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Kac Polynomials

Theorem (Kac, 1943)
Let 𝜂𝑖 be i.i.d. standard real Gaussian random variables and

𝑃𝑛p𝑧q “ 𝜂0 ` 𝜂1𝑧 ` ¨ ¨ ¨ ` 𝜂𝑛´1𝑧
𝑛´1.

Let 𝑁𝑛pΩq be the number of zeros of 𝑃𝑛p𝑥q in a measurable set Ω Ă R. Then,

Ep𝑁𝑛pΩqq “

ż

Ω

𝜌
p1,0q
𝑛 p𝑥q𝑑𝑥,

where

𝜌
p1,0q
𝑛 p𝑥q “

1
𝜋

b

1 ´ ℎ2
𝑛p𝑥q

|1 ´ 𝑥2|
, ℎ𝑛p𝑥q “

𝑛𝑥𝑛´1p1 ´ 𝑥2q

1 ´ 𝑥2𝑛 .

Moreover, it holds that

Ep𝑁𝑛pRqq “
2 ` 𝑜p1q

𝜋
log 𝑛.

Later, in 1995, Shepp and Vanderbei have derived a formula for 𝜌p0,1q
𝑛 p𝑧q, the

intensity function for the complex zeros of 𝑃𝑛p𝑧q.



Random Linear Combinations

Theorem (Edelman and Kostlan, 1995)

Let 𝑓𝑖p𝑧q be arbitrary function in C that are real and differentiable on R and

𝑃𝑛p𝑧q “ 𝜂0 𝑓0 ` 𝜂1 𝑓1p𝑧q ` ¨ ¨ ¨ ` 𝜂𝑛´1 𝑓𝑛´1p𝑧q,

where 𝜂𝑖 are elements of a multivariate real normal distribution with mean 0 and
covaraince matrix 𝐶, then

𝜌
p1,0q
𝑛 p𝑥q “

1
𝜋

B2

B𝑡B𝑠
log

´

𝑣p𝑠qT𝐶𝑣p𝑡q

¯

ˇ

ˇ

ˇ

ˇ

𝑠“𝑡“𝑥

,

where 𝑣p𝑥q “ p 𝑓0p𝑥q, . . . , 𝑓𝑛´1p𝑥qqT. If 𝜂𝑖 are i.i.d. real Gaussians, then

𝜌
p1,0q
𝑛 p𝑥q “

1
𝜋

b

𝐾𝑛p𝑥, 𝑥q𝐾
p1,1q
𝑛 p𝑥, 𝑥q ´ 𝐾

p1,0q
𝑛 p𝑥, 𝑥q2

𝐾𝑛p𝑥, 𝑥q
, (˚)

where 𝐾p𝑖, 𝑗q
𝑛 p𝑧, 𝑤q “

ř𝑛´1
𝑘“0 𝑓

p𝑖q

𝑘
p𝑧q 𝑓

p 𝑗q

𝑘
p𝑤q.

Independent proofs of p˚q by Lubinsky, Pritsker, Xie (2016) and Vanderbei (2016).



Proof by Vanderbei

Let Ω be a domain with rectifiable boundary. By the Cauchy’s formula

Ep𝑁𝑛pΩqq “

ż

BΩ

E
𝑃1
𝑛p𝑧q

𝑃𝑛p𝑧q
𝑑𝑧.

Let 𝐶 be the covariance matrix of 𝜉 “ p<𝑃𝑛p𝑧q,=𝑃𝑛p𝑧q,<𝑃1
𝑛p𝑧q,=𝑃1

𝑛p𝑧qqT. Then,

𝜉
𝐷
“ 𝐿𝜏, 𝐶 “ 𝐿𝐿T,

where 𝐿 is lower triangular and 𝜏 “ p𝜏1, 𝜏2, 𝜏3, 𝜏4qT with 𝜏𝑖 i.i.d. Gaussians. Then,

E
𝑃1
𝑛p𝑧q

𝑃𝑛p𝑧q
“ E

𝛼𝜏1 ` 𝛽𝜏2
𝛾𝜏1 ` 𝛿𝜏2

“
𝛼

𝛿
𝑓

´

𝛾

𝛿

¯

`
𝛽

𝛾
𝑓

ˆ

𝛿

𝛾

˙

, 𝑓 p𝑤q “ E
𝜏1

𝑤𝜏1 ` 𝜏2
.

