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ABSTRACT

SPECTRAL THEORY OF COMPOSITION OPERATORS
ON HARDY SPACES OF THE UNIT DISC AND OF
THE UPPER HALF-PLANE

Gil, Ugur
Ph.D., Department of Mathematics
Supervisor: Prof. Dr. Safak Alpay
Co-supervisor:Prof.Dr. Aydin Aytuna

February 2007, 53 pages
In this thesis we study the essential spectrum of composition operators on the
Hardy space of the unit disc and of the upper half-plane. Our starting point is
the spectral analysis of the composition operators induced by translations of the

upper half-plane. We completely characterize the essential spectrum of composi-

tion operators that are induced by perturbations of translations.

Keywords: Essential Spectrum, Composition Operators, Hardy Spaces.
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OZ

BIRIM DISKIN VE UST YARI DUZLEMIN HARDY
UZAYLARI UZERINDEKI BILESKE
OPERATORLERININ SPEKTRAL TEORISI

Giil, Ugur
Doktora, Matematik Bolimii
Tez Danigmani: Prof. Dr. Safak ALPAY
Tez Egdanigmani:Prof.Dr.Aydin AYTUNA

Subat 2007, 53 sayfa

Bu tezde birim diskin ve st yar1 diizlemin Hardy uzaylar: iizerindeki bilegke
operatorlerinin esas spektrumunu ¢aligiyoruz. Basglangic 6rnegimiz st yari diizlemde
otelemeler tarafindan tiiretilen bilegske operatorlerinin spektral teorisidir. Otelemelerin
pertiirbasyonlar: tarafindan tiiretilen bilegske operatorlerinin esas spektrumlarini

tamamiyle karakterize ediyoruz.

Anahtar Kelimeler: Esas Spektrum, Bileske Operatorleri, Hardy uzaylar:.
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CHAPTER 1

INTRODUCTION

In this thesis we focus on the essential spectrum of composition operators
on the Hardy spaces of the unit disc and the upper half-plane. On the unit
disc we concentrate on the case where the inducing function ¢ has Denjoy-Wolff
point a on the boundary with derivative ¢'(a) = 1 there. We give complete
characterization of the essential spectra of a class of composition operators that
is included in the subcase “plane/translation” as Cowen and McCluer call it in
[7, pp-300]. In [7, pp.300] these authors write about this case as follows: “... is
that the spectra for C, when ¢ is in the plane/translation case need not show any
circular symmetry. This case is poorly understood; we present a class of examples
that permit calculation but do not suggest plausible general techniques”. As these
experts say the characterization of the spectrum and of the essential spectrum of
such composition operators is not yet completed. For more information we refer
the reader to [7,pp.299-304].

We obtain the complete characterization of the essential spectrum for C,’s
on H?(H), the Hardy space of the upper half-plane and on H°(H),the space
of bounded analytic functions of the upper half-plane for which the inducing
function ¢ satisfies the conditions that ¢ is analytic across the boundary, 1(z) =
¢(z) — z is a bounded analytic function on H and the closure of the image of H
under v is compact in H. Such maps can be considered as perturbations of the
translations ¢(z) = z + a, where S(a) > 0. We find out the essential spectrum of
the composition operator on H?(H) induced by such a holomorphic map is given
by

0.(C,) ={e"@ .z c R te0,00)}U{0}.

This set consists of a collection of spiral curves that start from 1 and clusters at

0. Furthermore if lim, .. 1¥(x) = by € H exists then the essential spectrum of



the composition operator on H*(H) induced by ¢ is given by
0.(C,) = {e™" : t € [0,00)} U{0}.

This is a spiral curve that starts from 1 and clusters at 0. An example of such a
map which is not a translation can be easily found as ¢(2) = z+r((2—1i)/(2+1) )+«
where 7 > 0 and J(a) > r. We also characterize the essential spectrum of the
composition operators C, on H?*(D), the Hardy space of the unit disc and on
H>(H),the space of bounded analytic functions of the unit disc for which the
conjugate 71T of ¢ with respect to the Cayley transform 7(2) = (2 —14)/(z +1)
satisfies the above conditions. It is not difficult to see that such a self-map ¢ of
the unit disc has the Denjoy-Wolff fixed point at 1, and the derivative ¢'(1) = 1.

Now we introduce the notation that we will use throughout. If S is a compact
Hausdorff topological space, C'(S) will denote the space of all continuous functions
on S. If X is a Banach space, K (X) will denote the space of all compact operators
on X, and B(X) will denote the space of all bounded linear operators on X. The
open unit disc will be denoted by ID, the open upper half-plane will be denoted by
H, the real line will be denoted by R and the complex plane will be denoted by C.
For any z € C, R(z) will denote the real part, and 3(z) will denote the imaginary
part of z respectively. By S(R) we will denote the Schwartz space of indefinitely
differentiable functions f on R such that for each n,m > 1, the function " (™ (t)
is bounded on R. Note that S(R) is dense in LP(R) for all 1 < p < oo.

The essential spectrum of an operator 1" acting on a Banach space X is the
spectrum of the coset of T in the Calkin algebra B(X)/K(X), the algebra of
bounded linear operators modulo compact operators. We will use the notation
o(T) for the spectrum of T and o.(T') for the essential spectrum of T

A bounded linear operator 7" on a Banach space X is said to be Fredholm
if the kernel ker(T') of T is a finite dimensional subspace of X and the cokernel
X/ran(T) is finite dimensional. The Fredholm index ¢(T) of T', is the dimension
of the kernel of T" minus the codimension of the range of T. The well known
Atkinson’s theorem identifies the essential spectrum of 7" as the set of all A € C
for which Al — T is not a Fredholm operator.



The thesis is organized as follows:

In chapter 2 we give the basic definitions. We establish an isometric isomorphism
between H?(D) and H?(H). Upon conjugation under this isometric isomorphism,
C, on H?(D) becomes a weighted composition operator on H”(H).

In chapter 3 we use the Cauchy kernel to represent the composition operator
acting on HP(H) as an integral operator acting on LP(R). Here we consider the
functions in H?(H) inside LP(R) via their boundary values.

