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Let m(z,9) be a criterion function convex in parameter 9 for ev-
ery z. For a random sample Z,..., Z,, the M-estimate 9 of ¥ min-
imizes the criterion function 3>, n~tm(Z;,9). Suppose side infor-
mation is available given by E(u(Z1)) = 0 for some square-integrable
function u. In this article, we are concerned with the use of side infor-
mation and propose to estimate 9 by 9 which minimizes the criterion
function 377, mn;m(Z;,¥) with mn; = n~ (14 ¢ u(Z;)) 7! for some

random variable ¢, determined by u(Z;)’s. We show 9 is asymptoti-

cally normal and more efficient than . As applications of the results,
we construct efficient estimates of quantitles, parameters in quantitle
regression and in the Cox proportational hazard (PH) regression. A
simulation study and real data application are performed to illus-
trate the use of side information in the Cox PH model to improve the
efficiency of maximum partial likelihood estimates.

1. Introduction. Owen [9, 10] introduced empirical likelihood to con-
struct confidence intervals in a nonparametric setting. Soon Qin and Lawless
[14] used it to construct point estimates and studied maximum empirical like-
lihood estimates (MELEs). They proved many properties for MELESs such as
MELESs are fully semiparametrically efficient in the sense of least dispersed
regular estimators [1, 15]. The empirical likelihood approach is particularly
convenient to incorporate side information. Just like parametric maximum
likelihood estimates, nevertheless, MELEs involve highly nonlinear equa-
tions. Thus it is not a trivial task to find MELEs. Peng and Schick [12] ex-
plored MELESs in the case of constraint functions that may be discontinuous
and/or depend on additional parameters and employed one-step estimates
to construct MELEs. Peng [11] has identified a class of easy maximum em-
pirical likelihood estimators, while the idea for determining the class was in
fact already used by Zhang [17, 18] in M-estimation and quantile processes
in the presence of auxiliary information. Hellerstein and Imbens [5] utilized
this idea for the least squares estimators in a linear regression model and
applied the results to analyze a real data. Relatively recently, Yuan et al. [16]
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explored this idea in U-statistics with side information. Tang and Leng [3]
utilized the idea to construct improved estimators of parameters in quantile
regression. Bravo [2] introduced a class of M-estimators based on generalized
empirical likelihood estimation (empirical likelihood is a special case) with
side information and showed that the resulting class of estimators is effi-
cient in the sense that it achieves the same asymptotic lower bound as that
of the efficient GMM estimator with the same side information. These au-
thors assumed that the available side information can be expressed in a finite
number of expectation equations and does not depend on the parameters
of interest. Under this setting Peng [11] demonstrated that these estimates
are the MELEs which are semiparametrically efficient and mathematically
simpler and computationally faster than the usual MELEs.

Let us now briefly detail the easy MELE. Let (%2,.%) be a measurable
space, 2 be a family of probability measures on .#; and k be a functional
from 2 onto an open subset © of R*. Let Z,...,Z, be independent and
identically distributed (i.i.d.) copies of Z taking value in 2 with an unknown
distribution @) belonging to the model 2. We are interested in statistical in-
ference about the characteristic # = x(Q) when side information is available.

Suppose w(z,¥) is a measurable function such that [w(z,9)dQ(z) =0
for every ¥ € ©. To construct a confidence set for #, Owen confronted the
maximization problem:

R (9) = sup { [[rm:7me 20> muw(z;,9) = 0}, 9eo,
j=1 j=1
where &2, denotes the closed probability simplex in dimension n, i.e.,
Pp={r=(m1,...,m)" €[0,1]": Zm =1}.
i=1

Qin and Lawless [14] tackled point estimation for § and studied the maxi-
mum empirical likelihood estimator:

A~

1.1 = .
(1.1) 0, = arg %leaé(%”(m

Consider now w(z,9) = (v' (z,9),u'(2))",2 € 2,9 € ©. Suppose side
information is available given by

(K) There is a measurable function u : 2 — R? such that Jud@ =0 and
Wy, = [u®?dQ is positive definite.
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Under (K), it is natural to look at the empirical likelihood
n n
Ky, = sup { Hmrj ‘e ,@n,ZWju(Zj) = 0}.
j=1 j=1

Following Owen, one uses Lagrange multipliers to derive the solution

(12) 1 1 1
. Tpj = ——————— =1,...,n
njJ nl—l—C,IU(Z])’ J ) ) 1oy
where (, satisfies the equation
1< u(Z;)
1.3 — — T —.
(13) n]z_; 1+ ¢Tu(Z;)

Now the easy MELE 4 of 6 studied by [11] is any solution to the equation

U b I /)
(1.4) ;ﬂn]v(ZJ,ﬁ) = n; ez " 0.

This is the case of an improved estimator of # of the zero estimator U to the
sample equation

1 n
— E U(Zj,l?)zo.
n 4

J=1

In this article, we extend the above method from estimating equations
to minimization problems. Let m : 2 x © — R be a measurable function
such that [ m(z, k(R))dR(z) is finite for every R € 2. Based on a random
sample Z1, ..., Z, from @, we are interested in estimating = k(Q). A pop-
ular estimator of 6 is the M-estimator which minimizes the sample criterion
function,

1 n
My (0) = — > m(Z;,0), Yeo.
j=1

Thus a natural estimator of 8 is the M-estimator which minimizes

" 1w m(Z;,0
My () = anjm(Zj,ﬁ) = Z H—(Q“TJU(Z)-)’ ASHCH
j=1 j=1 n J

where 7,,;’s are the EL-weights given in (1.2).
As pointed in [11], easy MELEs are mathematically tractible. Here is an-
other application of the tractibility. Suppose m(z,?) is convezr in . Then



4 F. TAN AND H. PENG

we quickly claim that M, (1) is also convex as m,;,j = 1,...,n are probabil-
ity weights (at least for large sample size n). An further application of the
tractibility is the concavity of ¢(¢,b) in the Cox hazard regression model, see
(2.8). We can now use those nice properties of estimates defined by convex
minimization which are well studied in the literature (see e.g. Hjort and
Pollard [6]) to derive the asymptotic behaviors of the estimator defined as
the minimizer of M, () .

We shall refer the preceding M, () to as the empirical likelihood (EL)-
weighted criterion function. We shall apply the EL-weight method to derive
efficient estimates for quantitles and parameters in quantile regression mod-
els when there is side information. We shall also use the method in the Cox
proportional hazards regression to improve efficiency. It is well known that
the maximum partial likelihood estimator is semiparametrically effcient in
the proportional hazards model, see e.g. [1]. However, the result holds under
the assumption that only information on time to event (possibly censored)
and treatment assignment are available. In clinical-trial data, as remarked
in [7], not only are survival and censoring times collected but also side in-
formation on variables that may be important prognostic factors which are
correlated with time to event. The EL-weight method provides a convenient
way to make use of side information to obtain improved estimators of pa-
rameters. We have run a small simulation in Section 3 to demonstrate the
improvement.

The rest of this paper is organized as follows. In section 2, we show con-
sistency and asymptotic normality for estimators defined by EL-weighted
convex minimization. As applications, we derive the MELEs for quantiles
and parameters in quantile regression and the Cox PH model. A small simu-
lation and real data application are reported in Section 3. Section 4 contains
some of the proofs and a useful theorem.

2. The main results. In this section, we consider estimators defined by
the minimizers of EL-weighted convex criterion functions. We shall use the
convexity property to establish the asymptotic properties of the estimators.

