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1. Introduction

Let {z,; : 1 < i < n,n > 1} be a sequence of independent random variables
(rv) defined on some probability space (2, o7, P). Consider a triangular array of
smooth functions {#,,;(zn:;8): B € B CRP, 1 <i<n,n > 1} taking values
in R? and satisfying E(4,,;(zni; By)) = 0 for some unique unknown 3, € B for
all i and n > 1. We estimate 3, by the solution 3, to the general estimating
equations (GEE),

n
U, (8) = ni(2ni; B) = 0. (1.1)

i=1
Note that Bn is not well defined on the whole space €2 but only on a sub-
space of it for any finite n. Typically, one extends the definition to the whole Q
by defining it to be an arbitrary constant on the complement of the subspace
(denoted it by the s-space). For instance, consider estimating the probability

B € (0, 1) in the Bernoulli distribution,

Zn/ﬁ - (]- - Zn)/(]- - 5) =0, (12)

where z,, denotes the average of 1’s. The maximum likelihood estimator (MLE)
Bn = Z, exists only on the subspace {0 < z; + -+ + 2, < n} of Q.

Let B, o be the event on which 3, does not satisfy (1.1). Naturally, the s-
space can be taken to be B, . Without regard to its detailed structure, the
consistency and asymptotic distribution can be rigorously established under
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suitable conditions. As a result, the s-space B,, o is negligible. Often, however,
there is no statement with regard to the bias of the estimator as it generally
does not exist. Consider estimating the parameter 3 in the normal .4(1/8,1)
by the MLE Bn = 1/z,. While Bn is not defined at z,, = 0, the consistency and
asymptotic normality (ASN) of f3, hold at By # 0. The bias, however, does not
exist because E(f,) diverges.

The preceding B, o is not suitable for the ongoing analysis of bias. Bias cal-
culation necessitates specification of the s-space, although practical calculation
may be carried out without it provided that the s-space is adequately negligi-
ble. The probability of the s-space must, certainly, tend to zero faster than that
of By, . But this is not enough, and we need to know that the gradient matrix
W, (8) is non-singular at the values of certain random vectors (i.e. By in (1.3)) as
we shall rely on the generalized vector multivariate mean value theorem (MVT)
to solve for the bias. In contrast, the non-singularity of the expected gradient
at the true value By, E(®,,(8,)), is sufficient for proving the consistency and
asymptotic distribution.

Consider the case that 3,, satisfies (1.1) (i.e. on By, o). By the MVT in (6.5),

there is a matrix point B, € BP*? lying in Bn and 3, such that

0= ‘I’n(lén): ‘I'n(ﬁo) + ‘I’n(Bl)(Bn - /Bo)a (1-3)

where W, (B),B € BP*? denotes the generalized gradient matrix. Eqt (1.3)
reveals that the event that ¥, (B;) is singular must be included in the s-space.
In other words, the singularity event C;, o must be included in the s-space, where

There exists B € BP*P s.t. gpin(¥,,(B))(w) =0
Cn70 =<weN: ~ (14)
and that (1.3) holds at B = B (w).

Noting that the number NN,, of points B; can’t diverge infinity too fast. For
notational brevity, we shall assume that N, = 1 almost surely.

The s-space is now taken to be the union A,, o = By, 0UCy 0, on which define
,Bn to be an arbitrary but fixed constant b. As a consequence, any moment of
Bn can be “calculated” and, in particular, the variance-covariance and mean
squared error (MSE) of 3,,.

The concept of bias, dating back to the early years, is fundamental in statis-
tical science. The analysis of bias has recently gained momentum as the com-
plexity of models used in practice increases. For instance, regularization is com-
monly employed to reduce the model complexity, which, however, leads to biased
estimators such as LASSO estimators in high dimensional linear models. Esti-
mators which are asymptotically unbiased have finite sample biases that can
lead to significant loss of performance of standard inferential procedures, see a
comprehensive review by Kosmidis (2014)[13]. Biases are not negligible in high
dimensional parameter estimation. The squared bias in the decomposition of
MSE, for instance, can have higher order of magnitude than the variance as the
dimension grows to infinity, while it is dominated by the variance and negligible
in the case of fixed dimension, see (2.7).
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There is an extensive amount of literature on the analysis of bias, in which
the bootstrap, the jackknife, and the approximation are perhaps three most
popular methods. The tremendous success of the first two methods rests on the
idea of resampling, which is computationally intensive. In the Era of Big Data,
the two methods are confronted with the challenge that data are of massive size
and often accompanied with an estimation of a myriad of unknown parameters.
The method of approximation provides a remedy, with which we shall be con-
cerned in this article. A significant achievement in this method is the formulas
of the first order biases for MLE in a closed form. Cox and Snell (1968)[5] and
McCullagh (1987)[15] gave the formulas for i.i.d. observations achieved through
the systematic use of index notation and tensors; Cook, et al. (1986)[4] pro-
vided the formula in their Eqt (3) for normal nonlinear regression; Cordeiro and
McCullagh (1991)[6] obtained the formula in their Eqt (4.2) for GLM; Kosmidis
and Firth (2010)[12] presented the formula in their Eqt (2.4) in matrix form.

Efron (1975)[7] investigated the biases of an important class of estimators,
noting that the estimators were, apparently, assumed to be well defined on the
whole space. He proved the biases and rigorously established the rate o(1/n) for
the remainder based on some large deviation results.

While the analytic formulas are convenient in constructing bias-corrected
estimators, the analysis of bias in literature is often conducted in a framework
of some sort of specific bias formulas or of conditional biases. This appearing
to be permissible from a practitioner’s viewpoint, there would lead to a lack of
a rigorous analysis of bias with generality to the best of our knowledge, and
this article is an attempt to fill the gap. Briefly, we provide a bias formula
with generality and prove two rates. To be specific, we rely on the generalized
MVT to carry out the analysis of bias for Z-estimators in GEE for independent
observations, give the bias formulas in matrices in (2.2), and rigorously establish
the rates for the remainders with tedious calculation for both fixed and growing
dimension. Our spirit here is the same as Efron’s (1975)[7], and our approach
is elementary and there is no difficulty in extending our results to other cases
such as correlated data and incomplete data.

As an application, we derive the bias formulas for Lasso estimators in lin-
ear regression model, and the penalized estimators in generalized linear models
(GLM) and single index models (SIM). Our analysis of bias indicates that the
Lasso estimators vanishes at the fastest rate as the dimension tends to infinity
among all Bridge estimators, see Section 4 for more details.