In chapter 4 we treat the Paley-Wiener theorem, which characterizes the LP(R)
functions that are boundary values of functions in H?(H).

In chapter 5 we analyze the spectra of composition operators on H?(H) in-
duced by translations of the upper half-plane. While the results are well known
([9],[13]) our development proceeds along different lines from those appearing in
the literature. We use the Cauchy kernel to represent our composition operator
as an operator of convolution type on LP(R). Then for p = 2, using the Fourier
transform and Paley-Wiener theorem we convert it to a multiplication operator
on L%([0, 00)).

In chapter 6 we treat algebras with symbols. We remind the definition of
algebra with symbol given in [6]. We modify the definition in [6] since it is
designed for studying operators in B(L?). Whereas we study operators in B(H?).

In chapter 7 we construct an algebra A, of operators generated by multipli-
cation operators, convolution operators and compact operators where 1 < p <
0o. We observe that the commutators of these two types of operators are com-
pact. So our algebra A,/K(HP) of operators is a commutative subalgebra of
B(H?)/K(HP?), the algebra of all bounded linear operators modulo compact op-
erators. Thus we have a commutative Banach algebra. We identify its maximal
ideal space and its Gelfand transform. For p = 2 our Banach algebra is a C*
algebra.

In chapter 8, we use the integral representation of our composition operator
and the conditions on the inducing function ¢ to approximate our composition
operator by finite sums of multiplication and convolution operators in Ay, thereby
obtaining C, € A,. We have the following main result:

Theorem A. Let ¢ : H — H be analytic and extend analytically across R. Let



© also satisfy the following:

(a) The function ¥ (z) = ¢(z) — z is a bounded analytic function on H that is
analytic also at oo,

(b) the imaginary part of ¢ satisfies 3(¢)(2)) > M > 0 for all z € H for some
M > 0.Then for 1 < p < o0,

i-) C, : H?(H) — H?(H) is bounded and C, : H?> — H? is essentially normal.

ii-) The essential spectrum of C, : H*(H) — H?*(H) is given by

0.(Cy) = {e@t:x e Rt € (0,00)}.

In chapter 9 we use the isometric isomorphism between H?(D) and HP(H) to
represent the composition operator on ID as an integral operator. As we observe in
section 2, C,, on H?(D) becomes a weighted composition operator on H?(H). We
observe that the weight function is continuous at infinity. We have the following
analogous result for the unit disc:

Theorem B. If ¢ : D — D is an analytic function of the following form

~w+n(w)(1 —w)

plw) =17 n(w)(1 — w)

where 77 : D — C is a bounded analytic function with R(n(w)) > M > 0 for all
w € D and 7 extends analytically across T then
1-) the operator C, : H* — H? is essentially normal,

2-) the essential spectrum o.(C,) on H?(D) is given by

and
e = (x —i)/(x +1).

In chapter 10 we calculate the essential spectra of composition operators C,,

on H*(H), the space of bounded analytic functions of the upper half-plane for



which the inducing function ¢ satisfies the conditions that ¢ is analytic across
the boundary, b(z) = ¢(z) — z is a bounded analytic function on H, the closure
of the image of H under b is compact in H and lim, .. b(z) = by exists. We
first characterize the spectrum and essential spectrum of Ty, where Tj, f(2) =
f(z+by) and then we show that C, — T}, is a compact operator on H>(H). Since
the essential spectrum is invariant under compact perturbations we conclude that
the essential spectrum of C, is the same as the essential spectrum of T3,. As a
corollary we also obtain the essential spectrum of Cy, on H*°(ID), the space of
bounded analytic functions of the unit disc for which the conjugate 717 of
with respect to the Cayley transform 7(z) = (2 — i)/(z + i) satisfies the above
conditions. The main results of this chapter are the following:

Theorem C. Let ¢ : H — H be an analytic self-map of the upper half plane
satisfying

(a) p(2) = 2+ b(z) where b : H — H is a bounded analytic function satisfying
J(b(z)) > M > 0 for all z € H and for some M positive,

(b) The limit lim,_,, b(z) = by exists and by € H.

Let Tp, : H®°(H) — H*(H) be the translation operator Ty, f(2) = f(z + by).

Then we have
Ue(ocp) = 06<Tbo) = {eitbo 'te [07 OO>} U {0}

Theorem D. If ¢ : D — D is of the following form

2iw + b(U=2) (1 — w)
pw) = —+ i(1—w)

with b : H — H bounded analytic with b(H) CC H and lim, .., b(z) = by then
for Cy, : H*(D) — H*(D) we have

0.(C,) = {e™ : ¢ € [0,00)} U {0}.



CHAPTER 2

HARDY SPACES

The Hardy space of the unit disc is defined to be the set of analytic functions
g on D for which there is a C' > 0 satisfying

+7
/ lg(re®)|Pdf < C, 0<7r<l.

™

For 1 < p < oo, HP(D) is a Banach space with norm defined by

+7

1 )
| gllp= sup = lg(re”)|Pdo, g € HP(D).
b 0<r<1 27

—T

We will always think of H?(ID) as embedded in LP(T) via the embedding g —
g*, where g*(e?) = lim,_; g(re) is the radial boundary value function of g.

The Hardy space HP(H) of the upper half plane H is defined to be the set of
all analytic functions f on H for which there exists C' > 0 such that

+oo
/ |f(z + iy)|Pdx < C, y > 0.

o0

For 1 < p < oo, H?(H) is a Banach space with norm defined by

+00
| £ = sup / F(z + iy)Pd.

O<y<oo J —0

In a similar manner as done in the unit disc case one imbeds H?(H) in LP(R) via
[ — f* where f*(z) = lim,_o f(x + iy). This embedding is an isometry.
The two Hardy spaces HP(D) and HP(H) are isometrically isomorphic. An



isomorphism ¥ : H?(D) — HP(H) is given by

2
1 »o(z—1
] =
(9)(2) <ﬁ(z+z)> g<z+i>
We claim that the operator W is an isometry, to see this let ¢ € H?(ID) and let
e = (z —i)/(z + 1) then for z = x + it we have for a.a. 0 € [0,27)

hmg(—x ol 2) = g*(").

t—0" \ x4+t +1

So

Wo) (o) = iy 0(o) o+ it) = (= ) ()

2dr_ e obtain

1422

@@ = [ ;) 2 g*(”’"i) » dr

—00 WE(.T‘i‘i x+2

Taking into account that df =

o0

19)@) I3= |

— 00

1 [ T —1 dz 1 [7 -
— * P _ *( 160 Pdp = P
W/_m\g(x“)\lﬂz 27/_F!9(6)\ I gl?