Since 𝜏1 ` i𝜏2 is a complex Gaussian random variable, one can easily compute

1
𝑓 p𝑤q

“

$

&

%

𝑤 ` i, =𝑤 ą 0,

𝑤 ´ i, =𝑤 ă 0.

Collapsing Ω to a subset of R, leads to p˚q, where 𝐾p𝑖, 𝑗q
𝑛 p𝑧, 𝑤q appear in 𝐿.



Real Level Crossings

Theorem (Newland and Ya.)

Let 𝑓𝑖p𝑧q be arbitrary entire function that are real on R and

𝑃𝑛p𝑧q “ 𝜂0 𝑓0 ` 𝜂1 𝑓1p𝑧q ` ¨ ¨ ¨ ` 𝜂𝑛´1 𝑓𝑛´1p𝑧q,

where 𝜂𝑖 be i.i.d. standard real Gaussian random variables. Let 𝑁 𝑦
𝑛 pΩq be the

number of solutions of 𝑃𝑛p𝑥q “ 𝑦 in a measurable set Ω Ă R. Then,

E

ˆ

𝑁

?
2𝑦

𝑛 pΩq

˙

“
1
𝜋

ż

Ω

𝐸𝑛p𝑥q

𝐾𝑛p𝑥q
exp

˜

´
𝐾

p1,1q
𝑛 p𝑥q

𝐸2
𝑛p𝑥q

𝑦2
¸

𝑑𝑥`

2|𝑦|

𝜋

ż

Ω

|𝐾
p1,0q
𝑛 p𝑥q|

𝐾
3{2
𝑛 p𝑥q

exp
ˆ

´
𝑦2

𝐾𝑛p𝑥q

˙

erf

˜

|𝑦|
|𝐾

p1,0q
𝑛 p𝑥q|

𝐾𝑛p𝑥q𝐸𝑛p𝑥q

¸

𝑑𝑥,

where 𝐾p𝑖, 𝑗q
𝑛 p𝑥q “ 𝐾

p𝑖, 𝑗q
𝑛 p𝑥, 𝑥q and 𝐸2

𝑛p𝑥q “ 𝐾𝑛p𝑥q𝐾
p1,1q
𝑛 p𝑥q ´ 𝐾

p1,0q
𝑛 p𝑥q2.

The proof follows Vanderbei’s argument, expression for 𝑓𝑦p𝑤q is more complicated.

It is a generalization of Farahmand (monomials 1986 and some other families).



Orthogonal Polynomials on the Unit Circle

Let 𝜇 be a Borel measure on T symmetric w.r.t. conjugation and 𝜑𝑖p𝑧q be the
corresponding orthonormal polynomials

ż

T
𝜑𝑖p𝑧q𝜑 𝑗p𝑧q𝑑𝜇p𝑧q “ 𝛿𝑖 𝑗 .

In this case 𝜑𝑖p𝑧q has real coefficients. Write 𝜑𝑖p𝑧q “ 𝜅𝑖Φ𝑖p𝑧q, where Φ𝑖p𝑧q is monic.

Φ𝑖`1p𝑧q “ 𝑧Φ𝑖p𝑧q ´ 𝛼𝑖Φ
˚
𝑖 p𝑧q,

Φ˚
𝑖`1p𝑧q “ Φ𝑖p𝑧q ´ 𝛼𝑖𝑧Φ𝑖p𝑧q,

where 𝛼𝑖 P p´1, 1q and Φ˚
𝑖

p𝑧q “ 𝑧𝑖Φ𝑖p1{𝑧q. It holds that

𝐾𝑛p𝑧, 𝑤q “
𝜑˚
𝑛p𝑧q𝜑˚

𝑛p𝑤̄q ´ 𝜑𝑛p𝑧q𝜑˚
𝑛p𝑤̄q

1 ´ 𝑧𝑤̄
.