The bias formulas for MLE are well documented in the literature, and agree
with ours. Moreover, we exhibit that the bias of a Z-estimator admits an expan-
sion of the form,

Bias(3) = E(8) — By = bin~' + O(p*/?n=3/?), (1.5)

where byn~! = O(p?/?n~1) is the first-order bias, which dominates the remain-
der for p = o(n'/%) among other conditions in Remark 2.1. The rates can be
improved to p = o(n'/2) and O(p7/?n=2 + p°/2n=3/2) for the remainder under
the conditions in Remark 2.4. For p-dimensional parametric exponential fami-
lies, Portnoy (1988)[18] showed that MLE are ASN as p,n tend to infinity but
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p = o(n'/?). Note that the bias expansion found in literature is often of the form
Bias = byn~'4+bon "2+ -, in decreasing powers of n faster than n~'/2 in (1.5).
See Wu (1986)[22] for LSE in linear regression, page 203 in the monograph by
McCullagh (1987)[15] and Eqt (2.2) of Firth (1993)[8]. In fact, the rate O(n~=?)
was given on page 210 in the monograph. Our result here is that the biases have
a slower rate n~1/2 of negligibility than MLE.

For bias correction by the bootstrap and jackknife methods, see Wu (1986)[22]
and the monograph by Shao and Tu (1995)[20] among others; For indirect in-
ference appeared in the Econometrics literature, see the comprehensive review
by Jiang and Turnbull (2004)[10]; Other references include Firt (1993)[8], Gart,
et al. (1985)[9], Lin and Breslow (1996)[14], Mehrabi and Matthews (1995)[16],
Pettitt, et al. (1998)[17], Schaefer (1983)[19], and Simas, et al. (2010)[21].

The article is structured as follows: The main results are presented in Section
2. The biases in regularized regression models are given in Section 4. Section 5
contains the assumptions, which are verified in GLM in Section 3. Proofs are
collected in Section 6.

2. The Bias Formulas

In this section, we present the analystical formulas for the biases and rates for
the remainders for both fixed and growing dimension, with the proof delayed.

erte ﬁ - /67 1[; (/6) = ”‘Pm(znuﬁ) ¢nz = ’lpnz(/go) n ‘I] (/60)7 etc.
Let ¥,, 4(3) be the d-th component of ¥,,(3), 3 € RP with ¥, 4(B),B € RP*?
denoting the second order generalized Eartlal derivative, which is the d-th block
of the stacking matrix ¥,,(B), B € R? *P. Let

Jn = E(\I’%Z) = zn:E(wng)7 H, = E(\Iln)v Gn,d = ]E(\Iln,d) (2'1)

=1

Assume throughout that H,, is invertible. Let ¥,, = O(||H,||,). Typically ¢,, =
O(pn), but 9,, = O(n) is possible when H,, is a matrix of certain structure. For a
random matrix X, define the “under tilde” and “bar” operations as X = H,;1X

and X = X — E(X) unless otherwise specified.
Let q, be a vector with components g, 4 = Tr(H,, ' G,, 4H,,*J},), and let

b, =H_ '(b,; —27'q,), where b, =E(¥,H '¥,). (2.2)

As justified by the main theorem below, b, is the (first-order) bias under the
assumptions specified in Section 5.

Theorem 2.1. Let 3, be a solution of (1.1).

(i) (Unbiasedness) Assume (B0)(a), (B2)(a) and (B5). Then Bias(8) = o(1).
(ii) (Bias) Assume (B0)(c), (B2), (B3) with |¢,|4 = O(p?), (B6) with (vo,v1, va,v3) =
(8,4,2,8), and x(H,) = O(1). If p = o(¢ 4/13) then

Bias(3) = b, + O(p”/29;3/?). (2.3)
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Remark 2.1. For the case of ¥, = O(n), b, = O(p*?n~1) with the rate

O(p?>n=3/2) for the remainder, provided that p and n satisfy p = o(n*/13)
among other conditions. Moreover, for the remainder to be negligible, p must
be much smaller, p = o(nl/ﬁ). These relationships between p and n reveal that
higher dimension has severer adverse effect on the bias.

Consider a classical case of v}, = v{ = 2 and n~'J,, = O(p) = n~'H,,. By
Theorem 2.1 (i), B is asymptotically unbiased if (B0)(a), (B1) with v = 2 and
(B2)(a) hold and p = o(n) as E(||®,|?) = O(pn~!) = o(1). In the case of
a constant gradient W, (8), (B5) holds with 1)} = co and v, = 1. Hence, the

unbiasedness result holds if E(||n~'®,||) = o(\/p).
If only b, is involved, then the assumptions required are weaker.

Proposition 2.1. Ifp = 0(193/5), then
Bias(8) = H,,'b,1 + O(p°/?9;,"). (2.4)

MLE. Suppose that 1,,,(3) are the gradients of a likelihood function. The
Z-estimator 8 of (1.1) is then the MLE. In this case, Gy,q = —2E(¥, U, 4) —
E(P, ¥, q) — E(T2?T,, 4),d =1,...,p, we thus have

Gng = —2Tr (E(V,, 43,1 9,,)) — Tr(E(J, 10, 9,.q)) — Tr(EJ, ' €220, 4)).

For 9,, = O(n), the d-th component of the bias simplifies to

Bias(B)a = 27135 " Tr (3, "E(0 + ¥22) W, ) + 00" *n9/2).  (2.5)

Remark 2.2. For i.i.d. rv’s, the first order bias for MLE in (2.5) is identical
to the bias given by McCullagh (1987)[15], Kosmidis and Firth (2010)[12], the
formula (20) of Cox and Snell (1968)[5] and (10.21) of Efron (1975)[7].

Bias correction. Let B be a pilot estimator of B, and let j, I:I7 G be esti-
mates of J,,, H,,, G,,, respectively. Typically, 8 = 3, J = \Ilff2(,é), H= lIln(,é')
and G = ¥, (B) Other choices are possible or even necessary such as in the
Analysis of Big Data in which a subsampling estimator must be used. The bias
b, can be estimated by

b=H"'(b; —27'Tr(JH "o G)H™)), (2.6)
where by = Y1 9,.,,(8)H4,,,(8). Consider a function g(3) of 3. A bias-
corrected estimator of g = g(3) must be corrected the bias of g itself.

Remark 2.3. Let g(B) be differentiable at B,. A bias-corrected estimator of
8(B) is given by

8oc(B) = 8(B) — &(B)b.
By Theorem 2.1, g.(b) — g(By) = O(p*/>n=3/2) under suitable assumptions.
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The block matrices W,, 4(B) in the stacking partial derivative ¥,,(B) contain
structural information. Using the quasinorm || - ||oe introduced in Section 6,
we formulate Assumptions (B2%) — (B3T) and (B6) in Section 5. The global
properties of the block matrices lead to the reduction of the adverse effect of
high dimensionality, and yield faster rates as stated below.