Thus the operator ¥ is an isometry as asserted. The mapping ¥ is onto and
invertible with inverse ® : H?(H) — H?(D) given by

(f)(z) = 1= Z>”f(

1,
27y

i(1+ 2)
1—2z )
We have U(®(f)) = f for all f € HP(H) and ®(V(g)) = ¢ for all g € H?(D). For
more details see [15, pp. 128-131].
Let ¢ : D — D be a holomorphic self-map of the unit disc. The composition

operator
C, : H"(D) — H”(D)

is defined by
Col9)(z) = g(p(2)),  z€D.

Similarly for an analytic selfmap 1 of the upper half-plane, the composition



operator
Cy : HP(H) — HP(H)

is defined by
(Cuf)(2) = f(¥(2), z€eH

Composition operators of the unit disc are always bounded [7] whereas compo-
sition operators of the upper half-plane are not always bounded [18]. For more
information on composition operators of the unit disc see [7]. For the boundedness
problem of composition operators of the upper half-plane see [18].
The Cayley transform 7(z) = (2 — ¢)/(z 4+ ¢) maps the upper half plane con-
formally onto the unit disc. The composition operator C, on HP(D) is carried
P(2)+

over to (Tfii)%aﬁ on HP(H) through ¥ where ¢ = 777! i.e. we have

2
o(z)+1\*
zZ+1
Throughout we will identify composition operators of the unit disc with weighted
composition operators of the upper half-plane. So we will use the term composi-

tion operator to indicate the composition operator of the upper half-plane.



CHAPTER 3

THE CAUCHY KERNEL

In order to represent our composition operator with an integral kernel we first
observe that any function in H?(H) can be recovered from its boundary values by

means of the Cauchy integral. To prove this we first prove the following lemma
from [16 pp. 149].

Lemma 3.1 If f € HP(H), where 1 < p < 400, then

— [l zeH
(7'('%(2))5

Proof. The function z — | f(z) [P is subharmonic so for any z = = + iy € H

1 2w

| F(2) IP< o—

| f(z—i—rew) [P dh,0<r<uy.
2mr Jg

Multiplying by r and integrating from 0 to y, we obtain

yz
Z p
5 2 / / (z+ re'? ) [P rdrdd

1 00 2y ‘ ) y »
7/;% | e P den <L 7

Since y = ¥(z) the lemma is proved. O

As a result we have the following theorem:

Theorem 3.2 Let f € HP(H), 1 < p < oo, and let f* be its nontangential

boundary value function on R. Then

fo= gk [TIEE Ly

2m J_ x— %




Proof. Take 0 < h < 3(2). Let I'y = {& + ih : —Rcos(0y) <z < Rcos(y)},
[y = {Re? : 0y < 0 <7 — 06y}, h = Rsin(fy) and 'y = I';U I'y. Then by the

Cauchy integral formula we have the following

- [ de

- 2mi Jp, €

We split the left hand side as follows
1 fQdg 1 f(&)dg Lt f(&)dg

i Jr, €=z 2mify, E—z @ 2miJp, €—2z

1 Rcos(6o) f(é— + Zh)df 1 /‘7‘(‘90 f(ReieoﬂReiOde
= — - + = . 0
2mi —Rcos(fp) £ —F 2mi et ==

Now we will show that the second integral converges to 0 as R — +o00: by the

0o

above lemma we have )
27 || f Il

| f(Re") | "~
mr(Rsind)»

then we have for p > 1

| Re? — z |

L/ﬂ'eo f(Reieo)iReiede <
Re? — 2 — 27

i/ﬂ% | f(Reie) | Rdb

0o

27 Jg,

C R /” do
S 1 T 0
orky B— 121 Jo (sin(6))

as R — +o00. For p =1 we use the fact that sin(f) > Cof VO € (0o, 5] for some
Cp > 0 and sin(f) > Co(m — 0) VO € [5, 7 — b) to get

1 % dp <2/’2’d0_2lo T2 T
RJ,, (sin(0) = CoR J,, 6  CoR °20, = CoR °° 2sin(fy)
2 TR

:—1 —_—
cor 8 an Y

10



as R — +o00. Hence we have

f2) = = " Sl in)de 0<h<S(2)

21 ) _ o T —z

Let Gu(z) = {251 then | Gi(z) |< <& for some C' > 0 and Gy (z) — L2 —

T—2z S(z) T—2z

G(z) as h — 0 for a.e x € R.So by Lebesgue’s dominated convergence theorem

1 —+00 “+o00

— Gp(z)dx — QL

2m J_ o )

G(z)dz.

[e.9]

And this proves our theorem a

One may get the integral formula in the theorem for p = 2 by directly appeal-
ing to Lemma 3.1 above. Because Lemma 3.1 extracts one of the most important
properties of the Hilbert space H?(H), namely the reproducing kernel property.
We will use this property of H?(H) to get the integral formula in Theorem 3.2.
for p = 2.