As discussed in the Introduction, the EL-weighted version M, (1) is con-
vex (hence continuous). The convexity not only greatly simplifies the the-
oretical investigation of the estimator, but also reduces the computational
burden. Here we present an asymptotic theory in the framework of Theo-
rem 2.2 in [6]. It must be noted that the asymptotic normality results of
the EL-weighted estimators hold under similar conditions to those for the
asymptotic normality of the usual M-estimators. The proof is delayed to the
Appendix.
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THEOREM 2.1. Let m(z,9) be conver in . Assume there exists some
function D from Z to R¥ satisfying (K) with W, = [ D®2dQ such that

(2.1) m(z,0 +t) —m(z,0) = D' ()t + R(z,t), z¢€ Z,tcRF
for some measurable function R(z,t) with Var(R(Z,t)) = o(||t||?), and that
(2.2) E(m(Z,0+1t) —m(Z,0)) = E(R(Z,t)) =1/2t" Ht + o(||t]|*), t = 0

for some positive definite matriz H. Then the estimator 0,, which minimizes
M,,(9) over © is \/n-consistent for 6 and satisfies the stochastic expansion,

b= - H LY (D(2) — COWU(Z) + 00,
j=1

Hence \/n(0,—0) = A (0,%) where X = H-Y(K—C(D)W,;'C(D)")H .

QUANTILES. Let Z1, Zs,... be i.i.d. random variables from a continuous
density f positive in its support. The sample p-th quantile g, is the value
which minimizes the criterion function M, (9) = n~1 > i1 mp(Zj, V), where
my(2,t) is the popular check function given by

(2.3) my(2,8) = p((z = )y —20)) + L =p)((t— 2)5 — (=2)3), =teR,

where zy = max(x,0) denotes the positive part of z. It is convex in ¢ (hence
continuous) and bounded by |¢|, so that it is always integrable. Its expected
value is minimized by t = F~1(p) := ¢, the p-th quantile. One easily verifies

E (my(Z,t) = mp(Z.q)) = 1/2f(q)(t — a)* + o([t — q|*);
that (2.2) holds with R(z,t) = (¢ +t — 2)1[g < z < ¢ + t] such that
E(R(Z,t)) = 1/2t*f(q) + o([t]*), E(R(Z,1)%) = o(|t[*);
and that (2.1) holds with
D(z) = (1—-p)l[z < q] —pllz>ql =1[z < q] —p.

Suppose side information is available via E(u(Z)) = 0. By Theorem 2.1,
the EL-weighted estimator ¢, which minimizes the EL-weighted criterion
function My, () = > 1 ) mpjmp(Z;, V) is \/n-consistent for ¢ and satisfies
the stochastic expansion,

n

. I g <d-p- W, u(Z))
In=a-02 fa)

- +op(n1?),
j=1
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where C1 = E(1[Z < qu(Z)"). Thus v/n(¢, — q) = (0, ¢%), where
02 = (p(1 — p) — C1W,;1C{)/f(g)? This result was already obtained in
[12, 17, 18]. What we have shown here is that ¢, is in fact the MELE for
g. In particular, if no side information is available, then ¢, boils down to
the usual sample quantile ¢, so the sample quantile is the MELE for the
population quantile.

QUANTILE REGRESSION. Bassett and Koenker [? | considered the linear
quantile regression model in which the response Y and covariate X satisfies

(2.4) Fxl'(p) = B"X,

where p € (0,1), 8 is a parameter, and F, ! is the inverse function of the
conditional distribution function F,(y) = P(Y < y|X = z) of Y given
X = =z Let (X1,Y1),...,(Xp,Ys) be iid. copies of Z := (X,Y). When
side information is available via E(u(Z)) = 0, by the principle of maximum
empirical likelihood, the EL-weighted estimator 3, of 3 is defined by

n
(2.5) B, = arg rgleiélZanmp(Yj,bTXj),
j=1

where my, is the convex function given in (2.3) and B is some compact subset
of R¥. Clearly the above sum is convex in b (hence continuous). We will need
the following regularity conditions to establish the asymptotic properties of
the estimator.

(Q1) The conditional distribution function F(y) of Y given X = x is abso-
lutely continuous with continuous density f,(y) such that it is bounded
away from both zero and infinity for almost every x € R*.

(Q2) The matrix E(fx(q(X))XXT") is finite and positive definite, where
q(z) = F; ' (p).

By applying Theorem 2.1, we obtain the following asymptotic result with

the proof delayed to the Appendix.

THEOREM 2.2. Suppose (Q1)-(Q2) hold. Then the EL-weighted estima-
tor By, is \/n-consistent for [ and satisfies the stochastic expansion,

B =B~ % Y H ' (D(Z)) - C(D)W,  u(Z))) + 0p(n~"?),
j=1

x(1ly < BTa]-p) and H = E (X®*fx (87 X)). Thus /n(Bn—
B) = A(0,%), where © = H (K — C(D)W,;'C(D)")H~" with K =

where D(z) = z(
p(1—p)E(X®?).
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Using Theorem 4.4 of [11], we can show /3, is the MELE for /3 as stated
below with the proof delayed to the Appendix.

THEOREM 2.3. Suppose the assumptions in Theorem 2.2 are met. In
addition, assume X is bounded and E((X T (1[Y < BTX] — p), u(Z)T)®2)
1s positive definite. Then Bn is the MELFE for [ in the model specified by the
check-function-defined minimization.

Quantile regression with side information was studied in [3] in a general
setup in which the side information wu is allowed to contain unknown pa-
rameters. There examples were given where side information is expressed
via conditional moments, and the use of such information results in more
efficient estimators of the parameters. What we have shown here is that
the estimator is the MELE for the parameter in the model specified by
E(u(Z)) = 0 and the check function.

Cox REGRESSION. In this model, the hazard rate h(t) for the survival
time T of an individual with a p-dimensional covariate process Z(t) € Z of
time ¢ for some compact Z is expressed as

h(t) = ho(t)exp(b' Z(t)), te0,7],be B,

where hg is an unspecified nonparametric baseline hazard function, B is some
subset of R*, and 7 is finite. Let U be a censoring time of a person. The
data can be summarized as n i.i.d. realizations (X;, §;, Z;) of (X, 0, Z), where
X; = min(7;, U;), representing the observed time of person i; 6; = 1[T; < U],
indicating that the observed time is an event time not a censoring time. Let
the counting process N; have mass d; at T;, i.e. dN;(t) = 1[T; € [t, t+dt],0; =
1], and the at-risk process be Y;(t) = 1[X; > t}]|. The at-risk process is left
continuous hence predictable. More discussions can be found in Fleming and
Harrington [4]. The usual MPLE f,, of 3 is the value which maximizes the
log partial likelihood function:

(2.6) 1,(b) = zn:/T(bTZj(t) —log S, (t,0)) dN;(t), beEB,
j=1"0

where S, (t,b) = >7_; Yj(t) exp(b' Z;(t)). Suppose additional information
is available about the underlying model via E(u(R)) = 0, where R =
(X,0,7(Z),U) for some measurable function r(Z) of the covariate process
Z(t),t € [0, 7]. Here we shall focus on side information which does not vary
with the time ¢ in order to avoid lengthy presentation. Also we allow side
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information possibly depends on the censoring variable U when its observa-
tions are available, see Example 2.1.

By the principle of maximum empirical likelihood, a natural estimator
B, of /3 is the value which maximizes the EL-weighted log partial likelihood
function:

1) ) = T /0T<bTZj<t>—1ogsn<t,b>>dzvj<t>, beB,
j=1

where Sy, (t,b) = > 1_; (nmn;)Yi(t) exp(b' Z;(t)) is the EL-weighted version
of S,(t,b). Here the EL-weights m,; are given in (1.2) with u(Z;) = u(R;).
It is well known that ,,(b) is concave. The proof uses the urn model, see e.g.
pages 148 — 151 in [4]. Using the same method, one can show ¢, (b) is also
concave. In fact, similar to the first equation in page 151 one has

020, (D) T -
where analoguous to (3.23) in [4] it is easy to prove

> -1 g (Z5(t) — E(b, 1)) 22Y;(8) exp(b” Z;(1))
Sn(t,b)

V(t,b) =

with E(¢,b) = 377 nmn; Z; () Y;(t) exp(b Z;(t))/Sn(t,b). This immediately
yields the concavity of ¢,,(b) at least for large n. Using the convex argument
of [6], we can prove the following Theorem 2 4 with the proof delayed to the

Appendix. Formally set .7 (Y, Z) = [/ [Z(t )]Y(t)eﬁTZ(t)ho(t) dt,

C(I(Y, 2)) = E(I (Y, Z)u(R)"),

(2.9) si(t) = E(Z'(t)Y (t) exp(ﬁTZ(t))), i=0,1,2, e=s1/s0,

where ¢® = 1 and a2 = aa' for a vector a.