When 𝜇 is the normalized Lebesgue measure on T, 𝜑𝑖p𝑧q “ 𝑧 𝑗 .



Intensity Functions

Theorem (Ya. and Yeager, 2019)

Let 𝑓𝑖p𝑧q “ 𝜑𝑖p𝑧q. Then,

𝜌
p1,0q
𝑛 p𝑥q “

1
𝜋

b

1 ´ ℎ2
𝑛p𝑥q

|1 ´ 𝑥2|
, ℎ𝑛p𝑥q “

p1 ´ 𝑥2q𝑏1
𝑛p𝑥q

1 ´ 𝑏2
𝑛p𝑥q

,

where 𝑏𝑛p𝑧q “ 𝜑𝑛p𝑧q{𝜑˚
𝑛p𝑧q. If 𝛼𝑛 Ñ 0 as 𝑛 Ñ 8 (Nevai class), then

𝜌
p1,0q
𝑛 p𝑥q Ñ

1
𝜋

1
|1 ´ 𝑥2|

locally uniformly Rzt˘1u. Moreover, in this case

𝜌
p0,1q
𝑛 p𝑧q Ñ

1
𝜋p1 ´ |𝑧|2q2

d

1 ´

ˇ

ˇ

ˇ

ˇ

1 ´ |𝑧|2

1 ´ 𝑧2

ˇ

ˇ

ˇ

ˇ

2

locally uniformly in CzpTY Rq.



Expected Number of Real Zeros

𝜇 is called doubling on a subarc 𝑇 Ă T if 𝜇p2𝐼q ď 𝑐𝜇p𝐼q for any 2𝐼 Ă 𝑇 .

Theorem (Ya. and Yeager, 2019)
Let 𝜂𝑖 be i.i.d. standard real Gaussian random variables and

𝑃𝑛p𝑧q “ 𝜂0𝜑0p𝑧q ` 𝜂1𝜑1p𝑧q ` ¨ ¨ ¨ ` 𝜂𝑛´1𝜑𝑛´1p𝑧q.

If there exist two subarcs of T centered at ˘1 on which 𝜇 is doubling, then

Ep𝑁𝑛pRqq ď
2
𝜋

log 𝑛 ` Op1q.

If numbers 𝑛𝑝|𝛼𝑛| are uniformly bounded for some 𝑝 ą 3
2 , then

Ep𝑁𝑛pRqq “
2 ` 𝑜p1q

𝜋
log 𝑛.

The second condition implies that 𝜇 absolutely continuous w.r.t. |𝑑𝑧| and the
Radon-Nikodym derivative is continuous and non-vanishing.



Expected Number of Real Zeros

Proposition (Ya. and Yeager, 2019)

Let 𝜇 “ 𝑡𝜈` p1 ´ 𝑡q𝛿1, where 𝜈 is a conjugate-symmetric Borel measure such that
the numbers 𝑛𝑝|𝛼𝑛p𝜈q| are uniformly bounded for some 𝑝 ą 3

2 . Then, 𝑛𝛼𝑛p𝜇q „ 1
and

Ep𝑁𝑛pRqq “
2 ` 𝑜p1q

𝜋
log 𝑛.

It is unclear what is the weakest condition on 𝜇 that allows to keep Kac asymptotics.