Theorem 2.2. If (B0)(b), (B2) and (B6) in Proposition 2.1 are strengthened
to (B0)(c), (B2") and (B6%), then p and the rate for the remainder in Propo-
sition 2.1 are improved to p = 0(19721/3) and O(p*/? J9,,), respectively.

Furthermore, if (B0)(c) and (B3) in Theorem 2.1 (ii) are strengthened to
(B0)(d) and (B3* ), then the results in Theorem 2.1 are improved to p = 0(19?/7)
and O(p™/? /92 —|—p5/2/19?/2) for the remainder.

Remark 2.4. Consider the case in Remark 2.1. By Theorem 3.1, for the re-
mainder to be negligible, p = o(nl/z) among other conditions. Using the struc-
tural information, p is much larger than p = 0(n1/6) i Remark 2.1.

MSE. Although MSE is commonly used to study estimation bias and ef-
ficiency, its existence has yet been rigorously investigated. Similar to the bias

expansion, Var(3) and MSE(8) can be expanded. Here we are satisfied with a
heuristic expansion for dimension asymptotics. Recall

MSE(B) = E(|I8 — Bo[I*) = Tr(Var(8)) + | Bias(8)||*. (2.7)

Consider a typical case of ¥, = O(n) = \,, and Tr(Var(8)) = O(pn~!) and
|Bias(B)[|2 = O(p*n=2) by (2.2) provided that p = o(n'/®) or p = o(n'/?)
for the case in Remarks 2.1 or 2.4 among other conditions, respectively. As a
consquence, the trace of the covariance matrix in (2.7) dominates the squared
bias. The dominance relationship, however, does not hold anymore if p grows to
infinity faster than the preceding rates.

3. Biases in GLM

In this section, we verify the assumptions. Let Y; be independent rv with density
in the canonical exponential class,

f(y; i) = c(y) exp(ybi — b(6;)), 0 €O CR, (3.1)

where b(#) has continuous third derivative and ¢(y) is a normalizing constant.
In GLM, the response Y; and covariate x; satisfy

where 3 € B is an unknown regression parameter and A is an inverse link. A
canonical link yields 6; = n;, so that h(f) = u(0),0 € ©. In this case, h'(f) =
w'(0) =b"(0) = V(0) and n"(0) = p"(0) = b"(6) = V'(0).
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The MLE ,G'n solves the estimating equations,

i " Yz_ﬂz(/@) ’ X —
where, as is customary, u;(8) =: wu(0;) = V/'(6;), Vi(B) = V(0;) = b"(6;),
hi(B) = h(m) = h(x/B), hi(B) = W (n:), €i(B) = yi — pi(B), etc. and p; =
1i(Bo), Vi = Vi(By), hi = h(x] By), hi = hi(By), etc..

Verification of (B0)—(B1). Let s;,(8) = (Y;—u:(8))/Vi(B). Noticing ¥,,,(8) =
si(B)hi(B)xi = [(Yi — u(0:))/V (6:) ] ()%, we let

h/2 V/h(2 _ V~2 h!

w(P) = — - (i)(B) = (- + =g e )8 (34)

Then 1,,,(8) = —u;(8)x;x; , whose d-th row b, d(,@) = —u;(B)w; 4%, has the
partial derivative matrix d"ni,d(ﬂ) = —u, (,B)ch ax;%; . Likewise, the e-th row
of the latter, %, de(ﬁ) = —ul(B)x; ariex,; , has the derivative b, de(B) =
—ug (B)xi ati.exiX; , where ui(B) = (d/ dm)uz(ﬂ) and /(8) = (& /d%;)us(B).

Stacking them up respectlvely, we have 'z.ﬁm-(,ﬁ) = —u}(B)M; and wm(ﬁ)
—u! (B)x; ® M;. Hence, with M; = x; ® (x;x, ),
¥, (8) = -X"U(B)X,  U(B) = Diag(u:(8)),

=Y uw(BM;,  W,(8) ==Y uf(B)x; © M.
=1 =1

Assume v, = inf{min; u;(3) : B € RP} > 0 (it still holds for v,, < 0). Then

(3.5)

—9,(8)=X"UPBX-v,X"X, BeB,

where X is the matrix consisting of rows x; . As E(u;|x;) = h??/V;, one has
H, = E(X'IX) = —J, with ¥ = E(U|X) = Diag(h??/V;), and

o (8,(8) <ot (H)v o b (XTX), BeB, n>1.

min

By Holder’s inequality, for 1/u; + 1/ug =1 with 1 < wq,up < oo and k > 1,

E(o,f (2,(8))) < ok (H,) - v, Fy, - lomh (XTX)|E,,. B €B.

Thus (B1) can be established using the results in Peng (2024). If v,, > b > 0 for

some constant b, then one can take u; = oo and us = 1. By Lemma ?? in Peng
(2024), if the rows of X are sub-Gaussian and isotropic, then (B0) holds.

Verification of (Bk) and (Bk™) (k = 2,3,6). Assume LB <
m, ¥, 4,d for some constant m. Then all |[4h,,; 4(B)] < m?||x;]|>. Assume also
H, = E(¥,) = O(n) (so that ¥, = O(n)). Then (B2) is met with E(7,) =
O(p*/?). Assume, furthermore, all [u} (8)| < m. Then |4 ,,; 4.(8)]| < m3(jx;||?,
so that (B3) is met with E(§,,) = O(p?).
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Note that all "Lm,d(ﬂ) and i.ﬁmyd’e(ﬁ) are symmetric matrices. While (B2)
is an entry-wise condition, (B2%) uses the global block information. Clearly,
W, 4(B) = m*X"X =H,,4,Vd as

Vria(B) = 1 a(B)] = [l (B)zsalxix] < m’xix] = H,;0, BEB,Vid
By (2) and (4) of Lemma 6.1, we thus have
10 (B)lo < 1¥0(8)lloc < IHaloe-

Assume, furthermore, the condition number of X satisfies x,,(X) = O(1). Then
E(|[Hy|loe) = O(/P), so that (B27) is established.
Analogously, (B3™) is satisfied since, for V3 € B and i, d, e,
{p.nz}d@(ﬂ) = |’l/]nz,d<ﬂ)‘ = |u;l(ﬁ)xi,dxi,€|xix;r = m3XinT = Eni,d7e7

yielding all ¥,, 4.(8) < m*XTX = &, 4., hence E(|Z,0c) = O(p). For the
rest of the verification, see the discussions behind the assumptions.
The Bias Formulas. One caculates J,, = E(X"XX) = —H,, and

G, = > E(rPV{ VP = 3hihyl [V)M;) = ) “E(¢:Ms),  say.