THEOREM 2.4.  Assume hy(t) is a continuous baseline function. Assume
Y (t) is the at-risk process such that P(Y (1) > 0) > 0. Suppose the co-
variate processes Zj(t), t e [O,T] are predictable and uniformly bounded.
Suppose J = [ (s2(t) — so(t) 'si(t )®2)h0( )dt is positive definite. Then
B is \/ﬁ consistent for B and /n(B, — ) = A(0,%), where ¥ =
I =IO (Y, )W, C(I(Y, Z))T T
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To give an estimate of 3, introduce

>=1(Z5(t) — E(t,0)**Y(t) exp(b” Z;(t))

Vn(t>b) = Sn(t b) 5

where E(t,b) = 327 Z;(1)Y;(t Yexp(b" Z;(t))/Sn(t,b). A consistent esti-
mate of J in the literaure (e.g. Fleming and Harrington [4]) is given by

Ll [T
) ) vt Bn) 0
With a similar argument, a consistent estimate of C(.#(Y, Z)) is

0= 3 [ @0~ B ) avs (o)

3

Thus one immediately obtains a consistent estimate of X as follows:
S= o JewET T,

where W = 1 Z;L Lu(Ry)u(R;)T

Below and the simulation in Section 3 are examples about side information
in which the covariate processes are constant over time, i.e. Z;(t) = Z;,t €
[0, 7].

ExaMpPLE 2.1. One important situation in censoring data is that the
censoring variable U is independent of the covariate variable Z. The inde-
pendence implies E(a(U) ® b(Z)) = 0 for some known square-integrable
vector functions a, b with mean zero. While the usual partial likelihood does
not use this additional information, our EL-weighted partial likelihood can
use this information by taking u(u,z) = a(u) ® b(z). Choices of a,b can be
obtained from basis functions as in the simulation in Section 3 for univariate
continuous distributions.

3. A small simulation. As noted in the Introduction, in censored sur-
vival data there is usually available some additional information about co-
variate variables. While the partial likelihood does not use this information,
the EL-weight method can use it to improve the efficiency of parameter es-
timates. To illustrate it, we run a small simulation based on a nice example
given in [7].

Notice that the logrank test is commonly used for assessing treatment
effects in survival analysis. It is well known that this test is equivalent to
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TABLE 1
Simulated mean squared errors (multiplied by n) of the MPLE Bn € EL-weighted MPLE
Br. of B for n =150, repetitions 2000 and number r of constraints.

Censoring % 25 50

I3 r 1 2 3 4 5 1 2 3 4 5
0 Bn 5.76 | 6.01 | 5.75 | 5.59 | 5.51 || 8.62 | 8.62 | 7.99 | 840 | 8.21
B 3.89 | 4.10 | 3.99 | 4.03 | 4.08 || 6.55 | 6.45 | 6.30 | 6.57 | 6.24
.25 Bn 5.84 | 6.01 | 5.56 | 5.96 | 5.55 || 877 | 8.63 | 878 | 8.28 | 8.65
Bn 4.05 | 4.12 | 4.01 | 4.19 | 4.10 6.47 | 6.65 | 6.54 | 6.59 | 7.11

the partial likelihood score test for the null hypothesis b = 0 in the Cox
proportional hazards regression model, which postulates that the hazard
rate h(t) of the survival time T of an individual at time ¢t and a {0,1}-
valued covariate Z satisfy the relationship

h(t) = ho(t) exp(bZ), t >0,

where hq(t) is an unspecified nonparametric continuous baseline hazard func-
tion and b is a parameter. Let U be a censoring time of a person. As pointed
out in [7], in clinical trails, in addition to data on 7', U and treatment as-
signment, auxiliary (side) information is also collected on variable W such as
age, gender and other health conditions that may be important prognostic
factors which are correlated with T". Due to randomization, it is plausible to
assume that the the randomization probability to treatment 1 is equal to a
known 7, i.e. P(Z = 1) = m, and the treatment indicator Z is independent
of W. Independence of Z and W of course implies that

E(1{Z =i]ay(W)) =0, i=0,1,k=1,...,r,

for some measurable functions ay, such that E(a,(W)) = 0 and E(a,(W)?) <
oo for k =1,...,r. Let us assume W is univariate and has a continuous dis-
tribution G. Then G(W) is uniformly distributed over (0, 1) so we can choose
ap(w) = v/2cos(knG(w)), the first r terms of the usual trigonometric ba-
sis. In this case, the side information can be expressed by taking u(z,w) =
(z—m a" (w)lz = 0], a" (w)1[z = 1])T where @' = (a1,...,a,), so that
E(u(Z,W)) = 0. The data available can be summarized as n realizations of
i.i.d. random vectors (Xj, §;, Z;, W;) of (X, 0, Z, W), where X; = min(T;, U;)
and §; = 1[T; < U;]. Suppose T and U are conditionally independent given
Z, and P(X > 7) > 0 for some finite 7 > 0. It then follows from Theo-
rem 2.4 below that the EL-weighted maximum partial likelihood estimator
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(MPLE) $, is /n-consistent for § and asymptotic normal with mean zero
and variance-covariance matrix X, i.e.,

Vi(Bn - B8) = A(0,%),

where ¥ = J=1 — J71O(#(Y, Z))®2J~ T with J~! the asymptotic variance-
covariance matrix of the usual MPLE f,, (assume it to be positive definite).
Clearly, the EL-weighted MPLE Bn has a smaller variance-covariance matrix
M than the MPLE Bn in the sense of positive definiteness of matrices.

Following [7], the data are generated as follows. First generate (V, W) from
the bivariate normal with mean zero, variance one and correlation p = 0.7;
then generate Z from the Bernoulli distribution with probability of success
m = 0.5; and then generate T' by T' = —exp(8Z)log(1 — ®(V)), where the
null values of 5 are § = 0 and g = 0.25, and ® is the cumulative distribution
function (cdf) of the standard normal. This implies 7" has the exponential
distribution with rate exp(8Z) as its conditional distribution given Z, i.e.
T|Z ~ Exp(exp(8Z)), so that it follows the proportional hazards regression
model h(t) = exp(SZ) with ho(t) = 1. For the censoring time U, we generate
it from the conditional distribution given Z with density cexp(—cs)/(1 —
exp(—cr)),s € [0,7]. This is the truncated exponential distribution with
truncation 7 = 10. Here c is chosen to take two values so that the censoring
percentages are approximately 25% and 50%. Table 1 reports the mean
squared errors (MSE’s) multiplied by n for sample size n = 150, repetitions
M = 2000, and the number of constraints » = 1,...,5. It can be seen that
the MSE’s of the EL-weighted MPLE £, are about 20%-40% less than the
MSE’s of the usual MPLE 3,,.