Upper Bound

It holds that

Ep𝑁𝑛pRqq ď
2
𝜋

log 𝑛 ` Op1q `
2
𝜋

˜

ż ´1`1{𝑛

´1
`

ż 1

1´1{𝑛

¸

d

𝐾
p1,1q
𝑛 p𝑥, 𝑥q

𝐾𝑛p𝑥, 𝑥q
𝑑𝑥

and
ż 1

1´1{𝑛

d

𝐾
p1,1q
𝑛 p𝑥, 𝑥q

𝐾𝑛p𝑥, 𝑥q
𝑑𝑥 “

ż 1

0

g

f

f

e

𝐾
p1,1q
𝑛 p1 ´ 𝑦{𝑛, 1 ´ 𝑦{𝑛q

𝑛2𝐾𝑛p1 ´ 𝑦{𝑛, 1 ´ 𝑦{𝑛q
𝑑𝑦.



Upper Bound

Proposition (Ya. and Yeager, 2019)

If 𝜇 is doubling on 𝑇 , 𝑇 1 Ă 𝑇 is a proper subarc, and |𝑎| ď 2, then

𝐾𝑛

´

𝑧𝑒i𝑎{𝑛, 𝑧𝑒i𝑎{𝑛
¯

„ 𝜇𝑛p𝑧q :“
ż

𝑇 p𝑧,1{𝑛q

𝑑𝜇

uniformly w.r.t. 𝑧, 𝑎, 𝑛 (if 𝜇 is doubling on T, Mastroianni and Totik, 2000).

Thus,
𝐾𝑛

´

1 `
𝑢

𝑛
, 1 `

𝑢

𝑛

¯

„
1

𝜇𝑛p1q
,

by Cauchy-Schwarz
ˇ

ˇ

ˇ

ˇ

𝐾𝑛

ˆ

1 `
𝑢

𝑛
, 1 `

𝑣̄

𝑛

˙ˇ

ˇ

ˇ

ˇ

À
1

𝜇𝑛p1q
,

and by Cauchy integral formula
ˇ

ˇ

ˇ

ˇ

𝐾
p1,1q
𝑛

ˆ

1 `
𝑢

𝑛
, 1 `

𝑣̄

𝑛

˙ˇ

ˇ

ˇ

ˇ

À
𝑛2

𝜇𝑛p1q
.



Lower Bound

It holds that

Ep𝑁𝑛pRqq ě
2
𝜋

ż 1`log 𝑛{𝑛

´1`log 𝑛{𝑛

b

1 ´ ℎ2
𝑛p𝑥q

1 ´ 𝑥2 𝑑𝑥 ď
2
𝜋

log
𝑛

log 𝑛

b

1 ´ 𝑀2
𝑛,

where 𝑀𝑛 is the maximum of |ℎ𝑛p𝑥q| on the integration interval, where

ℎ𝑛p𝑥q “
p1 ´ 𝑥2q𝑏1

𝑛p𝑥q

1 ´ 𝑏2
𝑛p𝑥q

.

Since Φ˚
𝑛p𝑧q “ 1 ´ 𝑧

ř𝑛´1
𝑘“0 𝛼𝑘Φ𝑘p𝑧q, it is simple to show that

|𝑏𝑛p𝑧q| À |𝑧|𝑛´𝑚 `

8
ÿ

𝑘“𝑚

|𝛼𝑘 |, |𝑧| ď 1,

for any 𝑚 ď 𝑛 ´ 1. From this one can deduce that

𝑀𝑛 À plog 𝑛q𝑝´1𝑛3{2´𝑝 .



Complex Zeros

Theorem (Ya. and Yeager, 2019)
Assume that 𝜇 is Ullman-Stahl-Totik regular, that is,

𝜀2
𝑛 :“

1
𝑛

log 𝜅𝑛 “ ´
1
2𝑛

𝑛´1
ÿ

𝑖“0
log

´

1 ´ 𝛼2
𝑖

¯

Ñ 0

as 𝑛 Ñ 8. Given subarc 𝑇 Ă T ad 𝛿 P p0, 1q, it holds that

E

ˆ
ˇ

ˇ

ˇ

ˇ

1
𝑛
𝑁𝑛pΩp𝑇, 𝛿qq ´

|𝑇 |

2𝜋

ˇ

ˇ

ˇ

ˇ

˙

À
1
𝛿

c

log 𝑛
𝑛

` 𝜀𝑛,

where Ωp𝑇, 𝛿q “ t𝑟𝑧 : 𝑧 P 𝑇, 𝑟 P p1 ´ 𝛿, 1 ` 𝛿qu.