i=1 i=1

The d-th block of G, is Gp g =), E(giw; a%ix; ), so that
na=Te(T," 0 Gpa) = > E(QWV]/V? = 3hY /h)H, i; 4), (3.6)
i=1

where H, ; = x,] I 1x; - h?/V; are the diagonal entries of
H=Y2X(XTJ;'X) ' X212, (3.7)
(When x; are nonrandom, H is referred to as the generalized hat matriz in the
literature). Thus q,, = >_, E((2r,V//V;? — 3k} /h})H, ;x;). One has
b1 = I E((R] /WG — ViR V) Hiixi).
By Theorem 3.1 and (2.2), if p = O(n?/3), then the first order bias is b,; with

the rate O(p®/2/n) for the remainder. Further, if p = o(n*/7), then the bias with
a sharper rate for the remainder is

1 n
Bias(B) = — 53, > B (Hu i /) + 0" /n® +p>2 /%) (3.8)
i=1

This can also be obtained using the simplified bias formula (2.5). For a canonical
link, b, = V; and h!! = V/, so that ¥ = Diag(V;), J, = E(X " Diag(V;)X). The
bias then simplifies to

1 n
b, =0, b, = _5‘]51 S RV (x] 3, x0)xi). (3.9)
i=1
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Theorem 3.1. If (B0)(b), (B2) and (B6) in Proposition 2.1 are strengthened

to (B0)(c), (B2") and (B6%), then p and the rate for the remainder in Propo-

sition 2.1 are improved to p = 0(193,/3) and O(p*2/9,,), respectively.
Furthermore, if (B0)(c) and (B3) in Theorem 2.1 (ii) are strengthened to

(B0)(d) and (B3*), then the results in Theorem 2.1 are improved to p = 0(19?/7)

and O(p™/?92 + p5/219;3/2) for the remainder.

4. Biases in Regularized Regression Models

Consider the observations of the form z,; = (x;,Y;),s = 1,...,n, where each
Y, is a scalar esponse and x; is a p-dimensional covariate. For large p possibly
p > n, a form of complexity regularization is often used. The penalized estimator
of B is defined as

BN = arg o {imez-,Yi;ﬂ) +P(B; A)} :
i=1
where p(x,Y;3) is a loss function, P(3;\) is a penality function, and A is
a penality parameter vector. If the penality function P(3; ) is differentiable
w.r.t. 3, then one readily caculates the partial derivative to obtain the GEE for
the penalized estimator B(A). If P(3; A) is not differentiable w.r.t. 8, then one
caculates the subgrient to obtain the GEE for B(X). As the £;-norm has a linear
gradient, the second order gradients are zero. This fact suggests to applying the
bias formula obtained in the article to the ¢;-penalty (or heuristically, and we
conjecture that the result still holds).
The LASSO Bias in LM. Consider a high dimensional linear model,

Y =X3 +e¢,
where Y = (Y1,...,Y,)" ande = (e4,...,&,). For the quadratic loss p(x, Y; B8) =

(Y —x"B)? and the ¢;-penality P(3;\) = \||3||1 with ||8]1 = ?:1 |B;], the
LASSO estimator ,é'()\) satisfies the estimating equations,

@, (8) =n"'XT(Y - XB) — Mu(B) =0,

where u(8) is a subgradient of the ¢; norm at 3, specifically, the jth component
satisfies u;(8) = u;(8;) € [-1, 1] if B; = 0 and u;(8) = u;(8;) = sgn(;)
otherwise if 3; # 0. One calculatees ¥,,(8) = —n"1X"X = H,,, and ¥,, 4(83) =
0ford=1,...,p. The LASSO estimator thus has the bias given by

Bias(8(\)) = A(XX) 'u, (4.1)

where u = u(8,)) is a subgradient at the true value 8, of parameter.

The LASSO Bias in GLM. The Lasso estimator is now defined by penaliz-
ing the negative log-likelihood with the ¢;-norm. By (3.1)-(3.2), p(x,y; m, 3) =
—0y — b(), where 6 satisfies p(0) = m + x; B, with 8 = (m,8])" and
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x = (1,x])7. As the intercept m is often not penalized, the penality takes
the form P(3;\) = A||B,]/1- By (3.3), the GEE for B(\) = (m(\), 8,(\) ") T is

() =+ > e - avs) —o, (1.2

i=1

where v(3;) = (0,u(B;)")". Similar to the bias calculation for the GLM in
Section 3, both H,, and G,, are the same as those there since ¥, (8), ¥, (3),
W, (B) are the same as those in (3.5). Meanwhile, J,, = Jgm.n + A2v®2, where
Jgim,n = E(XT¥X) = H,, is the J,, given in the GLM. One has b,,; = bgim, n1 —
Av and Gn.d = Ggim,n,d + A2 a(v), where g, a(v) = VTH;TGn_’nglv. By
Theorem 3.1, if p = o(n*/7), then the bias of the LASSO estimator satisfies

Bias(B(A)) = baimn + A L (V427N (V) + O 202 49/ 2n73/2) (4.3)

glm,n

where bgim,», is the bias for the GLM given in (3.8) or (3.9).
Biases in Penalized SIM. The response y; and the covriate x; satisfy

yizmg(,ﬁgxi)—l—q, 1=1,2,...,n, (4.4)

where B, € R? is the index parameter which satisfies |3y = 1 with its first

component 81 > 0 for identifiability, mq(x) is a smooth nonparametric function

onR,and¢; ...,¢, arei.i.d. random errors with zero mean and constant variance
= Var(e;) > 0. The mean function mg(z) is expressed by

m(z) =08 B(z), z€eR, (4.5)

where § € R? is an unknown vector of coefficients, and B(x) is a vector of basis
functions. Apparently, m(z) approximates mg(x) and converges to it as d — oo.
From a practical viewpoint, one takes mg = m in (4.4). Our study of the bias
concerns with the case of p+d — co. The SIM is a hybrid of parametric and
nonparametric models. It generalizes LM by introducing a nonparametric link
function, and extends GLM by using an unknown link.
The parameters (3, d can be estimated by using the quadratic loss p(x, y; 3,6) =

(y —8"B(B"x))? and the penality P(8,d;\) = AP(8,48) subject to the con-
straints ||B]] = 1 and 1 > 0. As is customary, the constraints on 3 can be
handled by reparametrization,

Blo)=(1¢") /Vi+]o]?, @R (4.6)
The parameters to be estimated become 8 = (¢, 87)" € RPT4~! using the
transformed objective,

n

3 (v — 6 B(B(8) 'xi))” + AP(6). (4.7)

=1

Let fi(8) = 6 B(x; B(¢)) and f(8) = (f1(8 ) o fa(0)T, and let e;(0) =
— fi(@). Then E(e;) = 0 and Var(e;) = o2 The GEE for the penalized