4. Details of the proofs. In this section, we collect some of the proofs.
Let ||A]| denote the euclidean norm and ||A||, the operator (or spectral)
norm of a matrix A which are defined by

HAHQ — trace ATA ZAZJ’ Ao = ”51”15)1 |Au|| = ”SIngl(u—rATAu)l/z

Let T4, ..., Th, be m-dimensional random vectors. With these random vec-
tors we associate the empirical likelihood

n n
R, = SUp { Hmrj CTE L@n,Zﬂanj = 0}.
j=1 J=1
To study the asymptotic behavior of #,, we introduce

n

. 1
T = max | Till, T = ZTm, W = ”swp ;Z@TTM)”, v =34,
ul|=1 .

j=1
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and let A, and A,, denote the smallest and largest eigen values of S,,,
S, :lzn:T Tl A= inf w'Spu, A, = sup u'S,u
n n < . njLngs n nt, n nW.
j:

We impose the following conditions on T},;.
(A1) 1, = op(n1/2).
(A2) | T]| = Op(n~1/?).
(A3) There is a sequence of positive definite m x m dispersion matrices W
such that
S0 — Wllo = op(1).
A sufficient condition for the preceding conditions is the square-integrability

which is quoted from Proposition 6.1 of [11].

PRrROPOSITION 4.1. Ifu : Z — R™ fulfills (K), then T,; = u(Z;),j =
1,...,n satisfy (A1) — (A3) with W = W, = E(u(Z)%?).

The following is the first part of Theorem 6.1 of [11].

THEOREM 4.1. If (A1)-(A83) hold, then there exists a unique (, such
that

n

T

1
4.1 L4 ¢ Ty >0, = —H =0,
( ) Cn " n = 1+ CTTTn]
[l 12 L A 4rp(4
4.2 < —rn—— -5, 'T, <2<— —) W,
and for arbitrary random vectors Rn1, ..., Ryn of the same dimension,

I ¢ Ry T 2 ap@)|| 1 - T
(43) HE jzl(% —Rn] +anTn]Cn) H S 2HCTZH Té ) H ; ]Zl Rn]RTLj °

PROOF OF THEOREM 2.1. To begin with, it is not difficult to verify that
conditions (A1) — (A3) in Theorem 4.1 are met. Hence there exists a unique
(n such that

1< u(Z;)
T E J _
j=1 n J
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on an event whose probability converges to one as n tends to infinity. Thus,
M, (¢) is well defined on this event and defined to be an arbitrary number
on the complement of this event which has an vanishing probability as n
tends to infinity.

The asymptotic behaviors of the estimator 0,, follows from the investi-
gation of the convex function A, (s) := n(M, (8 + n=/2s) — M, (0)). It is
minimized by v/n(0, — 0). Note first that (2.2) implies nE(R(Z,n"/2s) =
1/2s" Hs+71,,(s), where 71,,(s) = no(||s||?/n) = o(1) for every fixed s. Thus,
it follows from (2.1) that

(4.4) An(s) =n'?> " my;D(Z;) s+ 1/25 Hs + rin(s) + ran(s),
j=1
where it is shown below that for every fixed s,
(45)  ron(s) =0 (R(Zj, n~12s) — B(R(Z;, n_1/2s))> = 0,(1).
j=1

Since both w and D satisfy (Kla), in view of Proposition 4.1, we can apply
Theorem 4.1 with R,; = D(Z;) in inequality (4.3) to conclude

(D(2;) = C(DYW ™ u(Z))) + op(n~/?).

(4.6) D, := zn:ﬂ'njD(Zj) =
j=1 !

n

J

Substitution of (4.5) and (4.6) in (4.4) leads to
An(s) =n'?D) s +1/2sTHs + 0,(1), seRE.

The right side of the above equality is approximately a quadratic function in
s and has the unique minimizer § = —H~'n'/2D[. This, (4.6) and the Basic
Corollary of [6] now yield the desired result, i.e. § — /n(6, — ) = 0,(1).

We are now left to prove (4.5). To this end, fixed s € R*, and apply
inequality (4.3) with R,,; = Ry (s) := R(Z;,n"'/%s) to get

RS Ryj(s) T 2 4, (4)
. - P nj nj i n S n n
(4.7) ||nj§1(1+@u(Zj) Rpj(s) + Rnj(s)u(Z) ' Ga) |I? < 21 Gall*u™Viu(s)

where V,(s) = n~1 Py R(Zj,n"1/%5)2. Notice that

E(R(Z,n""s)?) = Var(R(Z,n"'s)) + (E(R(Z,n"'s)))?

=o(n Y+ 0™ =0(m),
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where the second equality follows from the assumptions. Thus, by Markov
inequality, for A > 0,

E(nVa(s)) _ nE (R(Z,n=1/25)?) - nO(n=1)

<
P(nV,(s) > A) < " < 1 < P — 0,

as A tends to infinity. Therefore V,,(s) = O,(n~!). Besides from the first
inequality of (4.2) and Proposition 4.1 it follows

(4.8) 16l *u? = Op(llinl)Op((u)?) = 0p(n ).

Thus the right side of (4.7) is 0,(n™2), so that

n

ron = D (Ruj(s) = B(Rug(s) = Y Ruj(s)u(Z;) G + 0p(1).
j=1

j=1
The second moment of the above first sum is equal to
nVar(R(Z,n"2s)) = no(||s||*/n) = o(1).
Write the second sum as nA,(s) + nBy,(s), where

An(s) = - (Rag(5) — B(Rag(9)ulZ)) s Buls) = B(Ban ()] G
j=1

By Cauchy inequality,

n n

37 (Russ) = BRug () 161 - S (27

j=1 j=1

1
2

A < —
[ An(s)]| =

=o(n™1)0(n"1)O(1) = o(n?),
so that A,(s) = op(n™1), while
1Ba(s)II < 1E(Ru1 ()] [l 1Gall = O(n™)Op(n™ /%) 0p(n~1/2) = Op(n~?).

Combining the above yields that the second sum is 0,(1). This proves (4.5)
and completes the proof. O

PrROOF OF THEOREM 2.2. We shall apply Theorem 2.1 to prove the
results. To start with, one verifies that (2.1) holds with

D(z) = a(1ly < B'a] —p),
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where clearly E(D(Z)) = 0 and W = E(D(2)%?) = p(1 — p)BE(X®?) is
positive definite implied by (Q1) and (Q2). Denote E, the conditional ex-
pectation given X = z, and A, (y,t) = my(y, (B + 1) z) — my(y, B x), so
that

(4.9) Ay(y,t) = paz(y,t) + (1 = p)b(y,1),

where a,(y,t) = (y — (B+1) " 2)y — (y— BT x)y and by(y,t) = (B+1t) "z —
y)+ — (B2 — ). With the above notation we now write

E:c(R(Zv t)) = Ex(Ax(K t)) = _pr(t) + (1 —p)Br(t),

where
a== [ w0 e [ - R0
(B+t) T BT x
B= [ (G+0Te-nhwd- [ GTe-nhwd
Clearly,
(B+t) T
A= [ AL AT F(3 1 0)T9))
(B+t)"w
Be)= [ e i) dy TR (B )T,
Hence,
(B+t)Tx
Ey(R(Z,1)) =t w(Fa((B+1)"2) = p) - /ﬂ = BTa)f)dy.

