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Free Knot Spline Cox Models

Free Knot Spline Cox Models

Consider a parametric Cox model:

h(t) = ho(t) exp(gn(t, Z(1))), (1)

where gy is a “smooth” function. Our candidate of gy is a free
knot spline.
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Free Knot Spline Cox Models

Free Knot Spline Cox Models

Consider a parametric Cox model:

h(t) = ho(t) exp(gn(t, Z(1))), (1)

where gy is a “smooth” function. Our candidate of gy is a free
knot spline.

i A quadratic free-knot polynomial spline with knots in
time:

go(t,2) = (61 + Bat + Bat? + Ba(t —7)2)z,

where 0 = [B1, B2, 83, B4,7] " is the parameter of interest.
The knot « can be a threshold value such as a changepoint.
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Free Knot Spline Cox Models

ii A quadratic free-knot polynomial spline with knots in
covariates:

go(z) = Pz + B22° + B3(z — f<;)2+, (2)

where 0 = [B1, 32, 33, K] is the parameter of interest. The
knot k can be a threshold value such as a nadir (of BMI), a
changepoint, etc.
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Free Knot Spline Cox Models

ii A quadratic free-knot polynomial spline with knots in
covariates:

go(z) = Pz + B22° + B3(z — f<;)2+, (2)

where 0 = [B1, 32, 33, K] is the parameter of interest. The
knot k can be a threshold value such as a nadir (of BMI), a
changepoint, etc.

iii Applications? B-splines? Natural Splines?
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Free Knot Spline Cox Models

iv gp has first continuous derivative,

g@(z) = [Z>Z2a (Z - ’%)21{2>n}7 _263(2 - ’{')1{2>H}]T7

but the 2nd derivative does not exist at knot .
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Free Knot Spline Cox Models

iv gp has first continuous derivative,

g@(z) = [Z>Z2a (Z - ’%)21{2>n}7 —2ﬁ3(2 - ’{)1{2>H}]T7

but the 2nd derivative does not exist at knot .

v Consistency? Asymptotic Normality? Under continuous first
derivative, we have obtained.
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Free Knot Spline Cox Models

iv gp has first continuous derivative,

g@(z) = [Z>Z2a (Z - ’%)21{2>n}7 —2ﬁ3(2 - ’{)1{2>H}]T7

but the 2nd derivative does not exist at knot .

v Consistency? Asymptotic Normality? Under continuous first
derivative, we have obtained.

vi Consistency? Asymptotic Normality? Knots in covariates:

gg(Z) = ﬂlz + /32(2 - /i)+7 gg(Z) = 5(122H - lz</§)-

Knots in time:

go(t,z) = (Bo+B1t+B2(t—)+)z, go(t,z) = B(li>y—1icy)z,
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Counting Process Framework and Assumptions

Counting Process Framework

» Consider a semiparametric multiplicative hazard model,
h(t) = ho(t)re(t, Z(t)), t >0, (3)

where ry is parametric with 6 € RP, hg is nonparametric
baseline hazard, and Z(t) is a covariate process.
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Counting Process Framework and Assumptions

Counting Process Framework

» Consider a semiparametric multiplicative hazard model,
h(t) = ho(t)re(t, Z(t)), t >0, (3)

where ry is parametric with 6 € RP, hg is nonparametric
baseline hazard, and Z(t) is a covariate process.

» n independent individuals continuously monitored over time
t > 0, each corresponds to a process (N;(t), Yi(t), Zi(t)),
where N;(t) is a counting proc. recording events (such as
deaths), Yj(t) is the at-risk proc. taking values 1 and 0
depending on whether the individual is under observation,
Z;(t) is a vector covariate proc., all up to time t.
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Counting Process Framework and Assumptions

Counting Process Framework

Set gy(t, Z(t)) = log ry(t, Z(t)). As usual, assume
» (Ni,..., N,) is a multivariate counting proc.

» Each M; = N; — A; is a local martingale w.r.t. a right-cont.
filtration, where gy a predictable proc., A; is the compensator
Ai = [ Yi(s) exp(gp, (s, Zi(s)))ho(s)ds, and g is the true
parameter value.

