*! and ./, as an
open subset of C”, upon taking the coefficients as coordinates (except for the leading coefficient
in ./, which is fixed to unity).

Define

2.2)

R = {p(z) _ Pn_lzn_1+pn_zzn_2+...+po

= T pEP,_,qEM, ;.
? q(z) 2"+ q, 2" g PETnord }

It is easy to check that 2, consists of those rational functions of degree at most 7 that belong to
I:Ig, and we endow it with the corresponding topology. Coordinatizing &, | and .#,, as above,
it is straightforward to see that the canonical surjection J : 2, x M, — R, is smooth (.e.,
infinitely differentiable) when viewed as a Hg-valued map. Note that J is not injective, due to
possible cancellation between p and g, but it is a local homeomorphism at every pair (p,g) such
that p, g are coprime.

We shall be concerned with the following problem.

Problem 1: Given f 61:102 and n €N, find r € R,, to minimize ||f — r||,.

Let us point out two equivalent formulations of Problem 1 that account for early discussion
made in the introduction.

Firstly, it is redundant to assume that 7 lies in Hoz, as is subsumed in the definition of #,,.
Indeed, by partial fraction expansion, a rational function of degree at most 7 in L? can be written
as r; + r,, where r, € I-_Ig and 7, € H? have degree at most 7. By orthogonality of 1—_102 and H?, we
get ||f = 7|3 =|lf = rill5+[7,l[5 so that 7, is a better candidate approximant than , showing that
Problem 1 is in fact equivalent to best rational approximation of given degree to £ in L%
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Secondly, composing with z — 1/z, which is an L*isometry mapping H; onto zH?* while
preserving rationality and the degree, Problem 1 transforms to best approximation in H? of func-
tions vanishing at the origin by rational functions of degree at most 7 that vanish at the origin as
well. However, by Parseval’s identity, any best rational approximant to g in H? has value g(0) at
0. Therefore Problem 1 is equivalent to

Problem 2: Given g € H* and n €N, find a rational r of degree at most n in H* to minimize
I/ =7l

Problem 1 is the one we shall work with, and we refer to it as the rational I—_Ig-approximation
problem to f in degree n. It is well-known (see [3, Prop. 3.1] for a proof and further bibliography
on the subject) that the minimum is attained and that a minimizing 7, called a best rational approx-
imant of degree n to f, liesin Z,\ #,,_, unless f € #,_,. Uniqueness of such an approximant
is a delicate matter. Generically, there is only one best approximant by a theorem of Stechkin on
Banach space approximation from approximately compact sets [16]. However, the proof is non-
constructive and does not allow us to determine which functions have a unique best approximant
and which functions do not. Moreover, from the computational viewpoint, the main interest lies
not so much with uniqueness of a best approximant, but rather with uniqueness of a local best
approximant for such places are all what a numerical search can usually spot. By definition, a local
best approximant is a function r; € Z,, such that ||f — /||, <||f — ||, for all » € #,, in some neigh-
borhood of 7,. Like best approximants, local best approximants lie in 2, \ #,,_, unless f € #,,_,
[3]. ]

Still more general is the notion of a eritical point, which is defined as follows. Fix f € H? and
put

o, R, — [0,00)

2.3 fon =
@) r oo |l =R

A pair (p,q) € P,_y x M, is called critical if all partial derivatives of &, , o] vanish at (p,q).
Subsequently, a rational function r, € %,, is said to be a critical point of @, if there is a critical
pair (p.,q,) such that r, = p_/q,. Critical points fall into two classes: they are termed irreducible
if they have exact degree 7, and reducible if they have degree strictly less than 7. Note that 7, is
irreducible if and only if Pe and q, are coprime in some (hence any) representatlon 7. = P, / q.-
Clearly a local best approximant is a particular instance of a critical point, and it is irreducible
unless f € Z,,_,.

In the present work, we dwell on a differential topological approach to uniqueness of a critical
point introduced in [1] and further developed in [5, 2]. In this approach, global uniqueness is
deduced from local analysis of the map @, ,. Specifically, to conclude there is only one critical
point, which is therefore the unique local minimum (and 4 fortiori the global minimum as well),
one needs to show that each critical point is irreducible, does not interpolate the approximated
function on T, and is a nondegenerate local minimum; here nondegenerate means that the second
derivative is a nonsingular quadratic form. This method turns out to be fruitful when studying
rational approximation to Cauchy transforms of measures supported in (—1, 1), i.¢., functions of
the form

d
(2.4) f,l<2)¢=f W), supp(u) C (=1,1).

z—1

The first result in this direction was obtained in [12, Thm. 3] when f, is a Markov function,
meaning that ¢ in (2.4) is a positive measure. It goes as follows.
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Theorem A. Let u be a positive measure supported on [a,b] C (—1,1) where a and b satisfy b —a <
V2(1—max {a?,b%}). Assume further that u has at least n points of increase, i.e., Ju &R,y Then

. . .. . . . 3 2 . .
there is a unique critical point in rational H:-approximation of degree n to f,,.

Removing the restriction on the size of the support makes the situation more difficult. The
following theorem [11, Thm. 1.3] asserts that rational approximants are asymptotically unique for
Markov functions whose defining measure is sufficiently smooth. Hereafter, we denote by cwp, ;

the normalized arcsine distribution on [a, b] given by dewy, (1) =dt /(m+/(t —a)(b —1)).

Theorem B. Let u be a positive measure supported on [a,b] C (—1,1) and let us write dyu =
wdt+du,, where u is singular and ' is integrable on [a,b]. If u satisfies the Szegd condition:
[logu'd W[, p] > —00, then there is a unique critical point in rational H_-approximation of degree n
to f,, for all n large enough.

As an additional piece of information, the following negative result [10, Thm. 5] shows that
the asymptotic nature of the previous theorem is indispensable.

Theorem C. For each ny € N there exists a positive measure u satisfying the Szegd condition such that
for each odd n between 1 and nyy there exist at least two different best rational approximants of degree

ntof,.
Our goal is to extend Theorem B to a class of complex measures which is made precise in the

definition below. Recall that a function » with modulus of continuity ), is said to be Dini-
continuous if e, (t)/t is integrable on [0, €] for some (hence any) ¢ > 0.

Definition (Class M). A measure u is said to belong to the class M if supp(u) C (—1,1) is an inter-
val, say [a,b], and du = pid wy, 1, where (1 is a Dini-continuous non-vanishing function with an
argument of bounded variation on [a, b].

