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For a bounded analytic function, f, on the unit disk, D, let T; and M, denote
the operators of multiplication by f on H%(&D) and L*(8D), respectively. In their
1973 paper, Deddens and Wong asked whether there is an analytic Toeplitz
operator T, that commutes with a nonzero compact operator, and whether
every operator that commutes with an analytic Toeplitz operator has an extension
that commutes with the corresponding multiplication operator on L2, In the first
part of this paper, we give an explicit example of an analytic Toeplitz operator
T4 that settles both of these questions. This operator commutes with a non-
zero compact operator (a composition operator followed by an analytic Toeplitz
operator). The only operators in the commutant of T that extend to commute
with M are analytic Toeplitz operators. Although the commutant of T, con-
tains more than just analytic Toeplitz operators, Ty is irreducible. The remainder
of the paper seeks to explain more fully the phenomena incorporated in this
example by introducing a class of analytic functions, including the function ¢,
and giving additional conditions on functions g in the class to determine whether
T, commutes with nonzero compact operators, whether T, is irreducible, and
which operators in the commutant of 7, extend to the commutant of M, . In
particular, we find representations for operators in the commutant and second
commutant of T, .

The primary purpose of this paper is to give an example that answers several
questions concerning commutants of analytic Toeplitz operators. After
presenting the example, we investigate more carefully a class of analytic Toeplitz
operators that this example suggests.

For ¢ in H* of the unit disk D, the analytic Toeplitz operator, T, is the
operator on the Hardy space H* of multiplication by ¢. We denote {4 | AT,
T,A}, the commutant of T, , by {T,}.

In their 1973 paper, Deddens and Wong asked if there is a nonconstant
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function ¢ in H* such that T, commutes with a nonzero compact operator
[8, p. 272]. We will find such a function ¢ (Theorem 1.1). This question is
related to the invariant subspace problem. Lomonosov [11] has shown that
an operator has a nontrivial invariant subspace if it commutes with a nonscalar
operator that commutes with a nonzero compact operator. Pearcy and Shields,
in their survey of the Lomonosov technique [18, p. 225], point out that it is
possible, though not likely, that this theorem solves the invariant subspace
problem, that is, maybe every operator commutes with an operator that com-
mutes with a compact. There is no operator for which Lomonosov’s hypothesis
is known to fail, however, the unilateral shift, 7,, was considered a good
candidate for such an example. Since the commutant of the shift is the set
of analytic Toeplitz operators, the Deddens—Wong question can be restated:
“Does the unilateral shift, 7,, satisfy Lomonosov’s hypothesis?’ and we
answer “‘yes.” Such an example has been found, see [25].

It is well known that if ¢ is a nonconstant function in H®, the analytic
Toeplitz operator T, is a pure subnormal operator and its minimal normal
extension is the operator M, of multiplication by 43, the boundary function
of ¢, on L2 of the unit circle [9, Lemma 3.8]. One might hope to find the com-
mutant of a subnormal operator by studying the operators that commute
with its minimal normal extension. This can be an effective approach if every
operator in the commutant comes from an operator in the commutant of the
normal extension. (If A commutes with the subnormal operator S, we call
an operator 4 a lifting of A if it is an extension of A that commutes with the
minimal normal extension of A. If every operator in {S} lifts, we say the
commutant of S lifts. Bram showed [5, p. 87] that if A lifts, then its lifting
is unique.) The problem of lifting commutants of general subnormal operators
has been studied by several authors and examples of subnormals whose com-
mutants do not lift are known (see, for example, [2, 5, 13, 17]). Deddens and
Wong [8, p. 272] asked if the commutant of every analytic Toeplitz operator
lifts. In Theorem 1.2, we give an example whose commutant does not lift.

Several authors have studied questions concerning reducing subspaces of
analytic Toeplitz operators and determining which analytic Toeplitz operators
are irreducible (i.e., have only the trivial reducing subspaces) (see, for example,
[1, 4, 8, 14, 22, 23]). Since the only analytic Toeplitz operators that are projec-
tions are O and I, the shift 7, is irreducible; indeed if {7,}" = {7}, then T,
is also irreducible. Several results on reducing subspaces suggested that the
converse of this statement might also be true, and this question was explicitly
raised in a letter to the author by Abrahamse. Abrahamse also asks [2, problem 1]
if the commutant of an irreducible subnormal operator lifts. Our example
answers both of these questions negatively (Theorem 1.3).