3\>—‘
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estimator O reads
W,,(0) = 2ei(0)f(0) —nAPT(0) = 0. (4.8)
=1

As a result, J,, = 402f®2 4+ p2)\2PT P,
Drop the indices for now and write x = x;, f(0) = fi(0), n = x' 8 with
B = B(¢), etc. Recall that f(8) = 8f(6)/80T is a row vector and f(0) =
df(8)T/0". One has n = x" 3, é(0) = —f(0), é(0) = —f(0), and
W, (0) = 2eifi — f £:)(0) — nAP(®).

i=1

As a result, H,, = —2f®2 — n\P. For the kth component ¥, () of ¥,,(6),

n

U 1(0) = = > 2(findi + Flufi + £ Fir — ei :,)(8) — nAP(6),

i=1

where f; 1. (fix) denotes the kth component (row) of fi (f;) and Py = Dpy
with Dpj = Pj. Hence

n
Gn,k = - ZQE(fl,kfl + f;kfl + .szfl,k:) - nAﬁka k= 1a cee 7d+p -1
=1
Let A =6 B(n)(8 x)®? +5T]?>(77)(6(11)X, S ,ﬁ(—;fl)x)—r, where ;) = ¢; with
c; denoting the jth column of 3. Then

0) = (6B B BmT). fo— (A . BRBOT Y
f(0)=(6 B(n)(x'B),B(n) ), [(6) (B(n)(x‘rﬂ) O )

Therefore, the first-order bias for 0 is Biasl(éﬁ, 5) =H,(b,; —27'q,), where
n,k = TI‘(H,;TGn,kH;LlJn), and

bp =402 FHAT—2mAY AT AHSTPT + 20N PHT T, (4.9)

By Remark 2.3, the first-order bias for 3 is now given by Bias; (B) = J(c?))Biasl (dA)),
where JT(¢) = (¢, (1 + [¢|HI — ¢®)(1 + [|¢]|>) =%/

Let J°, H?, G denote the respective values of n_lJn,n_l..I_-In,n_lGn when
A = 0 (unpenalized). Let J' = PTP, H? = —P and G} = — Pj. Then

n 13, =3+ 02T n'H, =H+ AH', n!'G, . = G) + \Gj.

Typically, (n"1H,,)~! = (H°)~! + AH. for some matrix H.. It then follows
from the trace expression of gy, ; that

Gk =qp+(mA+1)gr(\), k=1,...,p+d—1, (4.10)
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where q,g is the value of ¢, r when A =0, and q,i(/\) = Tr(AC; + A\2C5 + A\3C3)
with Cy, k = 1,2, 3 being matrices independen of A. Similarly,

b, = b +nA(1+ X+ A\?)b, (4.11)

where b{ is the value of b,; when A = 0, and b} is some averaged vector
independent of A. Since each Cy, is a product of four square matrices of dimension
p+d—1, it follows from (6.1) that Tr(Cy) = O((p + d)?), so that gi(\) =
A+ X2+ 2X)0((p+d)*) for k=1,...,d+ p— 1. Also from the expression in
(4.9), one obtains bl = O((p+d)®/?). By (4.10)(4.11), we thus derive that the
first-order bias satisfies

b, =n "Hy ' (bY — 27 qo) + A1+ A+ --- + AHO((p + d)*/?).  (4.12)

Note that the first term on the left-hand side is the first-order bias for the
unpenalized estimate 6, which is of order O(n=Y(p 4+ d)*/2). It is celebrated
that the optimal rate for the penality is A = O(y/log(p + d)/n) under suitable
conditions, see e.g. Bickel, et al.(2009). Thus for the bias to be negligible, the
dimension p + d must grow at an extremely slow rate (p + d) /log(p + d) =
o(n'/™) as p + d tends to infinity.

For the ridge regression P(8) = [|0]|2, P1(0y) = 0 for all k. Then q, = 0,
and b,; = b + nA(1 + A\)bl from (4.11). As b = O((p + d)*/?), we have

b, =n""Hy'bY + A1 + A+ A2)O0((p + d)/?). (4.13)

Consider P(6,) = 0. The ¢;-penality is in this case (loosely speaking). Clearly,
H, = —2f®2 q, = 0, and b,; = b? + nAb! from (4.11). Similarly, the bias
satisfies

b, = n~Hy'bY + XO((p + d)*/?). (4.14)

The Penality Function P(8). For Bridge estimators, P(0) = Zle 16,7, v >
0. The cases of v = 1,2 are the ¢, /{5-penalities. Clearly, P() is a D-dimensional
row vector with components Py () = ~|0;|7'sgn(6y), k = 1,..., D; the kth row
Py.(0) of P(8) consists of zero components except the kth component equals
Y(y = 110" sgn(6s). , .

For the ridge regression P(6) = ||0]|2, one has P(8) = 207, P(9) = 2I,
and Pj(8) = 0 for all k, so that H, = —2f®2 — 2pAI and q, = 0. Hence
Bias (#) = H;,'b,,1, where by (4.9)

ba =40 fHAT—an) > ST fH, 6.

Examining (4.12)(4.13), we see that the bias in this case vanishes at a much
faster rate (p+d) ¢/log(p + d) = o(n'/?) than that for the biases when P (0) #
0 for some k. Likewise, the bias for the Lasso estimator in (4.1) vanishes faster
than that for the ¢5-penality (the ridge regression).

In SIM, one popular model is the P-spline in which the spline basis is the

truncated powers given by B(u) = (1, u, ..., u?, (u—r1)%, ..., (u—rkr)%)".
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The penality function is of the form of the ridge regression, P(0) = 5TD(5,
where D is a diagonal matrix with the last K diagonal entries equal to 1 and
the rest equal to 0. This implies that the penalty A works to avoid overfitting by
penalizing the last K components of . The cubic spline (¢ = 3) is often used.

5. Assumptions

In this section, we introduce the assumptions. Recall ¥,, = O(||H,||,) and A, o
defined in Section 1.

(B0) (a) P(A,0) = o(1); Furthermore, (b) P(A,0) = O, 1); (c) P(A,,0) =
O(9;,%); (d) P(An0) = Op~20;% + 0, +p*9,°).

(B1) For v > 0, there is a constant B such that
E(sup{ogi, (¥n(B)11250(8)]) : BEBY) < B, p>1,n>1,
where Q,0(8) = {¥,(8) is singular}.
(B2) (a) Each,,; 4(8), 8 € B is twice continuously differentiable, and (b) there
exists a sequence of rv’s 7, with E(7},) = O(p®/?) such that
10 (B)lo < flny, BEB,n>1. (5-1)

(B3) Each 1, 4(8),8 € B is thrice continuously differentiable, and there exists
a sequence of rv’s &, with E(£,) = O(p®) such that

1%, (B)llo <&n, BEB, n>1 (5.2)

(B4) £(3,) =t Amax(Jn)/Amin(Jn) = O(1).