Observe that we deal here with g, the Radon-Nikodym derivative of u with respect to the arc-
sine distribution, rather then with ¢/, the Radon-Nikodym derivative with respect to the Lebesgue
measure. Our main result is:

Theorem 1. Let f:= f, + r, where u € M and r € R, has no poles on supp(u). Then there is a

unique critical point in rational ]:Ig-approximation of degree n to § for all n large enough.

Before we can prove the theorem, we must study in greater detail the structure of critical points,
which is the object of Sections 3 and 4 to come.

3. CRITICAL POINTS

The following theory was developed in [5, 6, 7, 8] when the function f to be approximated is

conjugate-symmetric, .., f (z) = f(z), and the rational approximants are seeked to be conjugate-
symmetric as well. In other words, when a function with real Fourier-Taylor expansion at infinity
gets approximated by a rational function with real coefficients. Surprisingly enough, this is zot
subsumed in Problem 1 in that conjugate-symmetric functions need not have a best approximant
out of Z,, which is conjugate-symmetric. For Markov functions, though, it is indeed the case [4].
Below, we develop an analogous theory for Problem 1, that is, without conjugate-symmetry as-
sumptions. This involves only technical modifications of a rather mechanical nature.

Hereafter, for any f € L?, we set f°(z) := (1/z)f(1/z). Clearly, f — f7 is an isometric
involution mapping H? onto 1:102 and vice-versa. Further, for any p € 2,, we set p(z) := p(1/z)

and define its reciprocal polynomial (in 2,) to be p(z) := z* p(z) = z* p(1/z). Note that 3 has
the same modulus as p on T and its zeros are reflected from those of p across T.
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3.1. Critical Points as Orthogonal Projections. Fix f € H; andlet @, := &, , be given by (2.3).
It will be convenient to use complex partial derivatives with respect to p;, gz, p;, gz, Where, for

0<j,k <n—1,the symbols p, and g, refer to the coefficients of p € 2, , and g € M, as in
equation (2.2). By complex derivatives we mean the standard Wirtinger operators, e.g., if p; =

x; +iy; is the decomposition into real and imaginary part then /dp; = (J/dx; —id[Iy;)/2
and d/dp; = (J/Ix; +id[Iy;)/2. The standard rules for derivation are still valid, obviously
dg(p;)/dp; =0if g is holomorphic, and it is straightforward that dh/J p; = b3 p; for any

function A. In particular, since ®,, is real,

6.1 %, <3<1>n> ; 9, <9<1>n>
. — = an — = .
I p; Ip; Iq.  \9q

Thus, writing @, 0J(p,q) = (f — p/q,f — p/q) and differentiating under the integral sign, we
obtain that a critical pair (p,,q,) of ®, o] is characterized by the relations

ae, 77 Pe )

(3.2) (Pc’%) = —f—-=)=0, j€{0,...,n—1},
ap] 9. 9.
ao z*p ?

(3.3) “(prq.) = —< - ——C>:O, ke{0,...,n—1}.
aqk ( ) 61;2 9.

Equation (3.2) means that p, /g, is the orthogonal projection of f onto V, , where for any g € ./,

welet V,:={p/q: p €2, ;} tobe the n-dimensional linear subspace of }'-_Io2 consisting of rational
functions with denominator ¢. In what follows, we consistently denote the orthogonal projection
of fonto V, by L, /q, where L, € 2, _, is uniquely characterized by the fact that

Ly p
(3.4) <f——,—>:0 forany pe?,_,.
q9 9

Taking equation (3.3) into account, we conclude from what precedes that critical points of @, are
precisely #,,-functions of the form L, /., where g, € ./, satisfies

z""Lq L,
(3.5) —f——=)=0, ke{0,...,n—1}.
7 q.

Now, it is appearent from (3.4) that L, is a smooth function of ¢, therefore we define a smooth
map ¥, on ./, by setting
\pn:q}f,n:‘//t - [O’OO>

n

¢-6) g — IIf=L,/qlF

By construction, @, attains a local minimum at » = L, /g, if and only if ¥, attains a local mini-

mum at ¢;, and the assumed values are the same. More generally, » € 2, is a critical point of @,
if and only if » =L, /q,, where g, € #,, is a critical point of ¥,. This is readily checked upon
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comparing (3.5) with the result of the following computation:

&’\I/n( : <(3Lq/5’qk)q—szq f_ﬁ>+<f_Lq (3Lq/3fik)>
q

q —,—
dq, q° q q

szq L,
—(—%.f-—L), kefo,...n—1},
q q

(3.7)

where we applied (3.4) using that the derivatives of L, lie in &,_; and that d¢/dg;, = 0. For
simplicity, we drop from now on the subscript “c” we used so far as a mnemonic for “critical”.
Altogether we proved the following result:

Proposition 1. For [ € Hg, let @, and U, be defined by (2.3) and (3.6), respectively. Then r € R,, is
a critical point of @, ifand only if r = L [q and q € M., is a critical point of V.

In view of Proposition 1, we shall extend to ¥, the terminology introduced for @, and say that
acritical point g € 4, of ¥, is irreducible if L, and g are coprime.

3.2. Interpolation Properties of Critical Points. If we denote with a superscript “L” the or-
thogonal complement in HZ, it is elementary to check that

(3.8) vield, uem?l, BP=v oVl
q q 0 0 q q

Hence, by (3.4), there exists u, = u; , € [:102 such that
(3.9) fq—L,=qu,.

Relation (3.9) means that L, /4 interpolates f at the reflections of the zeros of g across T. Assume
now that g € ., is a critical point of ¥, . Then, combining (3.9) and (3.7), we derive that

L, Lq> <qu quq> J p(r) (Lgu)7) dr
3.10 O=(—/——)=(—5—)=| ——=—— — D1
o109 < R 2 q /) hao qo i P

Since L, u; /G € H?, we see by letting p range over elementary divisors of ¢ and applying the
residue formula that (3.10) holds if and only if each zero of g isa zero of L, n;’ of the same multi-
plicity or higher. That is, ¢ is a critical point of ¥, if and only if ¢ divides L, uy in H?.

Let d € M), be the monic g.c.d. of L, and g, with 0 <k < n —1. Writing L, = dp" and
q =dgq*, where p* and ¢* are coprime, we deduce that g* divides u; in H? or equivalently that

ny, = qv*/o for some h € I—_IO2 Besides, it follows from (3.4), applied with p =dv andve 2, ,_,,
that p* = L,.. Therefore, upon dividing (3.9) by d, we get

_aa

h,
d

(3.11) fa-L,

implying that #,. = quV*k /d. In particular, g, thus a fortiori ¢*, divides w:} in H?, whence ¢* is
critical for ¥, _, by what we said before. Finally, dividing (3.11) by ¢* and taking into account the
definition of the reciprocal polynomial, we find that we established the following result.
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Proposition 2. Let q be a critical point of V,, and d € M), be the monic g.cd. of L, and q with
0<k<n-1 Thnq" =q|d € M,_, is an irreducible critical point of ¥,,_y, and L. [q"

. v2y, . . =\ = . . g
interpolates | at the zeros of q* d |z in Hermite’s sense on C\ D, that is, counting multiplicities
including at infinity.