Let H be a Hilbert space of analytic functions on a domain €2. To every z €
Q) a linear functional §, called the point evaluation at z, is attached such that
b, : H — C, §,(f) = f(2). The Hilbert space H is called a reproducing kernel
Hilbert space (RKHS for short)if for all z € € the point evaluation 4., is bounded
on H. This definition was introduced by N. Aronszjan in (Aronszajn, N. Theory
of reproducing kernels. Trans. Amer. Math. Soc. 68, (1950)). Since H is its
own dual by Riesz representation theorem there exists a unique g, € H such that
3.(f) =< f,g, > forall f € H. The function g, is called the reproducing kernel.
By Lemma 3.1. H?(H) is a reproducing kernel Hilbert space so it is a reasonable

task to compute its reproducing kernel

To compute g, in our case we take an orthonormal basis of H*(H). Let e, be

defined as
1 (w — z)n
en(w) = — S
71'5(11]4—@) w +1

Referring to the the isometric equivalence of H?*(D) and H?*(H) we see that

{en}5%, is an orthonormal basis of H?(H) (This bases corresponds to {z"} in

11



H?(D) which is an orthonormal bases for H?*(ID)). Hence

And we have

So we have

g:(w) = %i (Zii)m(w:—i) (Z;Z)n

n=0
B 1 1 !
m(z+i)(w+i)1— () ety 2mi(Z —w)
So the reproducing kernel g, for H?(H) is the function
1
9:(w) = 27mi(Z — w)
So one has
+o00 1 +o00 f*(x)dx
=0.(f) =< fog.>= | fl@)gil@)de = .
f6) = 6.00) =< . >= [ p@gde = o [ 20

Therefore for any f € H?(H) and z € H we have

=g [ LOE

2 J_ T — 2

One can use the Cauchy integral formula (Theorem 3.2) to represent compo-
sition operators with an integral kernel under some conditions on the analytic
symbol ¢ : H — H. By Fatou’s theorem on the boundary values of the H>(ID)
functions one may deduce that (going back and forth with Cayley transform) for
any analytic function ¢ : H — H the limit lim; o @(z + it) = ¢*(z) exists for
a.a. © € R. This will be of minor importance since we will work with ¢ that

extends continuously to R. The most important condition that we will pose on

12



¢ is S(*(z)) > 0 for a.a. x € R where ¢*(x) = lim;_ p(z +it). By the integral

formula above one has

Co(f)(x+1it) = / = gpx+zt)

Let x € R be s.t. lim;_g p(x +it) = ¢*(z) exists and I(p*(z)) > 0 then consider

= (9dg
2mi oo € — ¢ (2)

£)d¢
2m/ E— oz +it) g0x+zt 27”/ §— 90 )‘

| Co(f) (@ +it) — |

T F(€)de
- W( +it) “/ (€ =z +1it)) (€ — ¢*(x)) |

| p(x +it) — *(z) | d§ 1
< o ”fmﬁ/mu@—¢@+w»@—¢wmnw)

by Hélder’s inequality. When | p(z 4 it) — ¢*(z) |< € we have | £ — o(x +it) |>
€— o (2) | —¢

Fix g > 0 s.t. | € — p*(z) |> g for all £ € R. Since I(¢*(x) > 0 this is
possible. Let ¢ > 0 s.t. g9 > € then since lim, o p(z + it) = ¢*(z) exists, there
exists 0 > 0 s.t. for all 0 <t < 0 we have | p(z +it) — p*(z) |< € < 9. So one
has

| & —p(z+1it) [>] € —¢"(2) | —eo

foralltst. 0<t<d

G+ -5 [ L8
| p(x +it) — p*(z) | > d¢ .
< ) nfmw/w|5_wuﬂ%_%|g_wmﬂg

| p(x+it) — " (z) | £
- o || f ||p Mao,z < % H f ||p Msoz

13



. Hence we have

Q|

where M, . = ([~ d )

—oo [§=¢*(2)[?—co0lE—¢* (z)]4

L[> fr(&)de
/oof—sﬁ*(ﬂﬁ)

lin O, (/) (& -+ it) = Clf)'(2) = 5~
fora.e x € R

We summarize the result of our discussion in the following theorem:

Theorem 3.3 Let ¢ : H — H be an analytic function such that the nontan-
gential boundary value function ¢* of ¢ satisfies (¢*(x)) > 0 for almost all = €
R. Then the composition operator C, on H?(H) for 1 < p < oo is given by

fr(&)d

Co(f) (z) = %/_ ﬁ for a.a. x €R.

14



CHAPTER 4
THE PALEY WIENER THEOREM

The Fourier transform Ff of f € S(R) is defined by

+oo
FENe =fo = [ s
The Fourier transform extends to an invertible isometry from L?(R) onto itself

with inverse
—+o0

(FU1) () = F(b) = / T f (n)da

Moreover F extends to L'(R) and maps L*(R) boundedly into L>*(R). In fact
the image of L'(R) under F falls into Cy(R), the space of continuous functions
vanishing at infinity. Since F maps L' boundedly into L> and maps L? isometri-
cally onto itself, by the Riesz-Thorin interpolation theorem, it maps L” boundedly
into L7 where 1 < p <2 and p=¢q/(q—1). For 2 < p < co F does not extend
boundedly to LP(R). The first chapter of [22] gives a brief treatment of such
mapping properties of the Fourier transform. Another elementary source about
this subject is [23].
The Hilbert transform H is the singular integral operator defined by

zeR

f)w) v [~ Iy

x
For 1 < p < oo, the operator H is bounded on LP(R) i.e.

IHf <Gl fFll, 1<p<oo

where C, only depends on p.Let S be the Cauchy singular integral operator
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defined as follows
1 flw)
= — — H.
S(F() = 5 /_OO T g e
Recall that for any f € LP(R)
f € H? if and only if PI%S(f)(m +it) = f(z)
for a.e. x € R. Observe that S can be split up as follows

S = (P x @) +i(Qu f)(a)

for 2 = x + it € H where P,(z) = +(=%5) is the Poisson kernel and Q;(x) =

T\ 22442

+(52%52) is the conjugate Poisson kernel. Since the Poisson kernel is an approxi-

mate identity on L” we observe that for any f € L?

lim(P, * f)(x) = f(z)

for a.e. x € R. We also observe the following intimate relation between the

conjugate Poisson kernel and the Hilbert transform
lim Q0+ f)() = Hf(2)
for a.e. x € R. Summing all these up we have
feHP ifandonlyif (I—iH)f=0
If we take the Fourier transform of H(f) we obtain

(Hf)(z) = —i sgn(x)f()

where, sgn(z) = 1 if x € R is positive and sgn(z) = —1 if € R is negative, is
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the signum function. And then we have

(I = iH)(f)(2) = 2x (o001 f ()

where X(_oo,0) is the characteristic function of (—o0,0]. Since the Fourier trans-

form is injective, gathering all these we have the following theorem:

Theorem 4.1 Fix 1 < p < co. For f € LP(R), the following assertions are

equivalent;
(i) fedH"
(i) (I —iH)f =0,
(i) supp(f) < [0,00).