(B5) There exist constants 1 < v, v] < oo with 1/v/{+1/v{ = 1 such that (B1)
holds with v = v and |¥,,|,; = o(1) for p> 1 and n > 1.

(B6) There exist constants 1 < vg, 11 < 00, 2 < 9, v3 < 0o with 1/vg + -+ +
1/v5 =1 such that (B1) holds with v = 2vg, and

Wl = O 20,12), [ @alan, = 000, '1%), ik, = O*/29,,12).

(B0)—(B1) and (B5)—(B6) involve conditions that concern with the singularity
of the gradient ¥,,(B), B € B?*?. While (B1) is a uniform integrability condition
for the inverse of the random matrix ¥, (B) over B € RP*? and is investigated
in Peng (2024), (B0) is a mild condition as the probability that a random matrix
of interest is singular often decays exponentially with n, and the rates from (a) to
(d) get vanishing faster. (Bk) and (Bk™), k = 2, 3 below are typical assumptions.
All are verified for GLM in Section 3. By Lemma 6.2, (B6) implies (B5).

(B2%) Same as (B2) except replacing the existence of a sequence of 7,, with that
of p? x p random matrices H,, such that E(|[H,|,.) = O(,/p) and

1€, (B)llo < [Hnlloe, B € RP.
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(B3") Same as (B3) except replacing the existence of a sequence of §,, with that
of p x p random matrices E,, such that E(||E,|c.) = O(p) and

1E(@)llo < [Enlloc, B € RP.

(B6™) Same as (B6) except replacing 7j,, with H,, such that |‘i’n\2,,2 =0(1/v9,)
and [Hoaly, = O(v/5/0).

Remark 5.1. It is possible to relax (B1)-(B3) to hold a neighborhood of the
true value B, of parameter, although we won’t pursue it in this article.

6. Proofs

In this section, we introduce the toolkit and prove the theorems.

6.1. Notation and the generalizated MVT

Write A ® B for the Kronecker product of matrices A and B, A®2 = AAT,
A~T = (AT, and Vec(Diag(A)) = (A11,..., Ann)". Let AY2 (AT/2) be
the left (right) square root of the positive definite matrix A. Write A\pax(A) for
the maximum eigenvalue of A, etc. Write ||A|| for the euclidean norm and ||A||,
for the operator (spectral) norm, defined by ||A||?> = Tr(ATA) and ||A|, =

)\,%n/;fx(ATA). The singular values o(A) of A are the positive square roots of
the eigenvalues A(ATA) of AT A. The maximum (minimum) singular value is

Tmax(A) = Aidac(ATA) = Ay (omin(A) = A2 (ATA)).

For p x ¢ and ¢ x r matrices A, B, write A = O(,/pq) and A = O(,/qr) if
|A]| = O(y/pq) and ||B|| = O(\/qr). It then follows

AB = O(\/pg®>r), Tr(AB)=p?*(ifp=q=r). (6.1)

For matrices V,W € RP*? and BT = (By,...,B,) with B; € RP*? (if B,
has less rows, then add zero rows), define the Hadamard-type product VoBoW
to be the ¢ x p block matrix consisting of blocks VB;W.,d = 1,...,q. Clearly,
VoBoW = (VoB)W, and it is not associative. Throughout it is understood
that it precedes the usual multiplication. For u, v € R? and a compatible block
qp X p matrix B, we have

lu" o Bllo < [Blloflull, [u" oBov| < [Bll/ful vl (6.2)

Define the quasinorm by

1Blloe = /IB1ll2 + -+ [By 2 (6.3)

Note that different block partitions of B have different values. Define Tr(B) to
be the block-wise trace vector of B, that is, Tr(B) = (Tr(By),..., Tr(B,))".
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Let |A| stand for the absolute value of A, that is, |A| is the unique symmetric
semipositive definite matrix (ATA)l/ 2. For a matrix A consisting of blocks Ay,
define the (blockwise) absolute value |A| to be the matrix consisting of blocks
|Aj|. We summarize some useful facts from textbooks below.

Lemma 6.1. (1) [[A1 + -+ Aglloe < /(| A1lloc + -+ + [[Aqglloc)-

(2) [|Bllo < [Blloe < [IB]|-

(3)(Absolute) || Al [[oc = | Alloc and || [A]]lo = [[Allo-

(4) (Monotone) If |Ag| < |Bg|,Vk (blockwise), then |||A|lloe < || IB] ||oc-
Thus, if all the blocks Ay, By are symmetric, then HAHoe < HBHOS.

(5) If |Axl* = [Bi[*,Vk, then |Ay| < [Bg| and [||A] ]|, < [|Bllo-

For a random matrix X, define |X|, = (E(||X][2))"/?, p > 0. Note that if
|X|: = O(ay) then |X|s = O(a,) for 0 < s < ¢ and a, > 0 by the moment
inequality. This, Lemma 6.2 and Holder’s inequality for a few rv’s shall be
frequently used in our proofs. Here we shall state the inequality for three rv’s
X,Y,Z: for 1 <a,b,c<ocowith1l/a+1/b+1/c=1,

E(XYZ]) < [X]a-[Y]s - [Z]e. (6.4)

Lemma 6.2. If | X|,+|Y|p+|Z]. < 0o for1 < a,b,c < oo with 1/a+1/b+1/c =
1, then there exist positive a’,b" with o’ < a,b’ < b and 1/a’+1/V' =1 such that
E(IXY]) < [X|a| Xy < | X]a|X]o. As a result, E(|IXY|)+E(|XZ|)+E(|Y Z])+
E(XYZ]) < co.

MVT. For v : R? — RY, define ¢ : R1*P — R7%P to be the ¢ x p matrix
P(By, ... , B,) with the d-th row equal to the partial derivative Ya(By), By € RP.
Define v : R%*P — R%*P to be the matrix consisting of stacking ¢ p x p partial
derivative matrices Qﬁd(,ﬁm17 .+, Bq,). Similarly, define Pp*) L R@ T pxp
R(@"")PxP for k > 2. Let f : R? — R be k-th continuously differentiable. For
Xg,t € RP, there exists X € RaP" ! xp (whose row vectors) lying in xo and
Xg + t such that

£ (x0 +t) = £ (x0) + t T o £F*FH(X,), k> 0. (6.5)

The multivariate MVT holds in the Laplacian form. Stacking up the partial
derivative matrices leads to the integral MVT,

1
£ (xg 4+ t) = £ M) (x0) + t o/ £ (%o + ut) du, k> 0. (6.6)
0

Clearly, (6.5)-(6.6) are equivalent, showing that the boundedness of f(*+1)(x)
implies that of f (kﬂ)(Xk). This fact is repeatedly used without reference to it.