» Each Y; and Z; is predictable w.r.t. a right-cont. filtration.
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Counting Process Framework and Assumptions

Counting Process Framework

Set gy(t, Z(t)) = log ry(t, Z(t)). As usual, assume
» (Ni,..., N,) is a multivariate counting proc.
» Each M; = N; — A; is a local martingale w.r.t. a right-cont.
filtration, where gy a predictable proc., A; is the compensator
Ai = [ Yi(s) exp(gp, (s, Zi(s)))ho(s)ds, and g is the true
parameter value.
» Each Y; and Z; is predictable w.r.t. a right-cont. filtration.
The usual partial likelihood function is
PLO) = T { 522505 )

J

where §; is the indicator that the failure of individual i was
observed and R; is the at-risk set at the time of the ith failure.
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Counting Process Framework and Assumptions

Assumptions

Let S, be the operator defined by

Sn(t, g)[h] = § 20y h(t, Zi(t)) Yi(t) exp(g(t, Zi(t))),

where g is a function and h is a scalar, vector or matrix function.
Formally, let S,(,O)(G, t) = Sn(t, gg)[e], where 2 is the identity map;
S(8,t) = Su(t, go)lgol: S57(6,t) = Su(t, g9)[&52)-
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Counting Process Framework and Assumptions

Assumptions

Let S, be the operator defined by

Sn(t, g)[h] = § 20y h(t, Zi(t)) Yi(t) exp(g(t, Zi(t))),

where g is a function and h is a scalar, vector or matrix function.
Formally, let S,(,O)(G, t) = Sn(t, gg)[e], where 2 is the identity map;
SEV(6. £) = Su(t. &0)[els SK7(6. ) = Su(t. &0) &)
The following assumptions are needed.
(I) There exists time 7 such that [ ho(x)dx < co.
(I1) For any compact neighborhood ©q of fg, there exists a scalar
50 a vector s() and a matrix s(2 on ©¢ x [0, 7] such that for

J = 01,2, sUpeero ) gcey 151 (6:t) — sU)(9, £)]| < O,where
| B|l = max {|Bjj| : Vi, j} is a matrix norm.
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Counting Process Framework and Assumptions

Assumptions

(111 Define e = s(1) /s and v = s(?) /s(0) — %2 Then for
0 €©pandtel0,r7], %5(0)(0, t) = s(1(8, t).
(IV) For j =0,1,2, the functions sU)(6, x) are bounded; the
function families sU)(-, t), t € [0, 7] are equicontinuous at
0 = 6p; and s(9(6, t) is bounded away from zero on
@0 X [0 7‘]
(V) Z(bo,7) = [; v(6o,x)s(O (b0, x)ho(x) dx is positive definite.
(VI) There exists § > 0 such that as n tends to infinity,

reip €000 ZIONIYICN g, (x.210)> 10y (e 2

= Op(”l/z)'
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Counting Process Framework and Assumptions

Sufficient Conditions

Let T and U be the failure and censoring time and Z be a
covariate. Suppose (X, d;, Z;) are n i.i.d. observations, where

Xi = min(T;, U;), representing the observed time; 6; = 1i1.<y;),
indicating that the observed time is a death time not a censoring.
The counting process N;(t) = 1ix,<t,5;=1}, the at-risk process
Yi(t) = Lix>t}-
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Counting Process Framework and Assumptions

Sufficient Conditions

Let T and U be the failure and censoring time and Z be a
covariate. Suppose (X, d;, Z;) are n i.i.d. observations, where

Xi = min(T;, U;), representing the observed time; 6; = 1i1.<y;),
indicating that the observed time is a death time not a censoring.
The counting process N;(t) = 1ix,<t,5;=1}, the at-risk process
Yi(t) = Lix>t}-

The following is sufficient condition for ASSUMPTION.
Proposition Suppose each covariate Z; is constant in time and
takes value in a compact set Z of R9; T; and U; are conditionally
independent given Z;; and P{Y;(7) > 0} > 0 for some 7 > 0.
Suppose gy(Z) has continuous first derivative for Z € Z,0 € ©
with © a compact neighborhood of 6. Then ASSUMPTION holds
with the exception of (V).
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Concavity, Consistency and Asymptotic Normality

Concavity

Theorem 1 Suppose that AssumpPTION (I)—-(V) hold. Assume
that there exist a neighborhood ©g of #y and a bounded matrix
function s(® on ©3x[0, 7] such that

sup  [S(t, &0,)[&0,84,] — s (61,062,065, 1) — 0, (4)
t€[0,7], V0; €00

and the family of matrix functions sC)(-, - x), x € [0, 7] is
equicontinuous at (g, 0o, fp). Then there exists a neighborhood ©
of the true parameter value 6y such that the log-partial likelihood
function /() = log PL,(0) is concave in © in probability.
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Concavity, Consistency and Asymptotic Normality

Concavity

» For the linear log-relative risk, go(t, Z(t)) = 67 Z(t), the
concavity of /,(6) is a folklore (Andersen and Gill, 1983).
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Concavity, Consistency and Asymptotic Normality

Concavity

» For the linear log-relative risk, go(t, Z(t)) = 67 Z(t), the
concavity of /,(6) is a folklore (Andersen and Gill, 1983).