The proof is an improvement of Pritsker and Yeager 2015, which had a more stringent
assumption on 𝜇.



Complex Zeros

Theorem (Ya. and Yeager, 2019)

Assume that𝛼𝑛 Ñ 0 as 𝑛 Ñ 8. Let 𝑆 Ă Tzt˘1u be compact while 𝜇 is absolutely
continuous on an open set containing 𝑆 and the Radon-Nikodym derivative is
positive and continuous on 𝑆. Then,

1
𝑛
E p𝑁𝑛pΩp𝑆, 𝜏1, 𝜏2qqq Ñ

|𝑆|

2𝜋

ˆ

𝐻1p𝜏2q

𝐻p𝜏2q
´
𝐻1p𝜏1q

𝐻p𝜏1q

˙

where Ωp𝑆, 𝜏1, 𝜏2q “ t𝑟𝑧 : 𝑧 P 𝑆, 𝑟 P p1 `
𝜏1
2𝑛 , 1 `

𝜏2
2𝑛 qu and 𝐻p𝜏q “

𝑒𝜏´1
𝜏 .

It holds that
lim

𝜏Ñ´8

𝐻1p𝜏q

𝐻p𝜏q
“ 0 and

𝐻1p𝜏q

𝐻p𝜏q
“ 1 ´

𝐻1p´𝜏q

𝐻p´𝜏q
.

This theorem is a consequence of the universality results of Levin and Lubinsky 2007
concerning reproducing kernels of OPUC.



Real Zeros

Theorem (Wilkins, 1999)
In the case of Kac polynomials it holds that

Ep𝑁𝑛pRqq „
2
𝜋

log 𝑛 ` 𝐴0 `

8
ÿ

𝑝“1

𝐴𝑝

𝑛𝑝
,

where 𝑓 2p𝑡q :“ 1 ´ 𝑡2csch2𝑡,

𝐴0 “
2
𝜋

˜

log 2 `

ż 1

0
𝑡´1 𝑓 p𝑡q𝑑𝑡 `

ż 8

1
𝑡´1p 𝑓 p𝑡q ´ 1q𝑑𝑡

¸

and 𝐴1 “ 𝐴3 “ 𝐴5 “ 0.



Real Zeros

Theorem (Aljubran and Ya., 2019)
Let 𝜇 be absolutely continuous on T whose Radon-Nikodym derivative extends to
a non-vanishing holomorphic function in some neighborhood of T. Then,

Ep𝑁𝑛pRqq „
2
𝜋

log 𝑛 ` 𝐴0 `

8
ÿ

𝑝“1

𝐴
𝜇
𝑝

𝑛𝑝
.



Strong Asymptotics

Let 𝐷𝑖𝑛𝑡 p𝑧q and 𝐷𝑒𝑥𝑡 p𝑧q be the restrictions to D and CzD of the Szegő function

𝐷p𝑧q :“ exp
ˆ

1
4𝜋

ż

T

𝜉 ` 𝑧

𝜉 ´ 𝑧
log 𝜇1p𝜉q|𝑑𝜉|

˙

.