The converse is equally easy: if g* is an irreducible critical point of ¥,,_;, and L. /" interpo-

v2yv
lates /" at the zeros of ¢* d /z in Hermite’s sense for some d € 4, then g = g*d is a critical point
of ¢, and d is the monic g.c.d. of g and L. This we shall not need.
It is immediately seen from Proposition 2 that a critical point of @, , must interpolate / with

order 2 at the reflections of its poles across T; for best approximants, this property is classical
[22, 26].

3.3. Smooth Extension of ¥ . One of the advantages of ¥, as compared to @, is that its do-
main of definition can be compactified, which is essential to rely on methods from differential
topology. To do that, however, we need to place an additional requirement on f.

Let us denote by H, the subset of HOZ comprised of functions that extend holomorphically
across T. Hereafter we will suppose that f € Hy and pick p = p(f) < 1 such that f is holomorphic
in {|z| > p — €} for some ¢ > 0. In particular, f is holomorphic across T, :={lz|=p}.

Denote by .4, and //lﬂ P respectively the closure of ./, and the set of monic polynomials
with zeros in Dy, := {|z| < 1/p}; as usual, we regard these as subsets of C” when coordinatized

by their coefficients except the leading one. This way //lnl/ ? becomes an open neighborhood of
the compact set ./ ,,, which is easily seen to consist of polynomials with zeros in D. Also, ¢ lies

on the boundary d.#, = ., \ .4, if and only if it is a monic polynomial of degree 7 having at
least one zero of modulus 1 and no zero of modulus strictly greater then 1.
For g € M, since q/q is unimodular on T, it follows from (3.9) that

dr

L 2
(3.12) v, (q)= Hf— ;q = ||”q||§:fT(”q”5)(T>z_m‘

In addition, taking into account the Cauchy formula, the analyticity of L, /4 in D, the analyticity
of f across T ,, and the definition of the o-operation, we obtain

1 [ f(D)g(e) dr

61 w@=a) = | SR ke
1 ’ (t)g(r) dt
(3.14) u;’(z) z—mﬁr %T—Z’ lz| <1/p
/e
7)q(2)q(7)—q(z)q(7) d~
(5.15) L()=L,, () = f(7) q(2)q(7) — G(2)q( )E’ 2> p.

T, q(7) Z-T

Now, ifg € E//ZJ/P, then g has all its zeros of modulus greater then p, therefore (3.15) and (3.13) are
well-defined and smooth with respect to the coefficients of ¢, with values in &2, | and Hg(E\H)Tp)
respectively. Because evaluation at T € T is uniformly bounded with respect to 7 on I—_IOZ(E \ H)Tp),

V¥, in turn extends smoothly to //[;/P in view of (3.12). Moreover, differentiating under the
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integral sign, we obtain

av du du? dr
6.16 Wﬁh@#ﬁ%w@ %O_

aq; aq; 1 aq; 2mi’
with
du 1 i d
6.17) Tay = [ DL s,
dq; 2mi Jy, q(t) z—7
du? 1 —tl fo(r)g(r) dr
(3.18) S0 = o~ : . lzl<1/p,
7 mid, T P o
for j =0,...,n — 1. To recap, we have proved:

Proposition 3. Let f € H,. Then W, extends to a smooth function in some neighborhood of M ,
and so do L, and u,, with valuesin &, and HZ(C\D ) respectively. In addition, (3.16), (3.17), and
(3.18) hold.

We shall continue to denote the extension whose existence is asserted in Proposition 3 by ¥,
or simply ¥, if /" is understood from the context.

3.4. Critical points on the boundary. Having characterized the critical points of ¥, on ./, in

Section 3.2, we need now to describe the critical points that it may have on d . ,,. We shall begin
with the case where all the roots of the latter lie on T.

Let f € H, and assume v(z) = (z — &)¥, & € T, is a critical point of ¥,,. It immediately follows
from (3.13), the Cauchy formula, and the definition of v that

(3.19) T=ev, where %:=(=£)F, L,=0, and u,=e’f.
In this case, equations (3.17) and (3.18) become

du, e‘i‘QJ o f(7) dt
T

aq; (@) = 2mi o(t) z—1 21> .
du’ —et? T fo(r) dr
= = , 1/p.
aq; 2 27i le/p v(t) T—z Izl <1/p
Plugging these expressions into (3.16), we obtain
av I(ffoXr) d
0=—%(v :f M—T, j€1{0,....,k—1},
dq; an, v(t)  2mi

where A, := {p < |z| < 1/p} with positively oriented boundary JA 2> and we used the Fubini-
Tonelli theorem. By taking linear combinations of the previous equations, we deduce from the
Cauchy formula that
7 Lo T P
aa, (v—&) 2mi (=1 T

Hence v divides f /7, when viewed as a holomorphic function in A . Consequently, since ' € T
isa zero of f if and only if it is a zero /7, we get that f vanishes at £ with multiplicity |(k+1)/2],
where | x| is the integer part of x.
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Next we consider the case where ¢ is a critical point of ¥, having exactly one root on T: g = vg*
with v(z) = (z = &), & € T, and ¢* € #,,_,. Denote by & and ¥ some neighborhoods of ¢*
and v, in J/ll ’Z and A ]: fe respectively, taking them so small that each y € £ is coprime to each
v € ¥; this is possible since ¢* and v are coprime. Then, (y,v) — yv is a diffeomorphism from
& x ¥ onto a neighborhood of ¢ in //l;/ #. In particular, the fact that g is a critical point of ¥,
means that g* is a critical point of © and v a critical point of ZE, where
0:2 — [0,00) and E:Y — [0,00)
¥ - Uioy) Voo 0.

Since vy = e'?v ¥, where ¢'? isas in (3.19), it follows from (3.13) that tyy = e‘ieux ,
by (3.12) that ® = ¥, _,,, implying that ¢* is a critical point of ¥, _. In another connection,

and therefore

shrinking ¥ if necessary, we may assume there exists o > o such that ¥ C ./ kl /e Put for sim-

plicity w := u,. = u; ., which is clearly an element of H, by (3.13). Computing with the latter
formula yields for any v € ¥ that

L (wv)(f _ J fq (t) dt v(r) dr
2ri Jr, V(T) z—1  2mi )y 2mi T—t V(T) zZ—T
(fvg")x) di

= — | =————=up,,.(2), |z|>0,
Zmﬁa bgn 2t

where we used the Fubini-Tonelli theorem and the Cauchy integral formula. Thus, we derive from
(3.12) that

Uy (2) =

B0 =, (") = oty e I =t I =Tk (v), veEY.
As v is a critical point of Z, we see that it is also critical for ¥, so by the case previously
considered we conclude that w = #; . vanishes at & with multiplicity | (B +1)/2]. By (3.9), this is

equivalent to the fact that L . /q* = L, /q interpolates f at the zeros of d(z) = (z — EEHD/2 iy
Hermite’s sense.