By (Q1) and Taylor expansion, for every x, we have
Fo((B+1)T2) —p=f(BTa)t w+ri(t,2),
where 71(t,z) = o(||t]|). It is shown below that
(B+6) T
w100 [ STOs) by = 12T T 4 ren),

where 75(t,z) = o(||t||?) for every z. Thus, in view of the boundedness of
fz(y) by (Q1) and the finite second moment of X implied by (Q2), we can
apply the dominated convergence theorem to conclude

(4.11) E(R(Z,t)) = E(Ex(R(Z,t))) = 1/2t" Ht + o(||||*).
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This shows that (2.2) holds with H = E (XX ")(fx(8"X))). We now show
(4.12) Var(R(Z,t)) = o(||t]|*), t— 0.
To this end, recall A,(y,t) in (4.9) and get
(413) Var(R(Z,1)) = E([Ax(Y, 1) — E(Ax(Y;t)) — D(Z)")?)
= L+t Kt—2Mt, say,
where
L=E(Ax(Y,t) - E(Ax(Y,1)))%,
M = E((Ax(Yt) = E(Ax(Y,1)D(2)").
Note first that D(Z) has mean zero, so that
M =E(Ax(Y,t)D(Z)") = E(XTAx(Y,t)(1]Y < BT X] - p))
= FB(X"B(X)), say,
where
B(x) = E; (8. (Y,)(A[Y < §'a] —p))
= B (D: (Y. )1[Y < 87a]) — pE, (Aa(Y.1)).
Since E (Ex (Ax(Y,t))) = E (R(Z,1)), it follows from (4.11) that
(4.14) E(Ax(Y,t)) = 1/2t" Ht + o(||t[|%).
For t"x > 0 and in view of (4.9),
(4.15) B (A (Y, )1]Y < Ba]) = (1 —p)t ek (8T2) = p(1 — p)t "=,
whereas for ¢tz < 0, by (Q1) and apply Taylor expansion,
Bl

B (A (VLY < 8Ta]) = / (y— (B4 ) 2)f(y) dy
(B+t) Tz
BT
- )T E((B+ 1)) - (1— p) / (BT — ) () dy
(B+t) Tz

=p(t"2)(Fo(B'2) — Fo((B+1)"2)) + (1 —p)(t a)Fu((B+1) 2)
8Ta
— BTz d
+/( (y—8 x)f(y)dy

B+t) Tz
=p(t" @) (fo(BT2)(t 2) +o(t)) + (1 - p)(t"2) (Fu(B8 x)
+ fo(BTa) (T )+ o(t)) — 1/2t Txa Tt fo (B @) + ol[[t]?)
= 1/2tTwx " tf,(8Tx) + p(1 — p)(t"x) + o(||t]*)
=p(1=p)(t"x) + O([[t]*).
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Using the same argument as in proving (4.11) and (4.14)-(4.15), one has
(4.16) M = p(1 = p)t T E(XXT) + O(|t]2).
To compute L, recall (4.9) and write the second moment in L as

E (Ax (V1)) =p2B(ax (Y, £)2) + (1 — p)2E(bx (Y, £)?)
— 2p(1 — p) Eax (Y, )bx (Y,1)).

Let us first deal with c(z) := E.(a,(Y,t)b(Y,t)). For t'x > 0, by Taylor
formula and (Q1),
(B+t) @ - - )
c(x) = —p(1 - p)/ (=8 2)(B+1) = —y)fa(y) dy = o(|[t]]%)-

Bl

It is easily seen that the above rate also holds for t'z < 0. Thus as argued
above, one derives

(4.17) E(ax(Y,t)bx (Y, 1)) = o([[t]|).
Now that for t"2 > 0, by Taylor formula and (Q1), one has

(B+t) Tz

Belax 0% = [ = (540 0 L) dy
+ (" 2)*(1 = Fo((B+1) @) = (1 - p)(t"2)* + op(|It]]*).
Similarly, for t" 2 < 0 the above also holds. Therefore,
(4.18) E(ax(Y,1)*) = (L - p)t" Ht + op(|[t]*).
With the same method, one proves
(4.19) E(bx(Y,t)*) = pt" Ht + op(|[t]*).
It thus follows from (4.17)-(4.19) that
E (Ax(Y.1)?) = p(1 —p)t" Ht + op([It]?).

Hence, in view of (4.11), one arrives at

L=E (Ax(Y,0)%) = (E(Ax(Y.1))" = p(L —p)t" Ht + op(lt]*).

This, (4.13) and (4.16) immediately yield the desired (4.12).
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We are now left to prove (4.10). Let us write ¢ = ru, where u is a unit

vector in the direction of ¢ and r = ||¢||. Using L’hospital’s rule the desired
(4.10) now follows from

(B+t) T
lim 2 (/ﬁ h (y — 5Tﬂf)fz(y) dy — 1/2ththf(ﬁTa:)>

r—0 Ty
TUT$
= lim 1"_2/ s(fa(s+ Blx) — f(ﬁTx)) ds
r—0 0
_ pio—1,—1_ T T Ty (AT —
—}1_1}(1)2 riru z(fo(ru 4+ B x) — (B x)) =0,
where the continuity of f, is used. Ol

PROOF OF THEOREM 2.3. Let 3, be the estimator under model (2.4)
based on the check function approach. It is then the AGM-estimator of the
quantile estimating equation

> XA, <6 ) = oyl ).

N 1
’Un(b) = g
For AGM-estimators, see e.g. [1] or [11]. This equation has more than one
solutions because vy, (b) is a step function. But all of the solutions will con-
verge to the unique solution of the equation v(b) := E(X (Fx(b'X)—p)) =0
under assumptions (Q1)-(Q2). In fact, it has a unique solution g as v'(8) =
BE(XXTfx(BTX)) is positive definite. See [8] for more discussions. Note
that the EL-weighted AGM-estimator 3, is the solution to the equation

_ 1~ X;(A[Y; <b'X;) - p) 12

TNOEESY = op(n~'/?).

n i 1+ ¢, u(Z;)

Thus it suffices to prove that 3, has the identitical asymptotic distribution
as f3, defined by the EL-weighted minimization problem (2.5). This can be
done by applying Theorem 4.4 of [11], so we must verify its assumptions
which are the combination of the assumptions of Theorems 4.1~ 4.3 in [11].
Clearly the assumptions of Theorem 4.3 are satisfied in view of the fact that
Uy, (b) is upper semi-continuous. We now verify that assumptions (4.1)— (4.3)
in Theorem 4.1 are met with v(z,b) = z(1[y < b'z]—p), where z = (7 ,3)".
Since X is square-integrable, it follows that (4.1) holds. To prove the uniform
convergence in (4.2), let us assume B = {t € R : [|¢| < R} for convenience.
For § > 0,let Bs(a) = {b € R* : |[b— a|| < 6} denote the closed ball of radius
§ centered at a € R*. Let ay, ..., am be points in B such that B C U™ Bs(ai).



EFFICIENT ESTIMATION IN CONVEX MINIMIZATION 19

One can take these a;’s to be the elements of the grid {id/v/k : i € Z*} that
fall into B, in which case

(4.20) m = [(1+2VkR/5)"].
Observe that for reals y1,y> we have
Y <go] = 1Y <[ < 1[yi Ayn <Y <1 Vel

For b in the ball Bjs(a;), there exist random vectors b;;, B;; in the ball and
depending on X such that X]-Tbij < Xij < X]-TBij. Consequently,

(4.21) b ?Bu%) )11[Yj < Xij] —1[y; < X]Tai]\ <1my; <Y < Myj),
cBs(a;

where mij = XJTCLZ /\X]wa and Mi]’ = XJTCLZ \/X]TBZ] Clearly, Mi]’ —mj; <
| X;]|6 < C0, where || X;|| < C. By (Q1), fz(y) < B for all x,y, hence
(4.22) E(1[mi; <Yj < Myj]) = E(Fx(Mi;) — Fx(mg;)) < BCG.
Denote V,,(b) = 0p,(b) — E(0,(b)). Then using the usual chaining method,

sup ||V, (b)|| < max [|Vi(a;)[| + max  sup  |[Viu(b) = Viu(as)]-
beB v v beBNB;s(a;)

Hence,

P(sup Ve (®)]| > 46) < P(max Vi(as)|| > 26)
(4.23) b
+ P(max sup || Vi(b) — Via(ai)|| > 26).
Y beBNBs(a;)
Since Var(v(Z,a;)) < E(v*(Z,a;)) < C?, it follows from Bernstein’s inequal-
ity that for e > 0,

2

2ne
Notice that for b € Bs(a;), E(||[v(Z,b) — v(Z, a;||) < BC?6, hence
(4.25) IVa(b) = Va(ai)l| < [[oa(b) — vn(as)l| + BC?.
By (4.21),