» If the usual exponential form is relaxed to an arbitrary
non-negative twice continuously differentiable function, the
global concavity of /,(0) is reduced to the local concavity
(Prentice and Self, 1983).
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Concavity, Consistency and Asymptotic Normality

Concavity

» For the linear log-relative risk, go(t, Z(t)) = 67 Z(t), the
concavity of /,(6) is a folklore (Andersen and Gill, 1983).

» If the usual exponential form is relaxed to an arbitrary
non-negative twice continuously differentiable function, the
global concavity of /,(0) is reduced to the local concavity
(Prentice and Self, 1983).

» O'Sullivan (1993) investigated nonparametric estimation in
the Cox model,

h(t) = ho(t) exp[0(Z(t)))], t=0,

where 6 is a nonparametric function. O'Sullivan shows that
I(0) and its limit /(@) are concave in € in some Sobolev space.
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Concavity, Consistency and Asymptotic Normality

Consistency

Theorem 2 Assume that the assumptions in Theorem 1 hold.
Suppose that there exist a neighborhood ©g of 6y and scalar
functions m; on ©x[0, 7] such that

j P .
sup  [ISa(x, go)lgs] — m;(0,x)|| — 0, j=1,2. (5)
x€[0,7],0€00

Suppose that differentiation can pass integration, i.e.,

a5 Jo s(x. 89)[golo(x) d ‘ o,
i Ji 108 5©)(0.)sO) (b0, )ho(x) | .

=bo

A

A . . P
Then the MPLE 8, is consistent, i.e., 8, — 0q.



Concavity, Consistency and Asymptotic Normality

The Score Process

» The score function U,(#) is

» Since dA;(t) = Yi(t )exp(ggo(t Zi(t)))ho(t)dt, it follows

i lo” [ggo (t, Zi(t)) — 5 Ezo’ﬂd/\( ) =0, so that

Un(f0) = 3211 Jo~ [geo(t, Zi(t)) - i(o)gzg} dM;(t)

is a martingale.

» Let the score process be

n . ) X
Un(fo. ) = X1 Jy [, Zi(0) = S| ang()
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Concavity, Consistency and Asymptotic Normality

Asymptotic Normality of the Score Proc.

Theorem 3 Suppose that ASSUMPTION is satisfied. Then

(a) n=1/2U, (8o, t) converges in distribution to a Gaussian process,
where each component of the Gaussian process has independent
increments, the mean of the limiting process is zero and the
covariance matrix of the limiting process at time t is

907 fO 607 (907 )hO(X) dx.

Peng Asymptotic MPLE in Semiparametric Hazard Models



Concavity, Consistency and Asymptotic Normality

Asymptotic Normality of the Score Proc.

Theorem 3 Suppose that ASSUMPTION is satisfied. Then

(a) n=1/2U, (8o, t) converges in distribution to a Gaussian process,
where each component of the Gaussian process has independent
increments, the mean of the limiting process is zero and the
covariance matrix of the limiting process at time t is

907 fO 607 (907 )hO(X) dx.

(b)AIf 0, is a consistent estimator of 0o, then the plug-in estimator
(0, t) = 23501 [ V(B4 x)dN;(x) of (6o, t) satisfies

sup \Z/ (O x) dN:(x) — (80, )| -5 0, n— oo,

te[0,7]
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Concavity, Consistency and Asymptotic Normality

Asymptotic Normality of the MPLE

Theorem 4 Suppose ASSUMPTION holds. Assume

E { | s~ &l 20) dA(x)} —o(1).0— 6. (6)

Assume that there allows a two-term Taylor expansion:

E[n~a(0)] = Eln™*1a(60)]—(1/2)(6—b0) "X (6o, 7)(0—b0)+0,([|6—bo| ).
(7)
If (4) holds, then 6, satisfies the equivalence relation:

nt2(0, — 0p) = T (0o, T)n "2 Un(60, 7) + 0p(1).  (8)
Hence, 8, is asymptotically normal:
n*2(0, — 6) = N(0, (6o, 7)).