6.2. Proof of Proposition 2.1 and Theorem 2.1

The proof of Theorem 3.1 is similar to Theorem 2.1 and is omitted.
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The main idea of the proof is as follows: take the expected values across Eqt
(1.3) or (6.28) and solve for the bias formula; solve the same equation for 3 and
substitute it in the bias; identify the dominate terms and calculate tediously
the rates of the remainders. Note we shall repeatedly use the moment-type
inequalities in Lemma 6.2 without explicit reference.

PROOF (of Proposition 2.1). Let A, ; = {¥,(B;) is singular}. Then 4,,; C
A, 0. Recall the definition of B in (1.3) — (1.4) associated with €, o. Setting

1= -, we obtain from (1.3) an important decomposition,
B-By = Tu(By) 1147, ]+ (b B)1[An]
= (B=Bo)+ +(B—Bolo, say. (6.7)
Taking expectation across (1.3) and using E(®,,) = 0, we obtain
Bias(8,) = E((I, — ¥.)(8 - By)) + A, (6.8)

Again from (1.3) we derive the representation,

B—-By=-9Y,+a;=1+qay, (6.10)

where a1 = (I, — ¥,,(B1))(8 — B,). Substitution of (6.10) in the expectation
of (6.8) yields

E((L, — ¥.)(B - By)) = -E(¥.(B-8y) =E(¥,¥,) +4&,  (6.11)

where §; = —E(¥,a1). Noting E(¢p,,;) = 0 for all ¢ and by independence, we
substitute (6.11) in (6.8) and get

Bias(3) =: Y E(¢nithni) + rn, (6.12)

i=1

where r,, = §; + A. Corresponding to the decomposition (6.7), we write a1 =
a1+ + aig, resulting in §; = 14 + d19. Analogously,

A=A4;+A (6.13)
It is shown below
1ALl =O(p"2/9n), (6.14)
181411 = O(p™?/93/?), (6.15)
1810/l = PY2(A, )02 /9)/?), (6.16)
A0l = P'/*(An1)0(p°?/93/) + P(An1)O(P*?). (6.17)

To determine the magnitude of p relative to n (via ¥,,), we first find the maxi-
mum magnitude of p such that (6.14) — (6.15) converge to zero as p and n tend
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to infinity; then determine the rate r,, (the slowest among all the rates); finally,
determine the rate of the singularity probability so that P(A4, 1) = O(ry). In

this case, p = 0(02/%), r, = O(p®/2/9,,). Setting ||810] = T, |Ao|| < rm, We
find P(A,, 1) < 9; 1. By (B0)(b), we thus prove r,, = O(p®/?/9,,) by (6.12).
To prove (6.15), we write @14+ = Q144 + Q1+, Where

Qlta = (‘,I.!n - ‘i’n(Bl))(B = Bo)+, i =1, - ‘I’n)(ﬁ:’ =B+ (6.18)
Thus §14+ = d14a + 8145 Let sy = Omin(Pr(B1)1[Q¢ ((B1)]). Then
1B = Bo)+ ]| < s [NL[AS, ). (6.19)
By Holder’s inequality for three rv’s in (6.4), we now get
18uesll < Esy [ 24][2) = OG™2/93/%), by (Bo).
Thus (6.15) follows from
1810l = O™ /97/2), (6.20)

which is shown next. To this end, (B2)(a) allows us to apply (6.5) with k = 2,
there being By in between 8 and B, and get on AS 1 by (B2)(b) that

1@, (B1) — Tollo < [[€,,(Ba)[lollB — Boll < iinllB - Boll
= (f]n + E(ﬁn))sfllHlH =:a; +ag, say. (6.21)

Corresponding to the last sum, we bound §;14, < d; + d2, and obtain

il < E(s 2122 1)
< st B 30, [l linlv, = O(07/2/92), by (B6), (6.22)
Ida]l < E(s, 2[*||En||,)E(i.) = O(p7/2/93/?), by (B2)&(B6).(6.23)

These prove (6.20). Using (6.21), we also have
1A+l < E((lax] + laz])sy 1) =: b1 + ba.
Thus (6.14) follows from

b < E(s 2PN < Jsnt B0, U3, 1L, = O/2/97/%), by (B6),
b < E(s;°I[U")E() = OW™?/0,), by (B2) & (B6).

To show (6.16) — (6.17), analogous to (6.18) we write 19 = a, + ap, where

a, = (¥ — ¥, (B1))1[An1](b — By), ap = (I, — L) 1[A,1](b — By).
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Thereby §10 = d, + dp. Similar to (6.20), we have by (R9),

o]} < B2 (A0 )EY ([ €0][5) b~ Boll = B2 (A41)OG™/9,). (6:24)
Thus (6.16) follows from
Idall = PY?(4,,1)0 (0™ //9), (6.25)
which is shown next. Similar to (6.21), we have on A, |,
1€ (B1) = Tollo < (7 + E(77)) [Ib = Boll =: A1 + As. (6.26)
Correspondingly, ||dy|| < ||da1]l + ||dgz||. Similar to (6.22),
- 2 ~
[danl] P2 (A )EV2 ([ &0l 171%) b = Boll? = P2(4,,1)0(0"/? /0,),
Idal| < PY2(An DE)EY? ([ E]|2) b — By

— s

+ PY2(4,)00"%/\/0,), by (B2) & (B6).
These prove (6.25). Recalling Ag in (6.13) and using (6.26), we get

IN

1Al < E((A1 + Az2)) b = Byl =t Do + Doz.
Thus the desired (6.17) follows from

Do < PY2(A, )EY2([7)|b — Boll? = PY2(An1) 002 /\/0y),
Doz < P(Ap1)E(ifn)|[b — Byll? = P(A,1)0(p*?). g

PROOF (of Theorem 2.1). By Holder’s, the main term in (6.7) satisfies

E([[(8 = Bo)+1) < [¥n(B1) " LS, 1]l - Uy,

where 1), ] are given in (B5), by which the above product is O(1) uniformly
in p, n. Since the other term in (6.7) is obviously bounded, it follows Bias(ﬁ) =
O(1) uniformly in p,n. As (B0)(a) and (B5) imply that the product is o(1), we
prove part (i) of Theorem 2.1.

The rest of the proof is similar to Proposition 2.1. By (B2), we expand

v, (8,) =0 at By,
0=, +¥,(8, —By)+1/2(B, —By)" o ¥n(Bz)o (B, —By),  (6:27)
where ]§2 lies in Bn and 3,. Taking expectation across the equality yields

E(¥0(8, — B0)) +1/2E((B, — Bo) " o ¥n(Bz) o (B By))
E(¥.(8 - By)) + E(¥,)Bias(B,) + A1 + Ay, where  (6.28)

A1 =1/2E((B-By) 0¥, 0 (B~ By)),

Ay =1/2E((B~By)" o (¥,(Bs2) —¥,) 0 (B By)).