Finally, the case where g is arbitrarily located on &.# , is handled the same way upon writing
q=q"v;...v, where v,(z) =(z—¢; )%i for some ¢; €T, and introducing a product neighborhood
QXY x...xV,ofg"v,...v, to proceed with the above analysis on each of the corresponding
maps ©, Zy,...,Z;. Thus, taking into account Proposition 2 and the fact that v; and ; have the

same zeros in C, we obtain:

Proposition 4. Let f € Hy, and q = vq*, where v = [[(z — E]-)k/, ; €T, deg(v) = k, and
q" € M,_y. Assume that q is a critical point of ¥, =V, .. Then q* is a critical point of ¥,_,.
Moreover, if we write q* = q,d, where d, is the monic g.cd. of L,- and q*, then L . [q" =L, /q

interpolates [ at the zeros ofqvlzcz?1 ay/z in Hermite’s sense on C\ D, where d(z) =[](z — 5]_>L(k1+1)/zj'
Again the converse of Proposition 4 is true, namely the properties of g* and v asserted there
imply that ¢ = g*v is critical for ¥,. This is easy to check by reversing the previous arguments,
but we shall not use it.
4. A CRITERION FOR LOCAL MINIMA

Let f € Hyand ¥, = ¥, be the extended map obtained in Proposition 3, based on (3.12)
and (3.13). The latter is a smooth real-valued function, defined on an open neighborhood of ./ ,
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identified with a subset of C” ~ R?” by taking as coordinates all coefficients but the leading one.
By definition, a critical point of ¥, is a member of ./, at which the gradient V¥, vanishes.
This notion is of course independent of which coordinates are used, and so is the signature of the
second derivative, the so called Hessian quadratic form'. A critical point g is called nondegenerate
if the Hessian form is nonsingular at ¢, and then the number of negative eigenvalues of this form
is called the Morse index of q denoted by M(q). Observe that nondegenerate critical points are
necessarily isolated.

From first principles of differential topology [23] it is known that (—1)*(@), which is called the
index of the nondegenerate critical point ¢, is equal to the so-called Brouwer degree of the vector
field V¥, /||VT, ||. on any sufficiently small sphere centered at ¢, where || -||. is the Euclidean
norm in R?”. . .

One can show that d.# , is a compact manifold?, so if ¥, has no critical points on J.Z ,
and only nondegenerate critical points in .#,,, then the sum of the indices of the critical points is
equal to the Brouwer degree of V¥, /||[V¥, ||. on d.# ,. The surprising fact is that the latter is
independent of f (see [1], [5, Sec. 5], and [2, Thm. 2]) and is actually equal to 1. Altogether, the
following analogue of the Poincaré-Hopf theorem holds in the present setting.

The Index Theorem. Let f € H, and Gy, be the set of the critical points of U, in M ,. Assume
that all members of 6, are nondegenerate, and that €, , N M, =0. Then

> (=M@ =1,

qe‘ﬁﬂn

To us, the value of the index theorem is that if can show every critical point is a nondegenerate
local minimum and none of them lies on J.#,), then the critical point is unique. To see this,
observe that local minima have Morse index 0 and therefore index 1.

To make this criterion effective, we need now to analyze the Morse index of a critical point,
starting with the computation of the Hessian quadratic form.

Let g be a critical point of ¥ ,. It is easy to check that the Hessian quadratic form of ¥, at ¢ is
given by

n—1n-1 32\11 32\11
“.1) 2(v)=2Re 0, ———(q)+ v, 0, ——— ,
* ZZ< " Ggdg Y kaqkﬁqj(q)>

j:O k=0
where we have set v(z) = 27:_; v;2/ for a generic element of 2, _,, the latter being naturally
identified with the tangent space to .#,, at ¢, and we continue to consider ¢;,4;, ] €{0,...,n—1},

as coordinates on .#,,. Clearly, g is a nondegenerate local minimum if and only if £ is positive
definite, z.e.,

4.2) 2()>0 for veP,_ |, v#£0.

Let us assume that ¢ is irreducible, hence ¢ € ./, by Proposition 4. To derive conditions that
ensure the validity of (4.2), we commence by reworking the expression for 2.

'This is not true at non-critical points.
2We skim through technical difficulties here, because this manifold is not smooth; the interested reader should consult
the references we give.
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Any polynomial in ), _; can be written p,L, + p,q for suitable p,, p, € #,_,, due to the
coprimeness of L, and g. Therefore

)4 L,
(4.3) —,f——)=0 forany peP,,_,
q q

by (3.4) and (3.7). In view of (4.3), differentiating (3.4) with respect to ¢; and evaluating at g leads
us to

d (Ly\ »p .
(4.4) — (), £ =0, jefo,...n—1}, pe2,_,
dq;\q) q

which means that J(L,/q)/dq; belongs to Vql. Hence, we get from (3.8) that

o /L AL [|9q,—7ZL qv;
(4.5) Z (fa) 1 /94, q::&, v.€P ., j€{0,...,n—1}
dq; \ q 7 I
]

As L, and g are coprime, the polynomials v; are linearly independent by construction, thus we
establish a one-to-one linear correspondence on &, _; by setting

n—1 n—1
(4.6) v(z):Zv]-z/ — y(z)= —Zv]-v]-(z).
7=0 7=0
Moreover, from Proposition 2 where d = 1 and ¢* = g, we can write (compare (3.11))
L ~V
(4.7) e ﬁw” for some w, € H>.
9 q 1

Note that fw; € H, since f does, hence w,, is holomorphic across T. Now, it follows from (3.7)
and (3.1) that

v, 2?2 L, L, a (L, a (L,
o - {5 (54
94,94, dq.99; \ q q dg; \q ) dq \ q
qv: gv Vi oy
(4.8) - <_2f,‘]_2k>:<_f,_k>
9 4 9 4
by (4.3), (4.5), and the fact that §/q is unimodular on T. Furthermore
T = (o () -2 (o () 2
99194, 99,99, \ q q dq; \ q q