To recapitulate, in Section 1, we exhibit a function ¢ in H* such that T,
commutes with a nonzero compact operator; {7}’ does not lift; and T, is
irreducible.
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It seems appropriate to review some of the carlier work on commutants
of analvtic Toeplitz operators. If ¢ is a nonconstant inner function (r.c., | (/; !
almost evervwhere on the unit circle), 7°, 18 unitarilv equivalent to a direct
sum of copies of the unilateral shift T, . Using this equivalence, it is easy tu
get a matrix characterization of operators in {7,}". I'rom the matrix charac-
terization, it follows that 7}, does not commute with any nonzero compact
operators; that {T,} lifts; and that T, is irreducible if and only of [T,V - [T}
In [8], Deddens and Wong give some sufficient conditions on f for {1']" to
equal {7} for some inner function ¢, and, although not explicitly stated.
the questions they raise scem in spirit to be “For fin A7 s there an inner
function ¢ so that {7y} = {T,}' 2"

In [1] Abrahamse gave an example of a function 7, a4 covering map of the
disk onto an annulus considering the disk as the universal covering space
of the annulus, for which {T,}" 5= {T,}" for any inner function ¢. Although
7 cannot be written o = h oq,’> in a nontrivial way for ¢ an inner function
7. has many reducing subspaces [1, Theorem 2]. In {6, 7], the author extended
the example of Abrahamse, showing that, usually, the commutant of a Toephitz
operator whose symbol is a covering map of the disk onto some plane doman
is different from commutants of operators arising from inner functions {6, p. 227,
On the other hand, it was shown that even it ¢ 1s a co\'ering map, 1, do(“ 131
commute with any nonzero compact opcrqtors [(7‘ p. 271 0T Bfes {7, Theo-
rem 5]; and 7, is irreducible if and only it {7} {[ﬂj'\

There are several theorems which give necessary conditions for an analytic
Tocplitz operator to commute with a compact operator. T'o paraphrase thes:
results, we have that if 7, commutes with a nonzero compact operator, ¢ must
map (most of) the boundary of the disk into the image of the open disk
{6, lhu)tcm 10]; ¢ must be an infinite-to-one map of the disk [6, p. 19]; and
the compact operator must be quasinilpotent [6, p. 26]. In udditlon. ¢ must
satisfy a technical condition which eliminates functions automorphic under
group but allows functions automorphic under a semigroup [6, p. 27} The
questions on lifting and compacts are related: if {71 lifts, then 7, cannis

commute with any nonzero compact operators {7, Theorem 1], However,

7

as will be clear from the proofs that follow, {71 mav fail to Iift even when
T, does not commute with compacts.

The example of Section | is based on a function, related to a covering map.
which is automorphic under a semigroup of maps from the disk into the disk.
In Section 2, we introduce a class of such functions, which we call evenly
serniautomorphic functions and find a general form for operators in {7} and
1T,}" when ¢ is in this class.

b
-

In Section 3, we give a geometric condition on the maps in the semigroup
which enables one to construct compact operators in {75}

Section 4 considers the lifting question for this class of analvtic Toeplitz
operators. We find that if the semigroup is not a group. then the commutant
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does not lift. However, the operators in the commutant associated only with
invertible elements of the semigroup do have extensions, with the same norm,
that commute with M, .

In Section 5, we discuss reducibility. If there is a nontrivial invertible element
of the semigroup, then 7T, has reducing subspaces. As a partial converse, we
give an unfortunately complicated algebraic condition on the semigroup which
enables us to show that no nontrivial projections commute with T, , hence
that every operator similar to T, is irreducible.

As will become clear, this work makes extensive use of composition operators.
My thoughts on composition operators were inspired by the excellent lectures
of Eric Nordgren at the conference on Concrete Representations of Operators
on Hilbert Space held June 1977 at Long Beach [16]. I would also like to thank
Abrahamse for suggesting the proof of Theorem 1.3 as given (my original
proof is the proof of Theorem 5.1) and Davidson for suggesting simplifications
to the proof of Theorem 1.1.

