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The Hardy Hilbert space on the unit disk, D = {z ∈ C : |z| < 1} is:

H2 = {f analytic in D : f (z) =

∞∑
n=0

anz
n with ‖f‖2 =

∑
|an|2 <∞}

where for f and g in H2, we have 〈f, g〉 =
∑
anbn

and we will consider two types of operators on H2:

For ψ an analytic map of D into the complex plane,

the analytic Toeplitz operator Tψ is

(Tψf )(z) = ψ(z)f (z) for f in H2

and, for ϕ an analytic map of D into itself,

the composition operator Cϕ is

(Cϕf ) (z) = f (ϕ(z)) for f in H2



For example, if ϕ is defined by

ϕ(z) =
3z + 1

z + 3

then ϕ is an automorphism of the disk D with ϕ(±1) = ±1 and ϕ′(1) =
1

2

The spectrum of Cϕ is the annulus

σ(Cϕ) = {λ :
1√
2
≤ |λ| ≤

√
2}

and each λ with

1√
2
< |λ| <

√
2

is an eigenvalue of infinite multiplicity for Cϕ.



Similarly, if ψ is defined by

ψ(z) =

(
1− z
1 + z

)(i log 2)/π

then ψ is the covering map of the disk D onto the annulus

ψ(D) = {λ :
1√
2
< |λ| <

√
2}

The spectrum of the Toeplitz operator Tψ = T∗ψ is the annulus

ψ(D) = {λ :
1√
2
≤ |λ| ≤

√
2}

and each λ with

1√
2
< |λ| <

√
2

is an eigenvalue of infinite multiplicity for T∗ψ .



Both of these operators are part of one-parameter groups of operators:

ϕt(z) =
(1 + e−t)z + (1− e−t)
(1− e−t)z + (1 + e−t)

with CϕsCϕt = Cϕs◦ϕt = Cϕs+t for −∞ < s, t <∞

and

ψt(z) =

(
1− z
1 + z

)it/π
with T∗ψsT

∗
ψt

= T∗ψsψt = T∗ψs+t for −∞ < s, t <∞

and each λ with

e−t/2 < |λ| < et/2

is an eigenvalue of infinite multiplicity for each of Cϕt and T∗ψt.



IDEA!!

If there were a connection (e.g. similarity or unitary equivalence)

between these operators,

then the eigenvectors for each of these operators should correspond

to the eigenvectors for the same eigenvalue for the other operator!
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IDEA!!

If there were a connection (e.g. similarity or unitary equivalence)

between these operators,

then the eigenvectors for each of these operators should correspond

to the eigenvectors for the same eigenvalue for the other operator!

BUT there are too many eigenvectors!

TRY infinitesimal generators!



The infinitesimal generator of a (semi)group At of operators

is an operator G such that for each f (in the domain of G)

Gf =
d

dt

∣∣∣∣
t=0

Atf

and analogous to the ideas from solution of first order linear elementary

differential equations, we imagine that

At “=” etG



The infinitesimal generator of the group of composition operators is(
d

dt

∣∣∣∣
t=0

Cϕtf

)
(z) =

d

dt

∣∣∣∣
t=0

f (ϕt(z))

= f ′(ϕt(z))
2e−t(1− z2)

[(1− e−t)z + (1 + e−t)]2

∣∣∣∣
t=0

= f ′(z)
1− z2

2

so G is the differential operator

(Gf )(z) =
1

2
(1− z2)f ′(z)

A similar calculation gives the infinitesimal generator, H , of the group T∗ψt.

Eigenvectors for the same eigenvalues of G and H should also be connected!



GOOD NEWS!!
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GOOD NEWS!!

The corresponding eigenspaces are 1-dimensional !

Let’s try to match them up!

For −1/2 < Reλ < 1/2, the eigenvectors of G and H are multiples of

wλ =

(
1− z
1 + z

)−λ
and vλ =

(
1−
−i sin

(
λπ2
)

cos
(
λπ2
) z

)−1
and, for each G and H ,

the eigenvectors corresponding to −1/2 < λ < 1/2 have dense span in H2
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If G and H are to correspond to each other,

for −1/2 < λ, µ < 1/2,

the relationship between wλ and wµ should be analogous to

the relationship between vλ and vµ.