The special case p = 2 of this theorem was discovered by R.E.A.C. Paley and
N. Wiener in 1933. Because of this it is referred to as the Paley-Wiener theorem.
See [11 pp.88] and [12 pp.110-111].
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CHAPTER 5

TRANSLATION SEMIGROUP ON THE

UPPER HALF-PLANE

In this chapter we will analyze the composition operator induced by trans-
lations on the Hardy spaces of the upper halfplane. More precisely it is the
composition operator C, : HP(H) — H?(H) where p(z) = 2z + a for some o €
H. For p = 2, as we will show below, these operators are unitarily similar to
multiplication operators. For other p values they intertwine with multiplication
operators. They have been investigated by W. Higdon in [13] and E.A. Gallardo-
Gutierrez and A. Montes-Rodriguez in [9].

Higdon, in his analysis of translations, uses the strongly continuous semigroup
property of these operators. Gallardo-Gutierrez and Montes-Rodriguez use Paley

Wiener Theorem together with the identity
(FTLO®) = (Ff(t), teR

where T,(f)(z) = f(z+a). Here we take a slightly different approach. Instead of
the Fourier transform we will use the Cauchy kernel, which will eventually lead
to the opportunity to analyze a larger class of composition operators.

Consider ¢ : H — H, ¢(2) = 2+« where a € C, S(a) > 0. We will analyze
the spectrum and the essential spectrum of the operator C,, : H*(H) — H?*(H).
Set f*(z) = lim,_¢ f(x + iy). By Theorem 3.2 we have

17
f(z)_%/oot—?«" z € H, f € H*(H)
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Substituting z + « for z, we obtain

+oo *
f(z—l—oz)zi/ f—@)dt.

21 J_o t— 2 —«
Since ¥(a) > 0, we have C,(f)*(z) = f(z + a). Let

k(z) = ——

C2mix+a’

thus we have

Colhy @) = fe+a) =50 [ = e )

21 J_o t— 7 —«

So the imbedding f — f* of H*(H) into L?(R) makes C,, an integral operator of
convolution type.
The Paley-Wiener theorem asserts that the image of H?(H) under F is L?(0, 0o).

And by the Fourier inversion theorem F is invertible on L?(R). Consider
]:C'@]:_l . L*([0,00)) — L*([0, 00))
then since JF converts convolutions to ordinary multiplication we have
.7:C'<p.7:_1(g) = l%g.

Let a € L*®(R), the multiplication operator M, by a on L*([0,00)) is defined
to be

Mo (f)(x) = a(x) f(z).

Since a is essentially bounded M, is a bounded operator from L*([0,00)) into
itself. If a is continuous i.e. a € C([0, 00)) with lim;_ a(t) = ag exists then the

spectrum and the essential spectrum of M, coincide and they are given by

o(M,) = 0o(M,) = a(0, 00).

For more information on this we refer the reader to [19].
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So C,, is transformed into a multiplication operator on L?(0,0). Since the

Fourier transform is invertible
U(Ocp) = U(]:Cso]:_l) = U<M12;)
and
0.(Cy) = Ue(fC¢f_1) = 0.(M;)

So it remains for us to compute the Fourier transform of k£ which is

R 1 +oo _—itx
() = —— C  dx

2 J_ T+ o

o0

By complex contour integration we obtain
k(t) = e
We observe that k € C([0,00)) with lim,_. k(t) = 0 so we have

0 (M) = 0e(M,) = a(0, 00)
and as a result we have

o(My) = 0o(M;) = {1 0 <t < 00} U {0}
Hence the spectrum of C,, operating on H?(H) is given by
0(C,) = 0.(C,) = o (M;) = 0u(My) = {10 < t < o0} U {0},

which is a spiral curve starting at 1 and spiraling to 0.

More generally we consider the algebra of convolution operators and find the
spectra of our operator in the algebra of convolution operators in the following

way: Define C to be the algebra of operators K on H? of the form

Kf=M+kxf
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for some k € L' and A\ € C. Convolution operators map H? into H? by the Paley-
Wiener theorem and by the fact that Fourier transform converts convolution to
multiplication i.e. let k& € L'(R) and take f € HP then by Minkowski-Young
inequality [22] k= f € LP(R). Consider (k * f), since

(k* fT (8) = k() f(?)
and Supp(f) C [0, 00) we have

supp((k* fJ ) € [0,00).

Hence by Paley-Wiener theorem kx* f € H?. Now let C, be the closure of C in the
operator norm, i.e. in B(H?). Then C, is a commutative Banach algebra with
identity. Its maximal ideal space is [0, 00] and the Gelfand transform coincides
with the Fourier transform. It can be easily seen that, Cy preserves the adjoint:

For any K € C; in the following form

K(f)(x) = Af(x) + k= f(x)
for k € L' one can easily observe that

K" f(x) = Mf(x) + b+ f(x)

where k(x) = k(—z). So for p = 2 Cy is a C* algebra and hence by Gelfand-
Naimark theorem it is isometrically isomorphic to C[0, co] the algebra of contin-
uous functions on [0, co], where the topology of [0, oc] is the one induced by the

one point compactification R of R. Since C, is a C* subalgebra of B(H?), for any
K € Cy with K(f)(z) =k f(z) for some k € L' we have

U(K) = UCz(K) = UC[O,OO]U%) = ]%([0,00])

As for the essential spectrum we construct a singular sequence for any A € o(C,,)

i.e a sequence of functions {gi }72; such that ”;ﬁ has no convergent subsequence
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in H? and
| Cogr — gk |2
| gk |2

as k — oo. Now take A = e*™® for ¢, > 0. Fix a sequence ¢, € R such that

e > 0, gy < g for all k£ € N and limy_, o, € = 0. Consider

to+ek ]
gr(x) = / et
¢

0+t€k+1

We observe that g, € L?(R) and g’s satisfy

9k = X(to+eriistoter)

and they are mutually orthogonal since

/gig_j = /QZE = (&; — €i4+1)0i;

where ¢;; is the Kroenecker delta. Since they are mutually orthogonal ”;’ﬁ has

no convergent subsequence in H2. Using the Mean Value Theorem we have the

following estimate for gy’s:

| Cogi — €™y [l2 < | 2ma | engr || g |2 -
Hence we have -
| Cogr — ™%y ||z 0
H 9k H2

as k — oco. This means that A = e*™* ¢ ¢,(C,) since had we A\ ¢ 0.(Cl,),
M — C, would be invertible in the Calkin algebra i.e 3 T € B(H?) and K €
K(H?) such that

TN —C,) =1+ K.