1. THE ExaMPLE

To obtain the example, we need to define several functions and operators.
As a help to our intuition, we define the domain € = {z|Im(2?) < —1 and
Re(2) < 0}, in the second quadrant bounded by a branch of the hyperbola
2xy = —1. We let o(2) = (—1 + #)(=z 4 1)~1/ (where x1/2 > 0 for x > 0) so
that ¢ is a Riemann map of D onto 2, o(—1) == c0. Define ¢ on D by ¢(z) =
exp(o(2)) — exp(c(0)). We see that ¢ maps the disk onto a translate of the
unit disk punctured at 0, and ¢ maps the boundary of the disk, one-to-one,
onto a spiral that approaches the boundary of the image asymptotically.

Define the map [ of the disk into itself by J(2) = oc7Y(o(2) + 2#7). In fact,
J extends to a continuous map of the closed disk, and

JDyn oD ={~1} = {J(~1}

Since the exponential map is periodic, we have ¢ o J == ¢. Let C be the operator
on H? of composition with [, that is, Cf = fo J for f in H% This operator
is bounded [15, 19], but not compact. The operators C and T, commute since,
for fin H?, CTof = (po JNfo J) = ¢(f = J) = TuCf.

Finally, we let (2) = 3(z + 1), so  is continuous on the closed disk,

¢ lle =1, and $(—1) = 0.

THEOREM 1.1. The operator CT,, is compact and commutes with T, .

Proof. Clearly CT, commutes with T, since both C and T, do.
To see that CT, is compact, it is sufficient to show that lim,, o, [|CT |,ng2]] = 0.
Given ¢ > 0, let K, = {w | we J(D) and | y(w)| = | L(w + 1)] = €}. Since
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J[02) 1902 u {—1}, we see that K, is a compact subset of 1. Choose N so that
for n - N and w in K_, we have |w|* < e. For 2 in D and n > N either
J(2) is in K€, in which case | $(J(2)) J(2)" | < | #(J(2))i e < € or [(2) is not
in K,, in which case |#(J(?)) J(z)*| < e! J{z)I" <Ze. Thus, we have
e U < eforn> N

Now, for fin H? and n > N,

FCTY=N = e DU e JI - DI =
el CHIfI = el CHT s

Therefore,  CT, [ g2 il < ell C|lforn > N, and we see that CT', is compact. [

Although the nonlifting of {7}’ follows from the above result and the theorem
“Lifting implies no commuting compacts’ [7, Theorem 1], a direct proof
gives a better understanding of how lifting fails. (In this proof, the interplay
between arguments on the boundary and inside the disk is important. For
fin H2 { will denote the boundary function of f in L2.)

Tueorem 1.2.  C has no (bounded) extension to L? that commules with M, .

Proof. Suppose C is an extension of C defined on L? such that CM, = M,C.
We will show that | C(3")|| — o0 as n — a0, even though | £/ = 1 for all n.

Forn = 1,2, 3,... we have §*C(57) = MC(3") = C($"z"). Now $(0) =0,
so & divides ¢ and $ng» = (z-"¢")~ where z~"¢n is in H2 Thus C(drsn) =
[CG "M — [T ™o Iy = [T =(J)" . Now ¢ -0 almost
everywhere, so $nC(Em) = (J) ™ §» implies C(z7) = (J). Since p
MAaxX _ oopens | J(€1)] is less than 1, we see that

Ty (%J | ]I dﬂ) P (%Tf o dd) 21,

which is unbounded as # — o0.
Thus € cannot be a bounded operator on L2 |

The crucial fact in the proof of Theorem 1.2 is that ] maps some of the
boundary inside the disk (in this case {e?}| —m/2 <C 0 < w/2} was used),
whereas for Theorem 1.1, we needed the fact that ] maps nearly all of the
boundar_v inside the disk. Thus, if we modify the above construction by taking
2, = {z Imz >0 and Re s < 0}; o, to be a Riemann map of D onto £ ;
$o(2) = exp(oy(2)) — exp(ay(0)); etc.; then the operator T, does not commute
with any compact operators [6, Theorem 10], but €, does ot have a bounded
extension to L? that commutes with M, .

The following theorem is a special case of a theorem of Nordgren [14,
Theorem 1].
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Taeorem 1.3. T, is irreducible.

Proof. 1If K is a reducing subspace for T, the orthogonal projection of
H? onto K commutes with 7, . We will show that if P is a self-adjoint projection
in {T,}, then P is either zero or the identity.