< J? <%> 74 >
— — ,_wq
99,99, \ 9 /) 4q

by (4.4) and (4.7). Now, a simple computation using (4.5) yields

2’ <ﬁ> _ (PL,/99:94)) =2 (0L, [29)+ 2 (OLy[qh)  u
dq, 9, 7’ 7’

q
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and since the first fraction on the above right-hand side belongs to 2,,_,/q, we deduce from (4.4)
and what precedes that

PR Z1gv, g4 zly
@9) : <q>=2< ik,@w">:2<—’e,w”>,
dq.94, g q 1 q 1

since ¢ /q is unimodular while g =gq on T. So, we get from (4.8), (4.9), and (4.6) that

n—1n—1 Z\I, ) <‘UV U> 2<V ( )0>
VU q =2( —,w’ )==-2( —,(vw
=i 949 q 1 g

and
”Z_inz_l . I, (@)= <v v> v’
R =(——-)=|-
e 04,94, qq q|l,

Therefore, in view of (4.1) the quadratic form £ /2 can be rewritten as

v v v AN
—2Re( —,(vw,)” ) = —2Re( | =) ,vw, ).
, q 1], q

(4.10) %9(@) =l Z

To manage the above expression, we assume that L /g does not interpolate f on T, i.e. that
w, has no zeros there, and we let Q € ./, have the same zeros as w, in D, counting multiplicities.

Thus we can write w, = 0,Q/ Q, where o , 1s holomorphic and zero-free on a neighborhood of

D, while |o 41 =w,| on T since Q/ Q is unimodular there’. Consider now the Hankel operator I',
with symbol s, := L, /(0,9), i.e.

I:H> - ]:102

u — P_ (squ> ,

where P_ is the orthogonal projection from L, onto P_Ioz Observe that I" is well defined because s,
is bounded on T, and since the latter is meromorphic in D with poles at the zeros of ¢, counting
multiplicities. It is elementary [27] that [(H?) = V,, that KerI'=(q/q)H 2, and that T': Ve—V,
is an isomorphism, where V:= 22, _, /7 is readily seen to be the orthogonal complement of Ker I
in H%. Thus, there exists an operator I'* : V., — Vz, which is inverse to F\Va' To evaluate T'#,

) (£220°0)

p= a9

observe from (4.5) that

ol n—1
T = P_ —j) = P
(vo,) < pr j;ov <

n—1 _Ny, y v
> o ( qj) =P_ <—> =,
P 99 9/ 4q

~ 2 _2 .
where we used that (JL,/dq;)/q € H? and that v/q € H;. Hence we may write

v
(4.11) F#<—>:voq+u, with » €
q

ZHZ =KerT,

q

3The function 0, is none but the outer factor of w, in H?, see [21, Thm. 2.8].
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and since w, /o, € H* it follows that #w, /o, € KerI" as well, entailing by (4.10) and (4.11) that

2

b= e (2) 2 (2))
2 9|, q 04 q

because (v/q)” € V; = (KerD')*. Altogether, we see that

()2 ()

by the Schwarz inequality and since |w, /o,| =1 on T while the o operation preserves the norm.

2
-2
2

2
19( )> Y
Z9(v _
5 =

q

> (1-2|ir*)) ‘

2

The inequalities above imply that £ is positive definite as soon as ||[T*|| < 1/2. This last inequality

is equivalent to saying that 2 is strictly less than the smallest singular value of I}, which is also
q

the 7-th singular value of I since V;; has dimension 7 and is the orthogonal complement of KerI

in H?. By the Adamjan-Arov-Krein theorem [27], the singular value in question is equal to the

error in L>-best approximation to s, from H>° , where H° | stands for the set of functions of the
form h/y where h € H* and y € #,_,. Let us indicate this approximation number by o,,_;:

= inf
gEH?,

n—1 Sq -8 I
As s, is holomorphic on a neighborhood of D, it follows from the Adamjan-Arov-Krein theory

that the infimum is uniquely attained at some g, ; € H>*  which is holomorphic on a neighbor-
hood of T, that [s, — g,_,|(§) =0, forall & € T, and that wy (sq — gn_1> < —2n+1assoon as
0,_, >0, where wy stands for the usual winding number of a non-vanishing continuous function
onT.

We will appeal to a de la Vallée-Poussin principle for this type of approximation, to the effect
that

(4.12) 0,1 > inf

S;— g|,
whenever g € H?° | is such that
W (sq —g) <1-2n.

This principle is easily deduced from the Rouché theorem, for if (4.12) did not hold then the
inequality
|(gn—1 - g>_(5q - g)l = |gn—1 - Sql =0, 1< |Sq - g|
would imply that wy(g,_; —g) = wp(s,—g) < 1—2n, which is impossible unless g, _; = g because
g,_1 — g is meromorphic with at most 2% — 2 poles in D.
Hence, with our assumptions, that g is an irreducible critical point and that f — L, /g has no
zero on T, we find that £ will be positive definite if there exists I, € %,,_; such that

(4.13) 2f-L,/ql<,=L,/q] on T and wq(f—I)<1-2n.

Indeed, in this case, we will get

L /q—T1
(4.14) 2< qug 1=
q9w, /4

L, I,

%99 g0,

II

on T,

Sq—

_1
q9,
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because |¢/q| =1 and |fw;| = |w,| = |o,| on T. Moreover, it follows from (4.13) and the triangle
inequality that |[f — L, /q| < |II, — f|, and therefore

(@, /a-1)-(f 1) < |F -1,
so that wy(L, /g —II,) = wy(f —II,) by Rouché’s theorem. Consequently

11 L —1I
W <5q - _q> =W <q/:]—§q> =Wr (Lq/q _Hq> :WT(f_Hq),

9% q

where we used that o,g does not vanish on D. So we see that I,/go, can be used as g in (4.12)
to bound o,,_; from below by a quantity which, by (4.14), is strictly bigger than 2. Altogether,
rewriting (4.13) in the equivalent form (4.15) below, we proved:

Theorem 2 (Comparison Criterion). Let f € Hy and q € M, be an irreducible critical point of
W, such that f — L, [q does not vanish on T. Then q is a nondegenerate local minimum as soon as
there exists I1, € R,,_, satisfying

S
f-L,/q
In order to use this criterion, we need an appraisal of the error in interpolation to / by members

of Z, and Z,_,. In the next section, we gather the necessary estimates for the class of functions
introduced in Theorem 1 after the works [13, 31].

(4.15) 2< |1 on T and wy(f—1II,)=1-2n.