_ _ 1<
19(6) = vn(ai)|| < O D Afmy; <Y < Myl, b€ Bs(ay).
j=1
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Now use (4.22) and apply again Bernstein’s inequality to get

1 n
- LYV < Ml — LY < M
P(C1= 30 1miy < Y; < Myj) — E(mi; < Y; < Myj))| > ¢)
(4.26) 7=l
2

<2e < 1 )
X — .
= 2P U7 9BC3s + 202¢/3

Therefore, by (4.25), we derive

(4.27)P<max sup HVn(b)—Vn(ai)||>4e)
v beBNBs(a;)

IN

ZP( sup || (b) — Tn(as)]| > 26) + m1[BCO%5 > 2]
i=1 bGBﬂB&(ai)

neQ

2BC36 + 2C%/3

< 2mexp (— ) +m1[BC2 > ¢ + m1[BC26 > 2¢],

where the second last term is resulted from the centering in (4.24). In view
of (4.23) and by (4.20), (4.24) and (4.27), we arrive at

(4.28) P(sup NAOIE 46) =0
beB

for every € > 0 by choosing m = m,, — oo such that log(m,,)/n — 0. This
shows (4.2). To prove (4.3), notice that E(v(Z,5)) = 0 and by (Q1)-(Q2)

we obtain
E(v(Z,b)) = E(v(Z,b) —v(Z,8)) = E(X®2f(8" X)(b— 8) + o(b — B).

Accordingly | E(v(Z,0))|| = [E(X® f(8" X)|[lb—B]|+o([lb—B]) > 0 by the
positive definiteness for ||b — || > 0. This shows (4.3) in [11] hence proves
Theorem 4.1 in [11].

We are left to verify assumptions (5.1) and (5.2) of Theorem 4.2 in [11].
Note first that the boundedness of the conditional density f;(y), |X| < C
and the dominated convergence theorem imply that E(v(Z,b)) is differen-
tiable with respect to b at b = § with nonsingular gradient E(X®? fx (X T 3)).
To prove (5.1) in [11], recall the above V,, and decompose

(4.29) V(Vi(b) — E(Va(b))) = An(b) + Ba(b),
where A, (b) = n~1/? > j—15(Zj,b) with

s(Z;,0) = X;(1]Y; < X 0] = 1[Y; < X' 8] = Fx, (X, b) + Fx, (X} 8)),



EFFICIENT ESTIMATION IN CONVEX MINIMIZATION 21

and By, (b) = Bi,(b) + B2, (b) — Bs,(b) with

Bun(b) = n~ 2" X;(Fx, (X[ b) = Fx, (X[ 8) = fx, (X[ 8)X] (b= 8)),
Jj=1

Ban(b) =n~ Y2 (X2 fx, (X[ ) — E(X®2fx (X 5))) (b~ ),
j=1
Bsn(b) = '/ B(X (Px(XT0) = Fx(XT8)) - fx(XTHX )b~ 5).
Let €, | 0. Since f;(y) is continuous and Xij is bounded, it follows from
the law of large numbers that

n

Bioy = b S;lHP< H% Z (FXj (X]‘Tb) - FX]- (X]'T/B) - fXj (XJ‘T@)XJ'H = Op(1)~
—Bl<en =

Denote 7,(b) = 1+ /n[|b — B||. Then /n|b — 3| /7,(b) < 1 and

- Bln(b) _ su \/ﬁ(b - 6) —0o
(430) Hbf]g”gen Tn(b) B12n ||b_5||p§€n Tn(b) p(l)
Observe
Bnll) LS (X, () - B () YO,
n =1 n

and use the law of large numbers to conclude,

B, (b)
4.31 sup
3y lb—Bli<en Tn(b)

= o0p(1).
By the dominated convergence theorem, one similarly has

B (b)
4.32 sup
432 —Bl<en Tn(b)

= op(1).
Consequently the above (4.30) — (4.32) yield

su Bn(b)
53 -5l 2en (D)

= op(1).

Let us now handle A, (b). Note first that b runs over the ball centered at /3
with radius €, i.e. B, (8). For any b € B, (), by Bernstein’s inequality,

14.0)] eri(h)
(4.34) P( ) > e) < 2exp ( T 202(0) 1 (406/3)”1/2Tn(b)>’
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where 02(b) = Var(s(Z,b)). To calculate this variance, set t(Z,b) = 1[Y <
X T —1]Y < X T]. Then the conditional second moment given X is

Ex(t*(Z,b)) = Fx(X"b) + Fx(X"8) = 2Px(Y < X b A XTP).

By assumption, one can apply the mean value theorem to conclude that
there is an 7 in between X "b and X '3 such that ux(n) := Ex(t(Z,b)) =
Fx(XTb) — Fx(XT8) = fx(n)X (b~ B). Thus,

Px(Y < XTbAXTB) = Fx(X8)+1[X b < XTB|(Fx(X ) — Fx(X'§))
= Fx(XTB) +1[XTb < X T8 fx(n)X T (b—B).
Hence,
Varx (#(Z,b)) = (1 —21[X b < X " 8]) px (n) — 1% ().

Since f,(y) is continuous and X is bounded, it immediately follows that
ix(m) = fx(XTBXT (b~ B) + 0,(b— B) and % (n) = 0,(b — B) uniformly
in b € Be,(B) (e.g. b — p4(n)/||b — Bl converges to zero in probability
uniformly in b € B, () as n — o0), and hence the same uniformly holds for

Varx (£(Z,0) = (1 = 21[X b < X 8]) fx (X B)X T (b= 8) + 0p(b — B).

Let G(b) = E(X®2(1 —21[X b < X ")) fx(X"8)X"). Then it holds uni-
formly in b € B, (8) as n tends to infinity that

(4.35) o?(b) = B(X®*Varx (t(Z,b))) = G(b)(b — B) + o(b — B).

Next, we partition B, (/) as above, so the above R is equal to the ¢, here.
In the present case, denote p =46, =m and b; = a;,71=1,...,[, thus

(4.36) Ly =1 =[(1 4 2Vken/p)¥].

Similar to (4.21), for b in the ball B,(b;), there exist random vectors a;j, A;;
in the ball and depending on X; such that X]Taij < XJTb < X}—Aij. Conse-
quently,

(4.37) sup [1[Y; < X' 0] — 1[Y; < X[ bi]| < 1[li; <Y < L],
beB, (b;)

where li]' = X]Tbl AN X]Taij and Lij = Xj—l—bl V X]TA” Clearly Lij — lij <
| X;]lp < Cp. Hence,

(4.38) E(1[ly; <Y < Ly]) = E(Fx(Lij) — Fx(li;)) < BCp.



EFFICIENT ESTIMATION IN CONVEX MINIMIZATION 23

Again using the usual chaining method, we push forward

P< sup A (B)] > 46) < P(maxw > 26)

(4.39) beB., (B8) Tn (b) v Tn(bi)

‘ An(b) An(bi)

+ P max sup — > 2¢) :=C, + DE,, say.
(e s 120~ e 1> %)

Applying (4.34) to the b; : i =1,...,1,, we obtain

!
= 26272 (b;)
c, < Z 2exp | — et .
P ( o?(b;) + (2Ce/3)n 1/27'n(bi))
Notice that 7,(b) > 1, |[v/n(b — B)||/7(b) < 1 and ||G(b)|| < BC3. Hence it
follows from the uniform convergence in (4.35) that

o2 (b;) b — 3 b — 1
2% a2 ‘ <nY2Bc3 2y =1,
b =905 +op(7n(bi)) <n V2BCP o), i=1,...,1,
Accordingly,
9e2n1/2

4.4 <1 - ,
(4.40) Cn < ln exp ( BC? + o(1) + 2&/3)
Let us now write

An(b)  An(bi) 1 1 An(b) — Ay (b;)

_ = A, (b; _

o 3 R (e L e (7 R [ e 13

For b € B,(b;), since
sup | - | < Ve Tn(b) > 1,

beBs(by) Tn(b)  Ta(bi) T Tu(bi)’ -

we derive

! l

DE - HAn(bz)H € n
nggl > +Y P( su A, (b) — A, (b;)||>¢€
i=1 (Tn(bi) \/ﬁp) ; (beBpI()bi)H (b) ()] >¢)

=D, + F,, say.