Since P is self-adjoint, P has an extension P that commutes with M, [5, p. 88],
and P? = P by the uniqueness of lifting [5, p. 87]. However, since g@ is con-
tinuous and univalent on @D\{—1}, the only operators that commute with
M, are other multiplication operators. Thus, P = M), for some % in L». But
h = M,]1 = Pl = P1 so his actually in H* and P = T, . Since P is a projec-
tion, # = k2 and 4 is either identically zero or identically one, that is, P is
either the zero operator or the identity operator. [

More is true than this theorem states. The above argument actually shows
that the only operators in {T,}’ that lift are the analytic Toeplitz operators.
Later, in a more general setting, we show that T, does not commute with any
projections, so that every operator similar to 7 is irreducible (‘Theorem 5.1).

2. SEMIAUTOMORPHIC FUNCTIONS

In this section we will define a class of functions which includes the function
¢ of Section 1, and compute the commutant and double commutant of analytic
Toeplitz operators whose symbol is in this class. Later sections will deal with
compact commuting operators, lifting, and reducing subspaces for these
operators. Background material on covering maps may be found in standard
references, for example, Chap. 3 of Veech’s work [24].

If ¢ is a bounded analytic function on the unit disk, we say ¢ is evenly semi-
automorphic with respect to the semigroup I if there is

(1) a plane domain X, whose universal covering space is a half plane or
disk U, and (2) a univalent analytic map ¢ from the disk D snto U such that
¢ = 7 oo, where 7: U — X' is an analytic covering map. Let G be the group
of deck transformations of U under which = is automorphic, let 2 = o(D),
and let I" be the semigroup of maps of D into D

{J=o0T1lo7r00|7e G and () C 2}.

Throughout the rest of the paper, ¢, Z, U, =, o, G, £, and I'" will be as in
the above definition. For brevity, we may say “¢ is semiautomorphic’’ when
this structure is meant. Clearly, if Jis in I', we have ¢ o | = ¢. We note that
if Jin I maps D onto D, then J is a M&bius transformation and [l is also in I

It is apparent that the function ¢ of the preceding example is evenly semi-
automorphic with respect to the semigroup I'={Jo Jo o J (n times) |
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n=0,1,2,3,.} It is also clear that this class includes the class of covering
maps (in which case 2 = '), but for our present purposes, we are less interested
in these special cases.

It is somewhat less obvious that this class includes some familiar functions.
For instance, ¢(2) == (2 -~ 1)* is evenly semiautomorphic. Let U be the half
plane {z | Re 2 < In 8}; let =(2) = ¢%; and let o(2) = 3 In(z +- 1) (usual branch
of the logarithm). Then ¢(z) -= exp(3In(x - 1)) = =< 0(2). The group G,
of automorphisms of U, is {r(z) == 2 4 2mniin -0, =1, 12,1 Since
HIm(o(z)): < 2@, the only = in G that maps o(D) into (D) is the identity map,
so I" == {identity}. We will see below that this implies [T, st = (7.}, (This
corollary is hardly new; it is a special case of Theorem 2 of [§].)

For « in D, let K, denote the kernel function for evaluation of H? functions
at «, that 1s, K (2) = (I — x2) "

Lemma A, Let ¢ be an evenly semiautomorphic function. For each o in D, every
Junction [ in [(¢ — (o)) H*)* has a unique representation f ==, (s-u(n Aok

where the series converges in norm.

Proof. We will show first that the inner factor of ¢ — #(x) 1s a Blaschkc
product and that {8 D ! §(8) == &(«)} is an interpolating sequence.

Without loss of generality, we may assume that the covering space U associated
with ¢ is the unit disk. Let oy = o, o , @y, o .... be an enumeration of the set
{PeD|B) =Ha)}. Forn =0,1,2,..,1et{, = o, )yand let &, L ,, L 4.
be an enumeration of the set {{e U | m(§) = n({,), £ ¢ &£} From a result of
stout [21, Theorem 6.4] (or see [6, Theorem 6]), we find that {,};7 _ is an
interpolating sequence, and that the inner—outer factorization of = is

where g is invertible.

Since F in H* 1s outer if and only if log | F(0)! - (1:27) J:r log | F(e'%). db,
[10, p. 62], we see from the Lebesque dominated convergence theorem that
if F'oo TTny fa is nonzero, | f, i, << 1 for all n, and each f, is outer, then
F is also outer.