5. ERROR IN RATIONAL INTERPOLATION

Let us recall the notion of a diagonal multipoint Padé approximant. Conceptually, a diagonal
(multipoint) Padé approximant to a function g holomorphic in a domain 2 c C, is a rational
function of type (7,7)" that interpolates g in a prescribed system of 272 + 1 points of (2, counting
multiplicities. However, such a definition may not work and it is best to adopt a linearized one
as follows. Without loss of generality, we normalize one interpolation point to be infinity and
assume that g(oo) = 0. The remaining 27 interpolation points, finite or infinite, form a set .%,,
accounting for multiplicities with repetition. Let Q,, be a polynomial vanishing exactly at the
finite points of .%,,. Then:

Definition (Padé Approximant). The n-th diagonal (multipoint) Padé approximant to g associated
with .%,, is the rational function 11, = p,, [{ , satisfying:

o degp, <n,degl, <n,andl, Z0;

o (((2)2(2) = p,(2)) [Qu(z) is analytic in

o ((,(2)8(2) = p,(2)) | Quu(2)= O (1/2"*") as z — cc.

The conditions for p, and ¢, amount to solving a system of 27 + 1 homogeneous linear equa-
tions with 22+ 2 unknown coefficients, and clearly no solution can be such that £, = 0. Moreover
it is plain to see that all pairs (p,,,¢,,) define the same rational function p, /¢ ,, thus a Padé approxi-
mant indeed exists uniquely with the above definition. As a result of our normalization, note that
the third condition in the above definition entails at least one interpolation condition at infinity,
therefore IT, is in fact of type (7 — 1,7).

*A rational function is said to be of type (1;,7,) if it can be written as the ratio of a polynomial of degree at most 7,
by a polynomial of degree at most 7,.
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For our present purpose, we shall be interested only in the case where g = f is as in Theorem
1, and .%,, consists of 7 points, each of which appears with multiplicity 2. In other words, we let
E,, consist of 7z points, repeated according to their multiplicities, in the analyticity domain of §,
say, D; = C\ ([a,b]UA) where [4,b] := supp(u) and A is the set of poles of . We further let
v, be the monic polynomial whose roots are the finite points of E,, and we obtain II,, from the
previous definition where g =fand Q,, = v”.

Next, we let 7 range over N and we put & ={E, } for the interpolation scheme, i.e. the sequence
of sets of interpolation points. By definition, the support of & is supp(&) := N, Uy, Ep. We also
introduce the probability counting measure of E, to be the measure with mass 1/7 at each point of
E,, repeating according to multiplicities.

We shall need strong asymptotics on the behaviour of IT, as 7 — co. To describe them, we need
some more notation. Let us denote by

w(z):=4/(z—a)z—b), w(z)/z—1,
the holomorphic branch of the square root outside of [4, #] which is positive on (&,+0c0), and by
2 b+
(5.1) P(z):= T <z - ¢ —w(z)>
the conformal map of D :=C \ [4, 4] into D such that ¢(co0) = 0 and ¢/(c0) > 0. Note that ¢ is

conjugate-symmetric.
Recall that the logarithmic energy of a positive Borel measure o, compactly supported in C, is
given by — [ [log|z — t|do(z)d o (t), which is a real number or +oo.

Definition (Admissibility). A interpolation scheme & is called admissible if the sums >, |p(e)—
P(e)| are uniformly bounded with n, supp(€) C D, and the probability counting measure of E,
converges weak” to some Borel measure o with finite logarithmic energy’.

The weak* convergence in the above definition is understood upon regarding complex measures
on C as the dual space of continuous functions with compact support.
To an admissible scheme &, we associate a sequence of functions on D; by putting

6.2 R,(2)=R,(&2)=]] %,
eckE,

Each R, is holomorphic in D, has continuous boundary values from both sides of [4, 5], and
vanishes only at points of E,. Note from the conjugate-symmetry of ¢ that

P(z)—dle) _ P(z)—(e) <1+ p(e) — p(e)

1=()de)  1-d2)ple) P(2)— ¢(é)> '

Thus, R, is a Blaschke product with zero set ¢(E,) composed with ¢, times an infinite product
which is boundedly convergent on any curve separating [4, #] from supp(&) by the admissibility
conditions. In particular, {R,} converges to zero locally uniformly in D.

zeD

o

SNote that ¢ may not be compactly supported. In this case, pick zy € C \ supp(&) such that z, ¢ supp(c) and set
M, (z) := 1/(z — 7). Then, all the sets M, (E,) are contained in a common compact set and their counting measures

converge weak® to o’ such that o/(B) := U(MZ’O1(B )) for any Borel set B C C. What we require is then the finiteness of the

logarithmic energy of o”.
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To describe asymptotic behavior of multipoint Padé approximants, we need two more concepts.
Let 4 be a Dini-continuous function on [, b]. Then the geometric mean of b, given by

Gy i=exp [ logh(o)dan, (0},

is independent of the actual choice of the branch of the logarithm [13, Sec. 3.3]. Moreover, the
Szegd function of b, defined as

w(z) ( logh(r)
ol e

z—t

1
Sh(Z) ZZCXP{ a)[a,b](t)—Eflogh(t)da)[a,b](t)}, ZED,

does not depend on the choice of the branch either (as long as the same branch is taken in both inte-
grals) and is the unique non-vanishing holomorphic function in D that has continuous boundary
values from each side of [4, 5] and satisfies h = G, S;“Sh_ and §;(co) = 1. The following theorem

was proved in [13, Thm. 4] when » =0 and in [31] for the general case.

Theorem 3. Let § be as in Theorem 1, & an admissible interpolation scheme, and {11, } the sequence
of diagonal Padé approximants o § associated with &. Then

53) (F~11,)w =[2G, + o(1)](S,R,,/R)?

locally uniformly in Dy, where R,, is as in (5.2) and

R(z):=] [(8(2) = $(e)/(1 = $(2)¢(0)),
the product defining R being taken over the poles of r according to their multiplicity.

Let now {g,} be a sequence of irreducible critical points for ¥; . Put g,(2) =11, . (2 —¢; ).
It follows from Proposition 2 that L, /g, interpolates f at every 1/ é:f"’i with order 2, hence L, /g,
is the 7-th diagonal Padé approximants associated with &, , := {{1/ é}n};zl} This interpolation

scheme of course depends on g,,, which accounts for the nonlinear character of the L2-best ratio-
nal approximation problem. The next theorem contains in its statement the Green equilibrium
distribution of supp(u) = [, £], for the definition of which we refer the reader to [28].

Theorem 4. Let f be as in Theorem 1 and {q,} be a sequence of irreducible critical points for §. Then

&,  is an admissible interpolation scheme, and moreover
n

(5.4) - [Im(¢; ,)| < const.

where const. is independent of n. Also, the probability counting measures of the zeros of q, converges
to the Green equilibrium distribution on supp(u). In addition, it holds that

locally uniformly in Dy, where R, is as in (5.2) and R is as in Theorem 3.