Since K is a compact operator we have K Hggﬁ — 0in H? and this leads to a con-

tradiction. As a result we have for o € H and ¢(z) = z4a, C, : H*(H) — H?*(H)
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is a bounded linear operator with spectrum and essential spectrum satisfying
o(Cy) = 0.(C,) = {™:0<t< oo} U {0}

In the example above our operator is transformed into an operator of convo-
lution type is due to the fact that p(z) — 2z = a is a constant. We wish to extend
the method we described above to more general settings considering the kernel

m = k(z,x — y) of our composition operator as a variable kernel where

k(xz,z) = L

2mi(p(z)—z+z2) "
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CHAPTER 6

ALGEBRAS WITH SYMBOLS

The concept of “symbol” of singular integral operators was introduced by
Mihlin in the beginnings of the twentieth century. He observed that an algebra of
singular integral operators satisfying certain conditions on L?*(R™) modulo com-
pact operators can be put in correspondence with some algebra of continuous
functions using the Fourier transform, in a one to one and onto fashion. More-
over this correspondence is an isomorphism and preserves the norms. His theory
was generalized to operators on LP(R™) for arbitrary 1 < p < oo by Calderén
and Zygmund in [3] and [4]. The “symbol” usually coincides with the Gelfand
transform.

Observing these facts Cordes and Herman in [6] introduced an abstract notion

of Banach algebra with symbol along the following lines:

Let B be a C* algebra with identity, let A; and Ay be two closed commutative
*_ subalgebras with identity and let Z be a two sided closed ideal of B satisfying

the following two conditions
(i)ab—ba el a€ A, be A,
(ii) Ay NZ = {0}.

Then the closure A of the subalgebra generated by the linear span of Ay, A,
and 7 is called a Banach algebra with symbol. The quotient algebra A/ 7T is a
commutative C* algebra and its Gelfand transform is called the symbol.

In this setup B is considered to be B(L?(R™)) the algebra of all bounded
linear operators on the Hilbert space L?(R"), Z the ideal of compact operators in

B(L*(R")), A; the Banach algebra of multiplication operators by complex-valued
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continuous functions on the one point compactification of R™, and A, the Banach
algebra, of operators generated by the identity and L' convolution operators.
Since our operators act on H? rather than L?, we need to modify the definition

a little bit. Our algebra with symbol definition is as follows:

Definition 6.1 Let B be a C* algebra with identity, Z be a closed two sided
ideal of B and A;, A be * subalgebras with identity of B s.t.

(i) The subalgebra A; is commutative,

(111) aras — agaq € 1 ai,as € A1U AQ.
Then the closed subalgebra A of B generated by Ay, A and 7 is called algebra
with symbol.

The algebra A/ Z is a commutative Banach algebra with identity. We will
show that it is also C* algebra, hence by Gelfand-Naimark theorem A/Z = C(X)
where X is the maximal ideal space of A/ Z.

We are interested in the case that B = B(H?) is the C* algebra of all bounded
linear operators on the Hilbert space H?, T is the ideal of compact operators, A;
is the closure of the algebra generated by identity and L' convolution operators,
and A, is the Banach algebra of operators on H? generated by the linear span
of I, P, and P* where [ is the identity, P is the operator of multiplication by
(x —i)/(x +1i) and P* is the adjoint of P.

In this section we will give a proof of the following theorem taken from [8

pp-124]. We will use this result in Section 7.

Theorem 6.2 If U is a C* algebra and Z is a two sided closed ideal in U,
then 7 is self-adjoint i.e T* € Z whenever T' € Z and the quotient algebra U /7 is

a C* algebra with respect to the involution induced by the natural map.

We take the proof of Theorem 6.2 from [2, pp.10-12]. We first prove the

following lemma that we will use in the proof of theorem 6.2.
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Lemma 6.3 Let A be a C* algebra and let x € A. Then there is a sequence
e1,ea,... of self-adjoint elements such that o(e,) C [0, 1] for all n and ze, — z as

n — o0

Proof. Consider z = z*x then z is self-adjoint, so by functional calculus
define

en = nz?(e +n2®)".

Since z is self-adjoint, e,,’s are also self-adjoint. And by spectral mapping theorem

o(en) = fulo(z)) where f,(t) = nt*(1+nt*)~! hence o(e,) C [0,1]. Now consider
e—en=c—nze+n®)t = (e+n?)!

and since e — e, is self-adjoint,

|| 1= ple — ea) < L
e—ey,l||=ple—e,) <su =1,
p t€£1+nt2

p being the spectral radius. Hence || e — ¢, ||[< 1 Vn € N. So

I zen — 2 =l 2(en — €) [I*=l (en — €)2"(en — €) || 2*(e — €n) ||

< 2 < !
su —
“Gek Lt n
therefore lim || ze, — 2z ||= 0.
So we have
I wen — 2 [P=] 2(en — ) IP<|| (en — e)z"z(en — €) <[l 2(en —€) [ 0. D

Now we may pass to the proof of Theorem 6.2

Proof of theorem 6.2 The ideal 7 is self-adjoint: let x € Z then by lemma
6.3 there is a sequence e, of elements in Z such that e} = e, and lime,x = z.
Taking adjoint we have