Now

|
nowanll’_anz Xp | bn Oy <

(T gy ) et
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Since each factor

lo‘nl Zn 1—&132 Cn—o(z)
ap | Lnl g —= I“Zﬂo(z)

is less than or equal to one in modulus and since ¢ is univalent, each is outer,
so the second factor in the expression for 7 o o is outer. Similarly, since {, ¢ 2
for n << 0 and o is univalent, each factor

Zn ln _ c"(z)
[l 1 — Zna(z)

is outer and bounded by 1 in modulus, so the third factor in the above expression
is outer. Since g is invertible in H®, so is goo and go o is outer. Thus we
have found that the inner factor of 7 oo is just the Blaschke product with
ZETOS 0 , 0y , Oy 5eee -

We claim that {,};, is an interpolating sequence in D. Indeed, suppose
{a,}n_o is 2 bounded sequence. We enlarge this sequence by setting a, = 0
for n = —1, —2, —3,.... Since {{,}*,, is an interpolating sequence in U and
{a,}2, is a bounded sequence, there is a function % in H* so that #({,) = a,
for all . Therefore, koo is in H®, h(o(x,)) = h((,) = a, for n =0, 1,2,...,
and 7 o ¢ interpolates the given sequence.

Let {e,}5_o be the usual basis for /2. Shapiro and Shields showed [20,
Theorem 2] that since {a,}., is an interpolating sequence, the map &:
[ — $() B — P, given by Of — = ol — [a, [FR2 f(m) e,, is an
isomorphism. This means that ®* is also an isomorphism and a simple calcula-
tion shows that @*e, = (1 — | «, |2)!/2 K, .Itfollows thatifd,,n =0, 1,2,...
are the unique complex numbers such that @*-1f =Y d.(1 — | «, |12 e, ,
then f = 45*(2::0 d(l — | a, | 12e,) =30 o d,K, , where the series con-
verges in norm. | i

We are now ready to compute the commutant of the Toeplitz operator
T, where ¢ is semiautomorphic.

THeOREM 2.1. Suppose ¢ is evenly semiautomorphic with respect to the
semigroup I' of maps of D into D.

If Sisin {T,), then for each ] in I', there is a unique analytic function a; defined
on D so that for each « in D and each g in H*

(Sg)e) = 3. as(x) g(J(w)), *

Jer
where the series converge absolutely for each « and uniformly on compact subsets
of D.
Conversely, if S is a bounded operator on H? that has a representation (*),
then S commutes with T, .
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If Jis an analytic map of D into D, we may define the composition operator
C,on H? by Cyg = go J. (C,is a bounded operator [15, 19].) We saw in the
first section that C; commutes with an analytic Toeplitz operator if and only
if its symbol is automorphic with respect to J. A more revealing, but less precise.
way of stating the theorem is that an operator S on H? commutes with 7},
if and only if .S can be represented by a series S ~3% ;. a,C;, where the
coeflicients @, are analytic functions defined in D. (The a; need not be bounded
functions [7].) The crucial point here is that the composition operators that
appear in the series are associated with the maps [ such that ¢ = [ = ¢ and
J(D)C D. The work of the proof is in showing that the maps [ such that
o ] =d¢ but J(D)T D, which may exist because ¢ comes from a covering
map, make no contribution to the commutant.

Proof of Theorem 2.1. Suppose ¢ is semiautomorphic with respect to [
(as above) and .S commutes with T, . For « in D, by the Fundamental Lemma
of [6, p. 3], S*K, is in [(¢ — H(«)) H?]*, so by Lemma A there are complex
numbers &%, 7 in G, such that S*K, = 2d,*K,; where the sum is taken over
those 7 in G for which 7(o(a)) € 2, writing 8 for o }((c(«))).

For a in D and 7, in G, the function /, = (¢ — $a))(v — m{c{x))) 1 is
bounded on D since ¢ is in H* and when o(z) — 7,(o()) is near zero, then
K = (o)~ lo ) — nde) | b e () whic
finite. Thus the map o — (Sh)(a) = , S*K,> 1s an analytic function
defined on the disk. Now if r(£2) ¢ 2 and a is a point of D so that 7(o(x)) ¢ £2
then /, vanishes at all points 8 in D such that é(a) = #(8) which means that
(Sh,)(«) = 0. Since £ is simply connected and 7, is one-to-one, if 7,(£2) Z 2.
there are uncountably many o in D so that 7y(o(«)) ¢ £2 and we conclude that
for this 7, the map « — (Sh,)(«) is identically zero.