A few comments on Theorem 4 are in oder. First, the weak* convergence of the counting measures
of the g, was obtained in [15, Thm. 2.1]. It entails that the probability counting measures of the
sets E, , converge weak” to the reflection of the Green equilibrium measure across T, which has

finite energy. The admissibility of & 1.} follows easily from this and from the bound (5.4) which
was proven in [4], see [31, Lem. 8]. Then relation (5.5) is a consequence of (5.3).
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6. PROOF OF THEOREM 1

To prove Theorem 1, we follow the line of argument developed in [10, Thm. 1.3]. The main
difference is that in the present case the critical points are no longer a priori irreducible and their
poles no longer belong to the convex hull of the support of the measure. As we shall see, these
difficulties can be resolved with the help of Theorem 4.

Proof of Theorem 1. We claim there exists N = N(f) € N such that all the critical points of ¥, =

¥; , in A , are irreducible for » > N. Indeed, assume to the contrary that there exists an infinite

subsequence of reducible critical point, say {g, }. It follows from Propositions 2 and 4 that each
]

an, has a factor qu such that qZ] € J/[”/ k, is an irreducible critical point of v, k> and the

. . ~? . .
difference f — L . /q* vanishes at the zeros of g* d, where d,, is a non-constant polynomial of
qﬂ/ n; n; j i

degree at least | (k; +1)/2] > 1 having all its zeros in {|z| > 1}. Suppose first that (7, —k,, ) — oo

as ] — oo. Then, the asymptotic behavior of f — L . /g is governed by (5.5), in particular it can
w ! Iy

. ~7? . . . .
only vanish at the zeros of ¢*  for all large 7 which contradicts the assumption that d,, is non-
7 J
constant. Second, suppose that 7; — /eﬂ] remains bounded. Up to a subsequence, we may suppose

that n; —k, =1 for some integer /. As ./ is compact, we may assume that g converges to some
7 j

q € M. Since L, is a smooth function of v in some neighborhood of .7 (see Subsection 3.3),
the polynomials L g, converge to L, hence q;']f —-L 7, converges to gf — L, locally uniformly in

Df. In particular, if we pick 0 < p < 1 such that D p contains the zeros of ¢, we get that f— L . / q:
n ! I

is a normal family of functions converging to f — L, /g in |z| > p. But since the number of zeros
it has in C\ D increases indefinitely (because it vanishes at the zeros of dnj which are at least
|(» =1 +1)/2] in number), we conclude that f = L, /g, which is impossible since f is not rational.
This contradiction proves the claim.

As we just showed, each critical point ¢ of ¥, in ./, is irreducible for all 7 large enough, in
particular it belongs to ./, and moreover L, /q does not interpolate f on T. Assume further that,
for all such #, there exists a rational function II, € #,,_; such that (4.15) holds with f =§. Then ¢
is a local minimum by Theorem 2, and therefore it is the unique critical point of order 7 in view of
the Index Theorem. Thus, to finish the proof, we need only construct some appropriate function
I1, for each critical point g of ¥,,, provided that 7 is large enough.

Let &, ; be the interpolation scheme induced by {g,} and &, some admissible interpolation
scheme, with supp(8,) C {|z| > 1}. Set {II,} to be the sequence of diagonal Padé approximants to
f associated with &,. Then Theorems 3 and 4 imply that when 7 — oo

(-1,.06)
o (L ja) “”(

R,_(6:2)\’
et uniformly on T.
R,(8yy,):2)

Moreover, for all 7 large enough, (f—1II,,_,) is holomorphic outside of D by (5.3) and it has 2 — 1
zeros there, namely those of R, _,(&,;-), counting multiplicities, plus one at infinity. Consequently
wr(f—1II,_,) = 1 — 27 for all such », and so (4.15) will follow from (6.1) upon constructing &,
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such that, for 7 large enough,

Rn—l(gv;z) ?
6.2) 1—(Z=—22)|>2 on T.
R,(81,152)

For convenience, let us put I := [a,b] = supp(u) and I7' := {x : 1/x € I}, together with
Q:=C\(JUI"). Set p: 02— {1 <|z] < A} to be the conformal map such that p(I) = T,
o™ =Ty, lim,_,,+ o(z) = 1; as is well known, the number 4 is here uniquely determined by
the so-called condenser capacity of the pair (7,77') [28]. Note also that, by construction, o is
conjugate-symmetric. Define

_ 1= (e(2)Ay
h(2)=—~—7

g(z)-4

which is a well-defined holomorphic function in 2 := C\ (U™ It is not difficult to show (cf.
the proof of [10, Thm 1.3] after eq. (6.24)) that |1 —4,| > 2 on T. Thus, to prove our theorem, it
is sufficient to find &, such that

z €S,

R _(6:2)\’
(6.3) <#%:Z)> =[1+0o(1)]h(z) uniformlyon T.

For this, we shall make use of the fact, also proven in the course of [10, Thm 1.3], that A, can be

represented as
1—9(z)p(x
h(z):=exp {J log Mdv(x)} ,
P(z) — ¢(x)
where v is a signed measure of mass 2 supported on 77"

Denote by {¢; , };’:1 the zeros of g, and by {x; , };.7:1 their real parts. Observe from (5.5) that
any neighborhood of the poles of » which is disjoint from 7, contains exactly m zeros of g, for all
n large enough. We enumerate these as 6n—m+1,n’ o) fnn The rest of the zeros of ¢, we order in
such a manner that

a<x,<x,<..<xy ,<b,

while those j € {d, +1,...,n —m} for which x; , either lies outside of (4, &) or else coincides with
X, for some k € {1,...,d,}, are numbered arbitrarily. Again from (5.5), any open neighborhood
of I contains {&; , };’:_1’” for all 7 large enough, and therefore

6.4) S := max Im(&; )| =0 as n—co.
nT ed,

In addition, as the probability counting measures of the zeros of g, converge to a measure sup-
ported on the whole interval 7, namely the Green equilibrium distribution, we deduce that d,, /n —
1 and that

(6.5) 87 :=max{ (x,,—a)(b—x; ,), max (x;,,—x;_,;,)t—0 as n—oo.

n 5 ny j€{2 ..... d } B J—L

Define v to be the image of v under the map ¢ — 1/t, so that v is a signed measure on I of

mass 2. Let further ¢(z) := ¢(1/z) be the conformal map of C\ I~! onto D, normalized so that
¢(0)=0and ¢’(0) > 0, Finally, set

¢(z) — (1)