Asymptotic Normality in Free-Knot Polynomial Spline Models

Asymptotic Normality in Free-knot Quadratic Splines

Theorem 5 Consider the free-knot quadratic spline polynomial
model (2). Suppose that the assumptions in Proposition are
satisfied. Assume the distribution function Q of Z and the integral
f,::) zdQ(z) are continuous at the true knot value kg. Then the

MPLE 8, is asymptotic normal with mean 6y and covariance
2(90,7'), ie.,

n'/?(0, — 60) = N (0,7(6o, 7)) -
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Sketches of Proofs

Sketches of Proof of Concavity: Special Case

Suppose 6 — gg(t z) has continuous second derivative. Then

02 log PL,( 5r(:1)(97 t)\®2
aeaoT Z / &t () + ( 5O, t)>
520, 1) Z-: 8(t, Zi(1)) V;(t) exp(ga(t, Zi(t)))
e j=1 j 550)1(07 ; ! }dN;(t).
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Sketches of Proofs

Sketches of Proof of Concavity: Special Case

Suppose 6 — gg(t z) has continuous second derivative. Then

02 log PLa( SsV(0, 1)\ @2
aeaoT Z / &t () + ( 5O, t)>
s, 1) Z-: gy(t, Z;(t)) Y;(t) exp(go(t, Z;(t)))
e j=1 j 550)1(07 ; ! }dN;(t).

In terms of the urn model, the above can be expressed as
10%logPLy(0) 1<~ [T
—e e Va(0, t)dN;
N 06007 n ; /0 (0, £)dNi(t)
I [T Zi(t)) — E) l&(t, Z dN;
> 8o(t, Zi(t)) — Ey c[go(t, Zi(¢))] ¢ dN;(t),
ni=Jo
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Sketches of Proofs

Sketches of Proof of Concavity: Special Case

where Ej [g3,(t, Zi(t))] = Yo7, &0, (¢, Zi(t))pi(61, %), 61,62 € ©
is the expectation calculated under the discrete distribution

Yi(x) exp(gp, (x; Zi(x)))
=1 Yi(x) exp(ga, (x, Zi(x)))’

Hence, the urn-model variance:

pi(f1,x) =

sP0,x) 1500, x)792
Vn(e,X) = 5,(,0)(9,X) - |:5,(,0)((9,X):|
= Bl 2i00)*) — (Eluleotx Z000))

= Varg, [g(x, Zi(x))]
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Sketches of Proofs

Sketches of Proof of Concavity: General case

For t € [0, 7], let X,(6,t) be defined by

ii /Ot {(gg = &o) (%, Zi(x)) — log (Sr(ro)(ax)/srgo)(@o,x))} dN;(x).
i=1

It suffices to show
(91 - GZ)T [Xn(el) t) - Xn(02) t)i| < 07 017 NS @7

as n is sufficiently large and the neighborhood © of 6y is small.
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Sketches of Proofs

Sketches of Proof of Asymptotic Normality of the MPLE

Convexity Lemma (Anderson and Gill, 1982; Pollard, 1991) Let
{A\n(0) : 0 € ©} be a seq. of random functions defined on a
convex, open subset © of RY. Suppose there exists a seq. {C,} of
measurable sets with P(C,) — 1 such that each \,(f) is convex on
C,, for every 6 € ©. Suppose A(-) is a real-valued function on © for
which \,(0) 2 () for each § € ©. Then
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Sketches of Proofs

Sketches of Proof of Asymptotic Normality of the MPLE

Convexity Lemma (Anderson and Gill, 1982; Pollard, 1991) Let
{A\n(0) : 0 € ©} be a seq. of random functions defined on a
convex, open subset © of RY. Suppose there exists a seq. {C,} of
measurable sets with P(C,) — 1 such that each \,(f) is convex on
C,, for every 6 € ©. Suppose A(-) is a real-valued function on © for

which \,(0) 2 () for each § € ©. Then
(1) For each compact subset K of ©,

supgek [An(6) — A(6)] 2 0.

The function A(-) is necessarily convex in ©.
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Sketches of Proofs

Sketches of Proof of Asymptotic Normality of the MPLE

Convexity Lemma (Anderson and Gill, 1982; Pollard, 1991) Let
{A\n(0) : 0 € ©} be a seq. of random functions defined on a
convex, open subset © of RY. Suppose there exists a seq. {C,} of
measurable sets with P(C,) — 1 such that each \,(f) is convex on
C,, for every 6 € ©. Suppose A(-) is a real-valued function on © for

which \,(0) 2 () for each § € ©. Then
(1) For each compact subset K of ©,

supgek [An(6) — A(6)] 2 0.