On the other hand, if « is a point of D so that 7y(o(x)) € 2, then (Sh,)(x) -

Chy, S¥K)S = (hy, Zd oKy = Zd A (ro(0(a))).  Therefore, for o« in  the
disk the map o — d" is the complex conjugate of the analytic function « -»
(Sh ) )7 (o))~ ~1_ Tt follows that if 7o(£2) € ©, then d; is zero for all « in /).

For Jin I, let a, be the analytic function a,(x) = d,* where J=o0lorse.

We have shown that S*K, = ¥, afa) K, , where (from Lemma A) the
series converges in norm. Since (Sg)(e) = (g, S*K.>, the representation ()
follows immediately.

The proof that this series converges uniformly on compact subsets of D is
a modification of the proof of the lemma to Theorem 5 of [7] and will be omitted.

Now if the bounded operator S has a representation (¥), then for f in f1*

U — NS, S¥K> = S(¢ — () )

= ¥ a,(@) b)) — () FJ() = 0.

Jer

580/36/2-3
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Therefore, S*K, is in [(¢ — ¢(«)) H2}* for all « in D and by the Fundamental
Lemma [6, p. 3], S commutes with 7, . ||

Knowing the commutant of T, for a semiautomorphic function ¢ enables
us to find the double commutant easily.

TreOREM 2.2. If ¢ is evenly semiautomorphic with respect to the semigroup I"
of maps of D into D, then

{T,) ={Ty | hisin H* and ho | = h for all [in I'}.

Proof. Since T, commutes with T,, {T,}" C{T,}} = {T} | h € H*}. Since
T, commutes with C, for Jin I', T}, does also when Ty isin {T,}",and ho J ==k
for [in I.

On the other hand, if Aisin H*and £ o J = hforall Jin I, then T, commutes
with .S when T, does. Indeed, by the representation (*) for S, we have

(STag)(@) = 3, as(e) h(J(2)) g(J(*) = h(«) eraz(a) £(J(=))

Jer

= (T3,5,)(«) forall win D and all gin H2 |

Theorem 2.2 characterizes {T,}" in terms of the semigroup I', but we would
prefer a characterization in terms of ¢, in particular we want to know when
all the operators in {7},}" are functions of 7}, . For the example of Section 1, it is
fairly easy to prove that {T,}" = {T}, | h = g o ¢ where g € H*(¢(D))}. On the
other hand, {T(,,y)s}" = {T | & is in H*} but not every k in H* is a function
of (2 + 1)% In general, it seems to be difficult to decide when {7,}" consists
of functions of T} .

In [6, p. 4] a function, f, in H* was called ancestral if, for each « in D, the
subspace spanned by {S*K, | S € {T}'} is exactly [(f — f(«)) H*]*. Also in [6],
several properties of {7}’ for an ancestral function f were found and the question
was raised “For 2 in H* can we always find an ancestral function f so that
{T}} = {T;}' "’ We see from Theorem 2.1 that the example of Section 1
answers this question negatively. If {7}’ = {7,}’ then, by the above, f = go¢
so that [(f — f(a)) H¥* D [(¢ — ¢(«)) H%]L. For a in the disk, the subspace
spanned by {S*K,, | Se{T,}} does not include K,, so is not all of

[(¢ — $(J(=)) H?]
3. Compacts IN THE COMMUTANT
We have seen in Section 1 that, if ¢ is semiautomorphic, it is possible, but

not necessary, for T, to commute with nonzero compact operators. We will
give a sufficient condition that {7,}’ contain a compact. Theorem 10 of [6]
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showed that if ¢ maps a large subset of the circle onto the boundary of ¢(D),
then 7T, does not commute with any compacts. If ¢ does map a large part of
the circle to the boundary of ¢(D), then since ¢ is automorphic with respect
to I" each [ in I must map a large part of the circle into the circle. We assume
in Theorem 3.1 that this is not the case.

TueoreM 3.1. Let | be an analytic map of D into D and let F = (D) M ¢D.
If ) is analytic in D, continuous on D, and vanishes on F, then the operator C,T,
1s compact.