BAD NEWS!!

Nasty computations give:

2〈vλ, vµ〉 = 〈wλ, wµ〉 + 1

Not a good correspondence!

AND it can’t be fixed by multiplying the vectors by a constant!
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If G and H are to correspond to each other,

the relationship between wλ and wµ should be analogous to

the relationship between vλ and vµ.

When does a unitary operator take a pair of one dimensional subspaces onto

another (specific) pair??

Lemma.

Let wλ, wµ, vλ, and vµ be non-zero vectors in H, and let Mλ = span{wλ},

Mµ = span{wµ}, Nλ = span{vλ}, and Nµ = span{vµ}. There is a unitary

operator U on H such that UMλ = Nλ and UMµ = Nµ if and only if

|〈wλ, wµ〉|
‖wλ‖‖wµ‖

=
|〈vλ, vµ〉|
‖vλ‖‖vµ‖



Lemma.

There is a unitary operator U on H such that UMλ = Nλ and UMµ = Nµ

if and only if

|〈wλ, wµ〉|
‖wλ‖‖wµ‖

=
|〈vλ, vµ〉|
‖vλ‖‖vµ‖

Theorem.

There is no unitary operator U on H2 such that U∗CϕtU = T∗ψt for every

real number t.

Proof:

Such a unitary U would take eigenspaces Mλ and Mµ onto the eigenspaces

Nλ and Nµ, but for λ = 0 and µ = 1/4, the angles don’t match.



If G and H are to correspond to each other,

for −1/2 < λ, µ < 1/2,

the relationship between wλ and wµ should be analogous to

the relationship between vλ and vµ.

IDEA!!

Could the relationship

2〈vλ, vµ〉 = 〈wλ, wµ〉 + 1

come from invariant subspaces??



Lemma.

For D bounded operator on Hilbert space H and M an invariant subspace,

then M⊥ is an invariant subspace for D∗.

D =

 A B

0 C

 D∗ =

 A∗ 0

B∗ C∗





Lemma.

For D bounded operator on Hilbert space H and M an invariant subspace,

then M⊥ is an invariant subspace for D∗.

Furthermore, if r is an eigenvector for D with eigenvalue λ and r = p + q

where p is in M and q is in M⊥,

then either q = 0 or q is an eigenvector for the eigenvalue λ for the

compression of D to M⊥, which is the adjoint of the restriction

of D∗ to its invariant subspace M⊥. λp

λq

 = λ

 p

q

 = λr = Dr =

 A B

0 C


 p

q

 =

 Ap + Bq

Cq



so λq = Cq



Let [1] denote subspace of H2 spanned by constants so that H2 = [1]⊕ zH2.

For each t, the subspace zH2 is an invariant subspace for Tψt and for C∗ϕt.

Letting xλ = wλ − 1 and uλ = vλ − 1, each in zH2, work above means that

xλ and uλ are each eigenvectors of the compressions of Cϕt and T∗ψt to zH2

and they are eigenvectors of the compressions of G and H to zH2

that correspond to the same eigenvalues.



Let [1] denote subspace of H2 spanned by constants so that H2 = [1]⊕ zH2.

zH2 is an invariant subspace for Tψt and for C∗ϕt for each t.

Letting xλ = wλ − 1 and uλ = vλ − 1, each in zH2, this means that

xλ and uλ are each eigenvectors of the compressions of Cϕt and T∗ψt to zH2

and they are eigenvectors of the compressions of G and H to zH2

that correspond to the same eigenvalues.

A MIRACLE:

2〈uλ, uµ〉 = 〈xλ, xµ〉



Theorem.

(1) The operator U defined by

U(xλ) =
√

2uλ

can be extended to a unitary operator of zH2 onto itself.
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Theorem.

(1) The operator U defined by

U(xλ) =
√

2uλ

can be extended to a unitary operator of zH2 onto itself.

(2) For each real number t,

U C∗ϕt
∣∣
zH2 = Tψt|zH2 U

so the operators C∗ϕt
∣∣
zH2 and Tψt|zH2 are unitarily equivalent.

That is, there is a unitary operator on zH2 that shows the restrictions of

C∗ϕt and Tψt to zH2 are unitarily equivalent for each t.
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