0

(6.29)
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By (6.27) again and analogous to (6.10) but with a higher order expansion,

B—By=1+as, say, (6.30)

where oy = @21 + Qo2 with

as =¥, (8 - By). (6.31)
Q2= —1/2H, ((B—By)" 0¥, (Ba)o (B - By)). (6.32)
Write A1 = Aqp + Aqo, where
Ay = 1/2B((B-B8y) 0%, 0(B-By)), (6.33)
A = 12E((B-By) o E(¥,) 0 (B - By)). (6.34)

Plugging (6.30) in A12, we get
A =1/2E(1T o E(F,) o1) + 8y, (6.35)

where 8, = E(ay oE(¥,)ol+1/2a) o E(¥,)o @2). Using independence and
E(¢n;) = 0 for all 4, we simplify

1 n
A = 9 Z E(lfjn oE(¥,) o Ynj) + 02 = Zb”“ + 02, (6.36)

i,j=1
Substituting (6.11) and (6.36) in (6.28), we arrive at the expansion,

n

BlaS Z "pnz"/)nz nn) + 61 ,6,2 - éll - é2~ (637)

i=1

We now derive the rates for the remainders. Using the decomposition in (6.7),
Holder’s inequality with indices (2, 6,3) and Cauchy,

E(leal*) = E(le2i+]?) +E(lle10l*)
< B([ s 1) + B 21[A 1)) [b — Bl
< W I e B [ P2 (AL ) b = Byl

= s, 100 /92) + P2 (A,1)0(0% /9n).  (6.38)

The decomposition also yields aoa = oo+ + @220, A11 = A1+ + Aq10 and
As = Agy + Agg. Recalling k,, = k(H,,), we show bellow

18114 = fals, 1ROW2/97/%), (6.39)

[A110] = £ P2 (A1) 02 /D (6.40)
1Al = walsy I3 O(p7/2/19f’/2)7 (6.41)
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1800l = 5 (BY?(4,1)O(p7/% /v/00) + P(An,1)O(07/?)), (6.42)
E(ll@2z+]*) = walsy {600 /97), (6.43)
E([la220]1?) = w7 (PY2(An,)O(0° /0n) + P(An,1)O(p7)). (6.44)

By (6.38) and (6.43) and using ||z [|* < 2[jaa1+[]* + 2]l @20+ ||, we get
E(laa+]1?) < 55 [2200°/07) + w3lsy 160 (0°/97) = alsy 100" /97).
Similarly, by (6.38) and (6.44),
E(l@20l®) < 7 (P2 (An,)O(0" /9n) + P(An,1)O(%)).
One has §3 = 24 + d29, where

Oos = E(g; oR(W,)ol, +1/2ag, o E(¥,) o), s=-+,0.

By (6.2) and Cauchy,

182l < IECER) o (E(llezs|l - 1) + 1/2E([le2s1*))

IE(®n)llo(Jzslz - U2 +1/2|@asl3), s=+,0.  (6.45)

A

IN

Noting |E(¥,)[, = O(p*/?), it thus follows

182+ | = K21, {60 (0" /92 + p”/2/93/%) =: Ry, (6.46)
1820]] = P4 (An 1)n O (02 [90) + P(An 1)K2O0(p"/?)
+PY2(An 1) (kn 0P [/ 0n) + KL0(P"2 /9,,)) =: Ry,
By (6.15), (6.39), (6.41) and (6.16), (6.40), (6.42), we derive

1014 I+ ][d2+ |+ A1t +][Azy || = Ry,
910l + 1920 + [[A110]l + [| A0l =: Ro.

We shall calculate the rate r, using the method described in Proposition 2.1.
Note first that the remainder in (6.37) is equal to Ry + Ro. As s, |16 + fin =
0O(1), we see that Ry = o(1) leads to p = ¥a/1 which results in the rate
Ry = p9/2/19i/2 = rp, while Ry = O(r,,) leads to P(A,, 1) < 9,2 By (B0)(c),
we thus prove the desired rate in (2.3).

To show (6.41), we use (B3) and (6.5) with k = 3, there being B in between
B and B, and get

1 (B1) = @ullo < ¥ (Bs)llollB — Boll < &nllB — Bl (6.47)
Recalling (6.7), we thus have
2[| An |l E(([(Ba) — Bollos;, [[1]]°)

< Ry
< inB((6n +E(&n)s:  IU°) =: k(D1 + Da).  (6.48)
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By (6.19), (B3) and Hélder’s inequality with indices (8/3,8/3,4) and (1/2,1/2)
for (6.49) and (6.50), respectively, we get

Dy sl 1R - 1nle = 15, ROG™2/97), (6.49)
Dy < s, o G- E(&n) = |5, ' EOWT2/03/2), (6.50)

IN

yielding (6.41). Similarly, it follows (6.42) from

20A%) < KnE(|¥n(B2) — ¥allo1[An1]) b — Boll?
< RnBE((Gn +E(&))1Ana]) b = Boll®
= kn(D1o+ D2g)O(p*/?), where
Dig < [&ulsP?(Ann) =PY2(A4,1)00*/V/,), (651
Dy < E(&n)P(An1) = P(4,1)0(0). (6.52)

By (B2), || ¥,.(B2)|lo < fin, so that

AB([@aar?) < BT IZE(, (B35, 11*) < w2E (s, *I1111)
< 2RRE( +E(7a))s, U|Y) =2 265 (B + o). (6.53)
By Hoélder’s inequality with power indices (4, 4,2), we obtain

By < sy e linlR - s < lsyt[160(0°/97), (6.54)
By < [sytls B2 () - U5 = lsn 5O /97, (6.55)

yielding (6.43), whereas (6.44) follows from

AE([aal®) < E7H(E,)|2ZE(]|¥,(B2)[21[An1]) b — Bl*
< R E(721[An]) b= Boll*
< 262K (7 + E*(7n))1[Ana]) b — By l*
< 262 (I7a 3P (An ) + E? (71n)P(An1)) b — Byl

k2 (PY2(An, )0 [0) + P(A1)O(p")). (6.56)

Using the last Hélder’s inequality, (6.39) — (6.40) follow from

2AAra] < JETH ) JE(E s, 211?)

< B8 allosy 2IU2) < il Brla - |57 H 2 - 12 = mnlsy 2 - O /9%/2),
2Auo] < [EH(Z)ENEnllo1[Ana])llb — Byl

< bl Wala  PY2(A,0) - [Ib = Byl = kP2 (Ana) - OW*%//9).
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