Proof. 'The proof of this theorem is the same as the proof of Theorem 1.1,
where in Theorem 1.1, F = {—1}. |

COROLLARY. If ¢ is semiautomorphic with respect to the semigroup I' and
there is [ in I such that F == J(D) N 0D has measure zero, then T, commutes
with a nonzero compact operator.

Proof. Since F is a closed set of measure zero, we can find a nonzero function
¢ in the disk algebra that vanishes on F [10, p. 80]. C,T, is compact and com-
mutes with T, . |

Since there are compact composition operators, the reader may wonder if
there is an example of a compact composition operator that commutes with
an analytic Toeplitz operator.

TrrOREM 3.2. If h is a nonconstant function in H* and | is an analvtic
map of D into D such that C, commutes with T, , then C, is not compact.

Proof. We have seen that C; and T), commute if and only if Ao [ = /.
that is, if 4 is an eigenvector for C, with eigenvalue 1. But if £o J ==/, we
also have 2o | == k" for n = 2, 3,4, §,... . 'Therefore, if T, and C, commute,
1, k, B2, B3,... are all eigenvectors for C; with eigenvalue 1. Since % is non-
constant, these are linearly independent and C, is not compact. ||

4. Lirriné COMMUTANTS

In Section 1 we noted that whether a composition operator commuting
with an analytic Toeplitz operator has an extension to L?> commuting with the
multiplication operator depends on the boundary values of the map inducing the
composition operator. (As before, f will denote the boundary function of f.)
For Jin I, J(€%) is on the unit circle for almost all 8 if and only if Jis a Mébius
transformation if and only if J is invertible in I". In this section we state two
results that relate invertibility of elements of I” to lifting the commutant of 7 .
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Turorem 4.1.  If ¢ is evenly semiautomorphic with respect to the semigroup I,
and [ is a noninvertible map in I', then the composition operator C, does not have
a bounded extension to L* that commutes with M, .

Proof. Since [ is not invertible in I', there is a set E with positive measure
and a constant p, 0 < p <1 so that for ¢ in E, | J(¢?)] < p. The proof of
Theorem 1.2 applies here with the interval [—=/2, /2] replaced by the set E. ||

THEOREM 4.2. Suppose ¢ is evenly semiautomorphic with respect to the semi-
group I'. Let H be the subgroup of I H = {JeI'| 1T}, ard let (¥ be the
subalgebra of {Ts}' of operators

O ={Sec{T}|S~Za,C, where a, = 0 for [ ¢ H}.

The algebra C¢ lifts isometrically to the commutant of M, .

Proof. The proof of this result is a minor modification of the proof of
Theorem 5 of [7]. The modifications are possible because each [ in H is a
Mgbius transformation so that if B is an inner function, sois Bo J. |

In the example of Section 1, the subgroup H is just the identity so this theorem
gives the obvious conclusion that analytic Toeplitz operators have isometric
liftings. The proof of Theorem 1.3 shows that the converse is true in this case.

The above theorems, of course, do not cover all cases. It seems likely that
the converse of Theorem 4.2 is true in general, that is, that S in {7,}’ has a
lifting if and only if .S is in €%, but I know no proof.

5. PrROJECTIONS IN THE COMMUTANT

For a semiautomorphic function ¢, we would like to find the reducing sub-
spaces for T, or at least to determine when T, is irreducible. In some cases,
we can find a few reducing subspaces easily. If Jin I"is invertible, it is a Mébius
transformation and the operator U; = T'(;/y12C, is unitary [12]. As Abrahamse
and Ball noted, since it commutes with T, the spectral subspaces of U, are
reducing subspaces for T, [3].

A subspace is a reducing subspace for T if and only if the orthogonal projec-
tion onto the subspace commutes with T, . Rather than attacking the irre-
ducibility question directly, we look at the more general question of determining
when 7, commutes with a nontrivial projection, orthogonal or not.

Before stating the theorem, we need the following definition.

A function v, whose domain is the semigroup I" and whose values are ordinal
numbers, is called a factorization function for I' if for g, g, , g in I"
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(I »(g) == 0 if and only if g is the identity,
and

(2) if g = g,g,, where g, and g, are not both the identity, then either
1(g) = v(g) or v(g) > v(gy)-

If I" has a factorization function v, then the identity is the only invertible
element in I, for if g 5= 1d is invertible, v(gg~') = v(id) = 0 so ecither {g)
or v(g~1} is less than zero, which is impossible.