(enx)" = x%e;, = x'e,
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Since 7 is a two sided ideal and e,, € Z, we have x*e,, € Z Vn. Therefore lim z*e,, =
z* and 7 is closed — z* € 7.
Now fix v € Y and let E = {u €T :u* =wuand o(u) C [0,1]}. We will first

prove that

|z ||=inf || x —t ||= inf || 2z — 2u ||
tel uek

Clearly || z ||< infuep || ¢ — ux ||. Fix k € Z then by lemma 6.6 there is a

sequence u, € F such that lim || k(e — u,) ||= 0, and || e — u,, ||[< 1. Consider
||  + k ||> liminf || (z + k)(e — uy,) ||= liminf || z(e — u,) + k(e — u,) ||=

liminf || z(e — u,) || .
n
Hence we have || z |= infueg ||  — zu ||. Now consider

7 ||?= inf || 2 — zu ||>= inf —w) |IP< inf || (e — w)atz(e — u) |2
12 = inf || & —2u|*= inf | z(e —w) < inf || (¢ = uw)z"z(e —u) |

<f * o 2: —k — )
< inf || 2%z(e —u) |*=[| 277 |

As a result we have
|z |P<|| z°z | O
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CHAPTER 7

AN ALGEBRA OF INTEGRAL

OPERATORS

Bessel functions G}, are functions defined on R whose Fourier transforms are

given in the following way

. 1
Gi(t) = (47 |t |2 +1)k

Bessel functions have the following properties:
(i) JgGr(z)dz =1k >0
(ii) Gp(z) >0z e R
(iil) Gy * Gy = Gram

The third of these properties is follows from the fact that the Fourier transform
is one to one and converts convolution to multiplication. For more information
on this class of functions see [22].

Now we associate convolution operators to Bessel functions by defining Hy f =
Gy, * [ that is

mwmwzm«ﬂwz[fau—wﬂw@,xeR

Since || f*g |,<|l f llill g ||, Hx is bounded on LP. We note some important
properties of the convolution operators Hy,
1. Since the G}’s are real valued and positive the H}’s are self-adjoint opera-

tors on L2,

28



2. Since the linear span O = {A\oI + > 7, \eHy : Ay € C} contains the
constant multiples of identity, the linear span of functions {X\g + > ;_; MG
A € C} separates the points of [0,00] and O is closed under taking adjoint, in
the view of Stone-Weierstrass theorem O is dense in C,.

The following proposition and its proof is adapted from [20]. Recall that R

denotes the one point compactification of R.

Proposition 7.1 Let a € C(R), T' € B(L”(R)) be an operator of convolution
type i.e for some k € L'(R)

T(7)(@) =k o) = [ " ke — o) )y

—0o0

and let M, be the operator of multiplication by a

Then M,. T — T.M, is compact on LP(R) for all 1 < p < oc.

Proof Since the linear span of Hy’s are dense in L!(R), it is enough to show
that M,H, — H, M, is compact for all k. Since a € C’(R), for all € > 0 there is
b € C(R) s.t. b(z) is constant for all  s.t. | = |[> M for some M positive and
|a(z) —b(z) |< e Vx € R So we have

| (MoHy, — HM,y) — (MyHy, — HpMy) ||2o< 2¢ || Hy, || o

So it suffices to prove the compactness of G = MyH;, — Hi M, where b € C(R) is

constant for all x such that | z |> M for some M positive.

o)) = [ " K(a.y)fy)dy

where K (z,y) = (b(x) — b(y))Gx(z — y). Since b is constant Vz s.t. | z |> M,
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K(z,y) =0 for all x, y s.t. min(| z |, |y |) > M. For fixed A > M set

K(z,y) if max{|z||y[} <A
KA(ajay) =

0 otherwise

Since ([ [ | Ka(z,y) [P dxdy)r < oo, the operator

_ / " Kale,y)f()dy

is compact. Now we show that K4 — G in operator norm as A — 400

(e 9]

G(f)(x) - Kalf)() = / (K (2,) — Ka(z, 1) ()dy

—00

K(2,9) F)dy + X(afeo) / K (2,9) f(4)dy
ly|>A —o0

Now take p # 1. By Holder’s inequality the first integral is estimated as follows

V[ K@y fw)dy = / K(2,9)f(y)dy |? da)?
ly|>A

ly|>A

p 1

/ K(z,9)f (y)dy | do)
ly|=A

1
< sup</ | K(z,y) 11 dy) || £ 1,
|z|<M Jly|>A

For p = 1 we have the estimate

’ AK(x,y)f(y)dy 1< sup (sup | K(z,y)|) [ f |1
y|=>

|z|<M [y|>A

Similarly for p # 1 we have

lyl<M

| X{a:fol> a3 /oo K(z,y)f(y)dy |,< sup (/WA | K(z,y) " dz)7 | £ [,
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For p = 1 we have

| X{m:|x>A}/_ K(z,y)f(y)dy 1< sup (sup | K(z,y) ) || f I

ly| <M |z|>A

Since b is bounded and G ’s decay at infinity,

1 1
Pl (fyon | K(2y) 11 dy)i and supyp ([, | K(a,y) [ dr)? converge
to zero as A — +o0. Similarly

SUP|y <t (SUPlyj>a | K (2,9) ) and supyy oy (supp>a | K(z,y) [) converge to zero

as A — 400 Hence K4 — G as A — 400 and G is compact O

The following generalization of Proposition 7.1 is due to H.O.Cordes and is
taken from H.O.Cordes, “On Compactness of commutators of Multiplications
and Convolutions, and Boundedness of Pseudo-differential Operators” Journal of
Functional Analysis 18, p.115-131 (1975):

Theorem(Cordes,1975) Let a, b € C(R™) be bounded functions, let a(M) f(z) =
a(z)f(x) be the multiplication operator by a and b(D) = F'0(M)F be the
Fourier multiplier by b. Let

emg p(a) =sup{| a(r +t) —a(x) || t |[< h}
and cmy(a) = cmy1(a) be the continuity modulus at x. If
cmg(a) — 0, cmy(b) -0 as |z|— o0

then the commutator [a(M),b(D)] = a(M)b(D) — b(D)a(M) is a compact oper-
ator on L*(R™).