Then, both 𝐷𝑖𝑛𝑡 p𝑧q and 𝐷𝑒𝑥𝑡 p𝑧q extend analytically across T. Moreover,

𝑏𝑛p𝑧q “ 𝑧𝑛𝑆p𝑧q
E𝑛p𝑧q ´ 𝜏2𝑧´𝑛𝑆´1p𝑧qI𝑛p𝑧q

E𝑛p1{𝑧q ´ 𝜏2𝑧𝑛𝑆p𝑧qI𝑛p1{𝑧q
,

where 𝑆p𝑧q :“ 𝐷𝑖𝑛𝑡 p𝑧q𝐷𝑒𝑥𝑡 p𝑧q and 𝜏 :“ 𝐷𝑒𝑥𝑡 p8q. It also holds that

|E𝑛p𝑧q ´ 1| ď
𝐶𝑠𝑠

2𝑛

1{𝑠 ´ |𝑧|
and |I𝑛p𝑧q| ď

𝐶𝑠𝑠
𝑛

|𝑧| ´ 𝑠

for 𝑠 ă |𝑧| ă 1{𝑠. This allows to extend Wilkins’ argument for 𝑏𝑛p𝑧q “ 𝑧𝑛.



Geronimus Polynomials

Geronimus polynomials 𝜑𝑖p𝑧;𝛼q are OPUC corresponding to 𝛼𝑛 “ 𝛼 P D. Their
measure of orthogonality is explicitly known and is supported on

Δ𝛼 :“ t𝑒i𝜃 : 2 arcsinp|𝛼|q ď 𝜃 ď 2𝜋 ´ 2 arcsinp|𝛼|qu

with a pure mass point that is present if and only if |𝛼 ` 1
2 | ą 1

2 . For real 𝛼 the mass
point is at 1 and is present if and only if 𝛼 ą 0, in which case 𝜑𝑖p𝑧;𝛼q has a zero
exponentially close to 1.

Theorem (Aljubran and Ya., 2021)

Define 𝑟p𝑧q “

b

p𝑧 ´ 1q2 ` 4𝛼2𝑧 to be the branch holomorphic in CzΔ𝛼 such
that 𝑟p𝑧q{𝑧 Ñ 1 as 𝑧 Ñ 8. Then,

𝑏𝑛p𝑧q Ñ
´2𝛼

𝑟p𝑧q ` 1 ´ 𝑧

locally uniformly in D. Moreover,

ℎ𝑛p𝑥q “ ´𝛼
𝑥 ` 1
𝑟p𝑥q

´

1 ` O
´

p1 ´ 𝑥q2𝑛𝑒´
?

𝑛{p1´𝛼2q
¯¯

for ´1 ` 1{
?
𝑛 ď 𝑥 ď 1 ´ 𝛿

𝑛`1
𝛼 , where 𝛿𝛼 “ 0, 𝛼 ă 0, and 𝛿3

𝛼 “
1´𝛼
1`𝛼

, 𝛼 ą 0.



Geronimus Polynomials

The graphs of 𝑏4p𝑥q and ´2𝛼
𝑟p𝑥q`1´𝑥

for 𝛼 “
?

3{2.



Geronimus Polynomials

The graphs of ℎ4p𝑥q and ´𝛼 𝑥`1
𝑟p𝑥q

for 𝛼 “
?

3{2.



Kac-Geronimus Polynomials

Theorem (Aljubran and Ya., 2021)

Fix 𝛼 P p´1, 1qzt0u. Let 𝜂𝑖 be i.i.d. standard real Gaussian random variables and

𝑃𝑛p𝑧q “ 𝜂0𝜑0p𝑧;𝛼q ` 𝜂1𝜑1p𝑧;𝛼q ` ¨ ¨ ¨ ` 𝜂𝑛´1𝜑𝑛´1p𝑧;𝛼q.

Then,

Ep𝑁𝑛pRqq „
1
𝜋

log 𝑛 ` 𝐴𝛼
0 `

8
ÿ

𝑝“1

𝐴
𝛼,p´1q𝑛

𝑝

𝑛𝑝
,

where
𝐴𝛼

0 “
𝐴0 ` 1 ` sgnp𝛼q

2
`

1
𝜋

log
2

|𝛼|
.

𝐴
|𝛼|

0 “ 𝐴
´|𝛼|

0 ` 1 due to the zeros of 𝜑𝑖p𝑧; |𝛼|q close to 1 while 𝜑𝑖p𝑧; ´|𝛼|q do not
have such zeros.