The function A(-) is necessarily convex in ©.
(2) If A\, has a unique maximum at 6, and A has one at 6, then

p
0, — 0y as n — oo.
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Sketches of Proofs

Let X,,(0) = Xn(0,7). For a € RP, let oy = n~12q and
Dp(ar) = n(Xn(6o + an) — a) Xa(6o)). Then one shows
Var(Dn(«)) — 0, so that

Dp(a) = E(Dn(c)) + 0p(1).
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Sketches of Proofs

Let X,,(0) = Xn(0,7). For a € RP, let oy = n~12q and
Dp(ar) = n(Xn(6o + an) — a) Xa(6o)). Then one shows
Var(Dn(«)) — 0, so that

Da(a) = E(Da(a)) + 0(1).
By the two-term Taylor expansion (7), we obtain

Dn(e) = —(1/2)a" X(fo, T)a + 0,(1), a €RP  (10)
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Sketches of Proofs

Let X,,(0) = Xn(0,7). For a € RP, let oy = n~12q and
Dp(ar) = n(Xn(6o + an) — a) Xa(6o)). Then one shows
Var(Dn(«)) — 0, so that

Da(a) = E(Da(a)) + 0(1).
By the two-term Taylor expansion (7), we obtain
Dn(e) = —(1/2)a" X(fo, T)a + 0,(1), a €RP  (10)

Since —X,,(6) is convex in € in a small neighborhood © of 6y, it
follows from Convexity Lemma that for any M > 0,

sup ’n {X,,(Oo +n~Y2q) — n_1/2aTX,,(90)}
llafl<M

+%OJTZ(90,T)Q‘ = 0p(1)
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Sketches of Proofs

Let X,(a) = X,(00 + n~1/2a) and &, = arg maxaere Xn(c). Then
ap = n1/2(9n — 6p). For any random variable ~y, bounded in
probability,

; ) 1
Xo(¥n) = a0 /2 Un(00) — 570 X(00,T) v + 0p(1). (1)
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Sketches of Proofs

Let X,(a) = X,(00 + n~1/2a) and &, = arg maxaere Xn(c). Then
ap = n1/2(9n — 6p). For any random variable ~y, bounded in
probability,

- _ 1

So(n) = 10 02 Un(B0) = 570 (b0, T va + 0D (11)
This shows that 5(,,(7,,) can be approximated by a quadratic
function in v,, maximized at 4, = ¥ "1(0p, 7)n"1/2U,(6p), with the
maximized value approximately X,(9) = 24, Z(fo, 7)4n.
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Sketches of Proofs

Let X,(a) = X,(00 + n~1/2a) and &, = arg maxaere Xn(c). Then
ap = n1/2(9n — 6p). For any random variable ~y, bounded in
probability,

) 1
Xo(vn) = a0~ Y2 Un(60) — 570 X(00,T) v + 0p(1). (1)

This shows that 5(,,(7,,) can be approximated by a quadratic
function in ~y,, maximized at 4, = £~ (0o, 7)n~ /2 U,(6), with the
maximized value approximately X,(9,) = 34, £(60, 7)%n. By (11),

Xa(vn) = Xn(')’n) — (A — ’Yn)TZ(QOv 7)(Fn — n) + op(l) (12)

for any 7, bounded in probability.
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Sketches of Proofs

Fix € > 0. If ||&n — Anl| > €, then there exists 4;; on the line
segment joining &, and 4, such that 4 — 4, = ev,, where v, is a
unit vector.
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Sketches of Proofs

Fix € > 0. If ||&n — Anl| > €, then there exists 4;; on the line
segment joining &, and 4, such that 4 — 4, = ev,, where v, is a
unit vector. From this equality and the boundedness of 4, in
probability it follows that 47 is bounded in probability,
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Sketches of Proofs

Fix € > 0. If ||&n — Anl| > €, then there exists 4;; on the line
segment joining &, and 4, such that 4 — 4, = ev,, where v, is a
unit vector. From this equality and the boundedness of 4, in
probability it follows that 4 is bounded in probability, so that we
can substitute 47 in (12) to obtain

© e o 1
Xo(3) = Xn(An) = 5€%vq T (0, T)vn + 0p(1). (13)
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Sketches of Proofs

Fix € > 0. If ||&n — Anl| > €, then there exists 4;; on the line
segment joining &, and 4, such that 4 — 4, = ev,, where v, is a
unit vector. From this equality and the boundedness of 4, in
probability it follows that 4 is bounded in probability, so that we
can substitute 47 in (12) to obtain

A5) = Ralin) — 5T (b0, Tun + 0p(1). (13)

X

§ince )N(,,(-N) is concave and )?n(&,,) > )?,,(’y,,), it follows that
Xn(5) > Xn(An). Accordingly, (13) implies

(1/2)e?v,) (o, T)vn + 0p(1) < 0.

Hence P(||&n — 4|l > €) < P(3€2v,) Z(0o, T)vp + 05(1) < 0) — 0,
so that &, = 4, + 0p(1) and the desired (8) follows. [
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Sketches of Proofs

THAN K S
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