The existence of a factorization function should be regarded as a strengthening
of the hypothesis on I" that it have no invertible elements except the identity.
It should be pointed out that any semigroup embedded in a finitely generated
free group can be the semigroup of automorphisms for some evenly semi-
automorphic function, so the existence of a factorization function is more
an algebraic question than a geometric one. Although not every semigroup
that is embedded in a free group and has no inverses has a factorization function,
they do exist for some cases of interest. For example, if I” is a frec semigroup
with generators g, , g5 ,..., &, , that is, I' is the set of words in the generators
with nonnegative exponents, then the sum of the exponents 1s a factorization
function. Factorization functions need not be this simple however. Let [
be the semigroup in the free group with generators g and # with

either Y k; =1 = lor

j=1

Iy = {id} v ;ghhh ...gkﬂhln

Y kit =0and ) k; > 1:.
d=1 i=1

The function w(w) = (F;, & — L)w +~ Y. 1k, where w is the first infinite
ordinal, is a factorization function for /', . (It can be shown that I, has no
factorization function into the integers.)

The semigroup for the example of Section 1 is the free semigroup on one
generator (i.e., the positive integers) so the following theorem applies. An
examination of the proof in this case will show that we are generalizing the
proof that a lower triangular Toeplitz matrix is not a nontrivial projection.

THEOREM 35.1. If & is evenly semiautomorphic with respect to the semigroup I’
and v is a factorization function for I', then T, does not commute with anv nontrivial
projections.

Proof. Suppose P is a projection that commutes with 7,. We want to
show that P is zero or the identity.
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From the representation (*) of Theorem 2.1, we have P¥K, = 3.1 aj(a) K,y
for each « in D. Now

PHK, — P* (z @ Km)) — Y Y @ @U@ K

Jerl Iel’ Jer’

=3, (J > @)W} K@ -

Jer \Jyoly=J

Since P is a projection, we have P*? = P* so we have a)a) =
2s00,=085() ay (Jo(e) forall Jin I and o in D. (Lemma A justifies equating
coeflicients in this way.)

Since v is a factorization function on [, the identity is the only invertible
element of I', so the only factorization of the identity is éd = id o id. Thus,
we have a;; = a2, and since a,, is analytic, it is the constant function 0 or 1.
If Pis a projection that commutes with T, so is I — P and if @;; = 1, then
the corresponding function for I — P is zero. We therefore assume that a;, = 0.
We have shown that a;, = 0 if »(J) = 0 and we proceed by induction.

Suppose 7 is an ordinal number and we have shown a, = 0 for »(J) <.
If w(J) =, then whenever J = [, o J,, either »(J}) <% or »(J5) <7 so
either @, =0 or a;, =0, and we have

as(a) = Z a;(@) az(Jo(w)) = 0.

Jyody=J
We conclude that @, = 0 for all [ in I" so that either P or I — P is zero. ||

Although I do not know a proof, it seems likely that the conclusion remains
true if we require only that the identity is the only invertible element of I

6. CONCLUSIONS

In this paper we have examined a class of analytic Toeplitz operators whose
commutants are quite different from the previously known examples. Some of
these differences are apparently due to the fact that the boundary behavior
of semiautomorphic functions is not as representative of the behavior inside
the disk as for inner functions or covering maps. For example, the function
in Section 1 is one—to—-one on the boundary but infinite-to—one on the inside
of the disk, whereas the boundary function of a covering map of the disk onto
a plane region is in some sense a covering of the boundary of the region. These
differences seem to be very important for lifting questions, but less important
for the description of the commutant.
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It is clear that the proofs herein depend heavily on the continuability of
the automorphisms in I', which are just branches of the multiple valued
analytic function ¢tod. If f is a bounded analytic function for which f
vanishes at some points, or for which f' is never zero, but f is not semi-
automorphic, the technical details needed to compute {7}’ will certainly be
more difficult, and perhaps {7;}" will exhibit unexpected behavior.

It would be interesting to use the techniques of Section 3 to find compacts
commuting with other, more general, operators. In cases where the operator
to be studied is also multiplication by 2z and the Hilbert space is a Hilbert
space of functions, the direction to proceed is clear. In other cases, a more
general notion of composition operators and careful control of convergence
of functions of the operator seem to be required.
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