(4.41)

Use 7,,(b;) > 1 and apply (4.34) to get

2

—€
4.42 < '
(4.42) Dn < 21y exp <QBC3np3 +o(np®) + (4C¢/ 3)P)
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For b € B,(b;), from (4.37) it follows

VallAn(b) = An(b)] < €Y (Al < Y5 < Lij] — P(la < Yi < L)
j=1

+2nCP(ln <Y1 < Lj).
Thus, by (4.38) and (4.34), we obtain
—e2

8BC4p + (16C3¢/3)n—1/2

(143) By < lyexp ( )+ L 12VABC?p > ¢/2).
In view of (4.36), it is easy to verify that C,, + D,, + E,, = o(1) by choosing
l, = O(nF/?). This, (4.29), (4.33) and (4.39) immediately yield the desired
(5.1) in [11]. Finally, we shall prove the remaining uniform convergence in
(5.2) of Theorem 4.2 in [11]. This can be done pretty much the same way
as above. Here we give sketches. Note first that the desired (5.2) in [11] is
implied by the following stronger result
I ¢ T T

(4.44) sup ST, < X[ 8 - 1Y, < X A = o(1).

[9—0l<en n j=1
Denote w(Z;,b) = [1[Y; < X[b] — 1[Y; < X[ 5]|, @(Z;,b) = w(Z;,b) —
E(w(Z,b)) and W, (b) =n~1 > j—1wW(Z;,b). Then analoguously one derives

2ne?

(4.45) P(mzax W (b)) > 2€> < 21, exp < - m)

Since ”TD(Zj,b) —?D(Zj,bi)H < 1[[1']‘ < Y} < Lij] —P(lij < Y} < Lij) —i-QBC,O,
it follows

2

ne
P n(0) — Wn(0; 2¢) < 2y, T 9BC +92/3
(m?XbE?Bgai) W, (b) = Wa(B)] > 2¢) < 2 exp ( QBC+2/3>

+1,1[2BCp > €.

This and (4.45) yield the desired (4.44) by choosing l,, = n*/? and finish the
proof. O

Before proving Theorem 2.4, we need the following result. Recall a n-
variate process {Ni,..., Ny} is called a multivariate counting process if (i)
Each N;,i = 1,...,n is a counting process, and (ii) No two component
processes jump at the same time. The following result generalizes Corolloary
3.4.1. of Fleming and Harrington [4] from i = 1 to i = n.



EFFICIENT ESTIMATION IN CONVEX MINIMIZATION 25

LEMMA 4.1.  Let {Ny,..., Ny} be a locally bounded multivariate counting
process. Let {F; : t <0} be a right-continuous filtration such that for each i,
M; = N;—A; is the corresponding local square-integrable martiginale with A;
the compensator process, and H; is a locally bounded Fy-predictable process.
Then for any stopping time T such that P(T' < o0) =1, and any e,n > 0,

n

P(sup (Z/Ot H;(s) dMi(5)>2 > e) < n

=T 55 €
n_o.r
#r(2 | e an ) = )

SKETCHES OF PROOF. This can be proved similar to the proof of Corol-
loary 3.4.1. of Fleming and Harrington [4]. Let {7 : k =1,2,...} be a lo-
calizing sequence such that, for any k, N;(- A7), Ai(- A 7,) and H;(- A )
for i = 1,...,n are processes bounded by k, and M;(- A 71) is a square-
integrable martingale. Let U = >"" | [ H; dM;. Then it follows from their
Theorem 2.4.5 that U is a local square-integrable martingale and satisfies
EU(t)) =0and Var(U(t)) = > i 4 E(f(;j H? d(M;, M;)). Using this and sim-
ilar to their proof of Corolloary 3.4.1. one can prove the result by replacing
their X} and Y}, with the following

n tATE tATE

0 Hiw) dMi(s)) ., Yilt) = 3 [ @) a0 ),
i=1 =1

O
PROOF OF THEOREM 2.4. It follows from Proposition 4.1 that (K) implies
(A1) — (A3) in Theorem 4.1, hence there exists a unique ¢, such that

n

1 U
14+¢Tu; >0, j=1,....n, =S —Y__ _y,
Cn Uy J n; 1—|-CJUJ'
U 1
(4.46) lal < —m e, — 512 < collgallul®,

< P L |
S vy N

on an event whose probability converges to one as n tends to infinity, where
¢p is a constant, Accordingly, ¢, (b) is well defined on this event (and defined
to be an arbitrary number on the complement of this event which has an
vanishing probability as n tends to infinity).

Since Z(t) is bounded (by ¢ say), it follows that the s;(¢),i = 0,1,2
given in (2.9) are well defined and bounded for every ¢ € [0, 7]. Note that
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P(Y(7) > 0) > 0 implies inf,cg s0(t) > 0. Indeed, if it were O then it
follows from so(t) > exp(—co||B||)P(X > t) that P(X > 7) = 0 which

contradicts P(Y (7) > 0) > 0. Thus, the e(t) defined in (2.9) is bounded by
some c3. This, the boundedness of Z(t), the square-integrability of u(R) and
Jo ho(t)dt < oo imply that C(F(Y, Z)) given in (2.8) is well defined and
finite.

Introduce the following two predictable processes

Zn(tv b) = anj(t7 b>Zj (t), Va(t,b) = anj(tv b)(Zj(t) - Zn(tv b))®2a
J=1 J=1

where p,;(t,b) = Yj(t)exp(b' Z;(t))/Sn(t,b). Write Z,(t) = Z,(t,3) and
Vi (t) =V, (¢, B). By the weak law of large numbers, we have

Su(t, B)/n = so(t),  Za(t) > e(t),  Valt) BV (D),

where V(t) = so(t)"1sa(t) — e(t)®2. By the standard argument (see e.g. [4]),
V(t) can be viewed as a variance-covariance matrix so that it is positive
definite. Introduce the EL-weighted versions of the above two processes:

Zn(t) = Y poj(t)Z;(t),  Valt) =Y aj(t)(Z5(t) — Zn(1))*2,
j=1 j=1

where py,;(t) = (n7,;)Y;(t) exp(B8' Z;(t))/Sn(t, B). Clearly, they are also pre-
dictable. An application of Lemma A2 of [6] with w; = p,;(t)Y;(t) exp(B' Z;(t))
and a; = a' Z;(t) allows us to have an expansion for logS, (¢, 3 + a) with
a € R¥. The result is

(4.47) 1ogSp(t, B+ a) —logS,(t, B) = a' Zn(t) + 1/2a"V,(t)a + ru(t, a),
where the remainder r, (¢, a) has the property

(4.48) Pt )] < 47310 max 1 Z3(8) — Zu(1)|*
SJsn

The limit behavior of 3, can be derived from the study of the following £;.
To this end, we use (4.47) to obtain its two-term Taylor expansion,

£(a) = n(6a(B+n"a) — £,(8))
=3 [ (1T 250 = 2t

—1/2n7'a "V, (t)a — ra(t, n_l/2a)> dN;(t)

=a'U, —1/2a" T a — ry(a),
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where

Uy =23 m, | @0 -z.wano,
j=1

= n7T- ’ ; rn(a) = Ny Trn n~1/2q (t).
I Z /O Valt) AN} (1), rnla) = S 0y /0 (t, 1™ Y2a) dN; (1)