K(z,t):=log et
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To define an appropriate interpolation scheme &,, we consider the coefficients:

o] Kt X,
L, =V _a,T ,

[ x;_ n+xn xn+x n
¢, = ¢< “’2 et 2’“’ >> jef2...d, —1}

v [ xdn—l,n + xdﬂ,n
c, = y| | =—2b]]).
o1 2

Subsequently, we define two other sets of coefficients

J xX:. +x:
2 : v ]n J+Ln
bj,n = C/e,n = 14 < |:d’ 2 >>

k
X, +Xx;
v 7n J+Lln
G = 2=b, = V<[—2 b]>

and b, , =a, , :=0. It follows in a straightforward manner from the definitions that

jefl,....d,—1},

2—¢,=b;_,+a;, je€{l,....d}l,

and therefore
d -1

d, d, d,—1
(66) ZZK(Z> é’]',71) - Z Cj,nK(Z’ Ej,n) = Z bj,nK(Z’ é’]'+1,n) + Z ﬂj,nK<Z’ é},n)'
j=1 j=1 j=1

j=1

Next, we introduce auxiliary points y; , by setting

4 Ein b
7,m>)n jm=j+ln .
= 3 , j€{l,....d,

yj,n : —1}

Observe that

<<

b; , |1V
]_(gﬂ—l,n - é},n) 7

<

|Ej+1,n - é’j,nl’

where ||V|| is the total variation of v.
Let £ be compact in  and 2/ C D be a neighborhood of I whose closure is disjoint from ¢

d 4,1
By (6.4), (6.5), and (6.7) we see that both {¢; , }/.:1 C%and{y,, }].:1 C U for all n large enough.
Thus, for such 7 and z € ', we can write the first-order Taylor expansions:

a
(68) K(Z’ gj,n) _K(Z’y],n) = EK(ZL)}],;’;)(;J; _y],n>+ O ((gj,n _y],n)2> >

a
(69) K(Z’ gj+1,n) - K(Z’yj,n) = EK(Z’yj,n>(é}+1,n - yj,n) +0 ((Ej+1,n - yj,n)2> s
and adding up (6.8) multiplied by 4; , to (6.9) multiplied by &; , we obtain

(6.10) b; ,K(2,E41,) +a; ,K(2,€; ) —2K(2,y;,,) = O <<£j+1,n - 5]',”)2) ;

where we took (6.7) into account and, of course, the three symbols big “Oh” used above indicate
different functions. By the smoothness of K on C\ 77! x C\ /="' and the compactness of # x %,
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these big “Oh” can be made uniform with respect to z € ', being majorized by
2

at?

2P sup (z: )| 1P

(z,t)EX XU

In another connection, it is an immediate consequence of (6.4), (6.5), and (5.4) that

d,—1 d,
Z'é’]+17l n S Z |xj+1,n _xj,n|2+2Z|Im(§j,n)|2
j=1 =1

(6.11) < (b-a)d’* —I—const.é\im =o(1).

Therefore, we derive from (6.11) upon adding equations (6.10) for j € {1,...,d, — 1} that
d,—1 d,~1 d,—1

(612) Z bj,nK(Z’ 5j+1,n) + Z ﬂj,nK(Z’ g],n) -2 Z K<Z’yj,n> = 0(1)’
j=1 j=1 j=1

where 0(1) is uniform with respect to z € £". In view of (6.6), equation (6.12) can be rewritten as

d, d,
(6.13) Z (z,€;,)-2 ZK(Z Yin) ch,nK(z,fj-’n) =o(1).
j=1 j=1

Now, it follows from (6.5) and the definitions of ¢; , and b, that

d,

(6.14) cj’nK(z,xj’n)AJK(Z,t)d)?(t):—log|bv(1/z)| as n— 00,

j=1

uniformly with respect to z € . Moreover, we deduce from (6.4) and (5.4) that

dﬂ
Z |C] n Z’gj n) K(Z x )>| S CZ |C/,n||Im(g/,n>|
j=1

CIpIs” —o,

IA

(6.15)

as n — oo, where C =sup, ', |0K/dt(z,t)|. Hence, combining (6.14) and (6.15) with
(6.13), we get

n_ dn
(6.16) 2> K(z,3;,,)—2>_K(2,&;,) —loglh,(1/z)] as n— oo,
=1 j=1

uniformly on #". Define

(T e =p0,) e =)\
8n(2) = (g 1—- §9<Z)§9<yj,n)/g 1= ¢(2)p(E))

which is holomorphic in Q. By (6.16), it holds that log| g, (z)| — log |/o (1/z)| as n — oo uniformly
on &, and since the latter was arbitrary in € this convergence is in fact locally uniform there.
Thus, {g,} is a normal family in 2, and any limit point of this family is a unimodular multiple of
h,(1/-). However, lim,_,,+ h,(z) = 1 while it follows immediately from the properties of ¢ that
each g, has a well-defined limit at 1/5 which is also 1. So, {g,} is, in fact, a locally uniformly
convergent sequence in {2 and its limit is 5,(1/-).
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Finally, set &, := {E, ,}, where E, , = {C']-,n}, (j,n = 1/9; a1 when j € {1,...,d,,, — 1}, and
G =1/& 11,41 when j €{d,,,...,n}. Then

(R,_i(8:52)/R (8, 32))" = g,(1/2)

and (6.3) follows from the limit just proved that {g,} — 5,(1/-). Thus, it only remains to prove
that &, is admissible. To show the first admissibility condition, put

X, = S04~ b))
j=1

Then, since

Il :
|Tm(y; )| < T(IIm(Q,n)I +Im(& ), 1<7<d, -1,

by the very definition of y; ,, we get

dn—l n—1 _
Xn = Z |§D(y],n) - gp(jj,n)| + Z |§0(5j+1,n) - gﬂ(é’j+1,n)|
j:1 j:dﬂ

dy,—l n—1
< 2supl| | D Mm(y; )+ D Mm(E;,, )]
% j=1 j=d,
d, n
< 2suplg| | 2D Im(E; )+ D Im(E,)l
/4 ]:1 j:dﬂ+1

which is uniformly bounded by (5.4). Further, since each E, , is contained in % ~', we have that
supp(8,) C {|z| > 1}. So, it only remains to show that the probability counting measures of £, ,
converges weak” to some Borel measure with finite logarithmic energy. Now, since d,/n — 1 as
n — o0, and by the remark made in footnote 3, it is enough to prove that this property holds for
the probability counting measures of the points {y; ,}. But from (6.7) and (6.11), the latter have
the same asymptotic distribution as the points {; ,}, namely the Green equilibrium distribution
on I by Theorem 4. This finishes the proof of Theorem 1. O
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