One observes that ¢%(a) is maximized at & = /n(B, — f). Since W, =
E(u(R)u(R)") is positive definite and S,, = n~* > e u(R;)u(R;)T 2wy,
it follows that Apin(Sy) = A > Ao for some constant Ao > 0. Noticing (K)
implies w}||¢,|| = o0p(1), hence the first inequality in (4.46) implies nm,; <
So—urTeT < ¢ for some constant ¢; > 0. Since Zj(t),j = 1,2,... are
uniformly bounded processes (bounded by ¢3), it follows, in view of (4.48),
that

raf@l < ey [ 43l e n 32 an; () = O ),
=170

Therefore r,(a) = op(1) for every finite a. Recall that it is shown in the
Introduction that ¢, hence ¢} is convex. Using the convex argument (e.g.
Hjort and Pollard (1993)), the desired result now follows from

(4.49) U, = A4(0,%1), and

(4.50) B = / " (0 ho(t) dt,
0

which are shown below. Here ¥y = J — C(#(Z, Y)W, 'C(#(Z,Y))" and
J(t) = so(t)V (t) = so(t) — 51(t)®%/s0(t). Note first that by Proposition 4.1
and (4.3) we have

> g /OT Zj(t)dN;(t) = ;Z/OT Z;(t) dN;(t)
(4.51) = .o
N I CTMOHER
j=1

where 7, is the remainder term whose square is bounded by the right hand
side of (4.3). Hence by (4.8),

IR ) _
(4.52) [rn|* < 0p(n I)an/o Zj dNj||* = op(n™1).
j=1
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Denote the i-the component of Z; by Z;; for i = 1,...,k. By Lemma 4.1,
for any n > 0,e¢ > 0 we have

n

Hfz / w2 < P((3 [ zuwann) = on)

i=1 j=1

<Friye(h Z / M;, M) () 2 7).

i:

By taking 7 = €2 and in view of the uniform boundedness of Z;(t), the last
sum tends to zero as n goes to infinity, hence letting ¢ — 0 gives

a2 | zioam e = o,
Analogously,
— Z / ) @ uj = op(1),

where ® is the Kronecker product. Thus using the decomposition dN; =
dM; 4 dA; and the law of large number we derive

ij;/;zj(t)d ) ®@uj = 2/ t) ® uj + 0p(1)
= B( [ 207 () expl 37 ZO)ho0) 1 © u(R) + (1)

This, (4.51), (4.52), the two inequalities in (4.2), (A1) and (4.8) yield

1 [T
> [ 7 st = 3 [ 2500

(4.53) 7=t
- E(/ Z(#)Y (t) exp(BT Z(t))ho(t) dtu(R) "YW, Ly, + op(n1/?).
0
Analogously, it follows from Proposition 4.1 and Theorem 4.1 that

(4.54) Sn(t, B) = Sp(t, B) + O,(n'/?), and

(4.55) L (t) = Zn(t) + Op(n~Y?),
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uniformly in ¢ € [0,7]. Thus, recalling (2.8) and observing that R,; =
Jo Zn(t) dNj(t) is square-integrable, we apply (4.3) to get

Zﬂ'nj /OT Zn(t) dN;(t) = /OT Zn(t) ANy, (t)

1
_Z/ Zn Cn+rn7
n 0

where the remainder satisfies
= Bl [ Zu(0) AN (0) ) = o712,
It is easily seen that
(4.57) Zn(t) = e(t) + op(1).
By the second inequality of (4.46), (4.49)-(4.53) and (4.56)-(4.57), we achieve

Un = n‘WZ / W(£) AN (£) = O(S (Y. 2)W, 0 P, + 0, (1).

It is a standard result that the first term on the right side of the above
display converges in distribution of .47(0,.J), see e.g. Theorem 8.2.1. of
Fleming and Harrington [4], while the second term converges in distribution
N(0,C(F(Z, Y)W, LO(#(Z,Y))T). Since the second term is (asymptoti-
cally) the projection of the first term onto the closed linear subspace spanned
by w1, ..., upy, it follows U, satisfies (4.49). We are now left to prove (4.50).
Analogous to (4.54), one obtains

N i Zi )% = pui Zi(6)2% + Op(n?),  and
j=1 j=1

)= Py Zi(t)% = L () = Vo (t) + 0p(1).
j=1
Accordingly,

=n! ’ V 0 = o)
Zwm | VN0 + o) = w7t [ V0N 0) + 01) = T+ 0y(0)

where the last equality uses (i) of [6]. This proves (4.50) and completes the
proof. O



30 F. TAN AND H. PENG

References.

[1] BIckEL, P.J., KLaAsseN, C.A.J., Ritov, Y. and WELLNER, J.A. (1993). Efficient
and Adaptive Estimation in Semiparametric Models. Johns Hopkins Univ. Press, Bal-
timore.

[2] Bravo, F. (2010). Efficient M-estimators with auxiliary information. J. Statist. Plan.
Infer. 140 11: 3326-3342.

[3] Tang, C. Y. and LENG, C. (2012). An empirical likelihood approach to quantile
regression with auxiliary information. Statist. & Probabil. Lett. 82, 29-36.

[4] FLEMING, T.R. and HARRINGTON, D.P. (2005). Counting processes and survival anal-
ysis. John Wiley & Sons, Inc.

[5] HELLERSTEIN, J. and IMBENS, G. W. (1999). Imposing moment restrictions from
auxiliary data by weighting. Review of Economics and Statistics 81: 1-14.

[6] HiorT, N. L. and POLLARD, D. (1993). Asymptotics for minimisers of convex pro-
cesses. Statistical Research Report.

[7] Lu, X. and Ts1aTis, A.A. (2008). Improving the efficiency of the log-rank test using
auxiliary covariates. Biometrika 95, 679-694.

[8] MULLER, U.R. and KEILEGOM, V.I. (2012). Efficient quantile regression with auxiliary
information. Electron. J. Statist. 6, 1200-1219.

[9] OWEN, A. (1990). Empirical likelihood ratio confidence regions. Ann. Statist. 18, 90—
120.

[10] OWEN, A. (2001). Empirical Likelihood. Chapman & Hall/CRC, London.

[11] PENG, H. (2014). Efficient estimation in models with side information: an
easy empirical likelihood approach. The Manuscript can be found at the URL:
http://www.math.iupui.edu/ hpeng/preprint.html.

[12] PENG, H. and ScHick, A. (2013). Maximum empirical likelihood esti-
mation and related topics. The Manuscript can be found at the URL:
http://www.math.binghamton.edu/anton/preprint.html.

[13] PENG, H. and ScHICK, A. (2012). An empirical likelihood approach of goodness of
fit testing. Bernoulli 19, 954-981

[14] QIN, J. and LAWLESS, J. (1994). Empirical likelihood and general estimating equa-
tions. Ann. Statist. 22, 30-325.

[15] VAART, VAN DER A.W. (2000). Asymptotic Statistics. Cambridge University Press.

[16] YuaNn, A., HE, W., WANG, B. and QIN, G. (2012). U-statistics with side information.
J. Multiv. Analy. 111, 20 — 38.

[17] ZHANG, B. (1995). M-estimation and quantile estimation in the presence of auxiliary
information. J. Statist. Plann. Infer. 44, 77 — 94.

[18] ZHANG, B. (1997). Quantile processes in the presence of auxiliary information. Ann.
Inst. Statist. Math. 49, 35 — 55.

INDIANA UNIVERSITY PURDUE UNIVERSITY
INDIANAPOLIS

DEPARTMENT OF MATHEMATICAL SCIENCES
INDIANAPOLIS, IN 46202-3216

USA

E-MAIL: hpeng@math.iupui.edu


mailto:hpeng@math.iupui.edu

	Introduction
	The main results
	A small simulation
	Details of the proofs
	References
	Author's addresses