Let P : H? — HP? be the operator by multiplication by (z —i)/(z +4) that is

T —1
r+1

P(f)(x) = (

)f ().

So we have PT — TP is compact on H? for all T € C,. Also P*T' —TP* is
compact on H? for all T € C; where P* is the adjoint of P on H?.
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Since P is the shift operator we find out P* as

: 0 £(;

() = (@) - 20
Observe that P*P = [ and PP*(f)(x) = f(x) — % Hence
(P*P — PP*)(f)(x) = %JF(Z) is a rank one operator.

Now we are ready to construct our algebra of operators: Let M, be the closure
of the algebraic linear span generated by the operators I the identity, P and P*
where P and P* are as above and C, be the closure of the algebra generated by
the identity and L' convolution operators.

We take A, = [C,, M,, IC,] the subalgebra of B(H?) generated by C,, M,, and
KCp, the space of all compact operators on H”. Since KC,, is a two-sided closed ideal
in B(H?), it is a two-sided closed ideal in A, as well. Now we will see that A, /K,

is a commutative Banach algebra with identity

Lemma 7.2. Let A, = [C,, M,, IC,] be the subalgebra of B(H?) generated
by C, the convolution operators, M, as above and K, the space of all compact
operators on H? as above and let 1 < p < co. Then the quotient algebra A,/IC,

1s commutative.

Proof. Let S € A, such that

N M
S = M(P)'By+ a1 P*+ NI + P+ 1, P"D, + K.
n=1 n=0

where B,,, D, € C,, K € IC, and let [S] denote the coset of S'in A, /K,. Let S’ €
A, such that

N M
S = MBu(P)" + a1 P* + Aol + aP + Yy Dy P + K.
n=1 n=0

Then by Proposition 7.1. we immediately see that (S — S’) € K,. Hence [S] =
[S"].
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So without loss of generality it is enough to show that any two operators S;
and S € A, of the form

N M
S1=3 M(P)"By+ arP" + Nl + 0oP + Y 1, P" Dy + K,
n=1 n=0
and
N M
Sy =Y X,(P*)"By+ a4 P* + NI + ayP Y i, P"D,, + Ky
n=1 n=0

commute. We again see that 575 — S357 consists of commutator terms which
are compact by Proposition 7.1.,and by the fact that PP* — P*P is an operator
of rank 1. Hence we have (515, — S251) € K, and [S1.52] = [S25]. O

In view of theorem 6.2 for p = 2, Ay /K, is a C* algebra under the quotient
norm and by Lemma 7.2., Ay /K, is a commutative C* algebra so is isometrically
isomorphic to C(X) where X is the maximal ideal space of A,/K,. The quotient
algebra Ay /ICy is an algebra with symbol in the sense Definition 6.1. This can be
easily seen as follows.

(i) The subalgebra Cy of B(H?) is a commutative * subalgebra,

(ii) Co N K(H?) = {0} since for any T € C, there is a continuous function a €
C([0,00]) such that T = F~'M,F and the multiplication operator M, is never

compact unless a is identically 0,(Recall that F denotes the Fourier transform)
(iii) PP, — PP, € K(H?), Py, Py € Mo,
(iv) and PT — TP € K(H?), Pe M, TeC,.

At this point it is natural to ask how to characterize X the maximal ideal
space, and the Gelfand transform I" of A,/IC,. In the following lemma we char-

acterize the maximal ideal space X of A,/IC,.

Lemma 7.3. Let X be the maximal ideal space of A,/K,. Then X = R x
[0, 00].

33



Proof. Take A € X and examine how it acts on A,/IC,. Since A, is generated
by the subalgebras M, and, C, A is completely determined by its values on the
cosets of the elements of these algebras.

The values of A on the cosets of elements in M,, are completely determined
by A([P]) and A([P*]). Since I — P*P is compact we have

A([PP]) = A(IPTDA(P]) = 1.

We also have
| P*|le=[l P |le=1

and
AP <| P ILACPT) <[P le -

These together give

AP = (25 a0 = (255)

for some xo € R.

The values of A on the cosets of the elements in C, are determined by its
values on [H,|’s. The action of A on [H,|’s is given by Fourier transform since
these are convolution operators and Fourier transform is the only norm decreasing

transform that converts convolution to multiplication i.e.

—

A([Ha]) = Galto)

for some ¢, € [0, 00] by Paley-Wiener theorem.
Therefore for any A € X there is a unique (z9, %) € R x [0, o0] such that for
all S € A, given as

N M
S = M(P)"Ha, +mP*+ Xl + P+ Y p,P"Hs, + K
n=1 n=0
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we have

A(lS) = éAn(igfj)n@@o) ron (20

0—1
: M \n
+)\0+772< E_T_Z) +§#n(i212) é;(to)-
Hence we have X = R x [0, oc]. O

In the following theorem we characterize the Gelfand transform of A, /K,

Theorem 7.4. Let T': A,/K, — C(R x [0, 00]) be the Gelfand transform of
A,/KC,. Then for S € A, in the following form

N M
S=> M(P)"Hq, +mP* + NI + )P+ p,P"Hg, + K
n=1 n=0

the Gelfand transform I'[S] of S is in C'(R x [0, oc]) and is given by the formula

0= Yo (55 G en(2E)

n=1

+>\OI+772( ) Zun(x+z)n/ﬁ\n(t).

Proof. The proof easily follows by Lemma 3.1. and the definition of the

Gelfand transform. O.

We close this section by a theorem that we will use to characterize essential

spectra of our composition operators

Theorem 7.5. Let T'€ A,, 1 < p < o0, then for 1 < p < 00

o.(T) C T[T](R x [0, 00]).
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Moreover for p = 2 we have

0.(T) = T[T](R x [0, 00])

Proof. Since A,/K, is a commutative Banach algebra with identity we have

0.4,/ic, ([T]) = T[T](R x [0, 00]).

And A,/K, is a subalgebra of B(H?)/K (H?) we have

0e(T) = osanscqem (7)) € 74,5, (1) = TIT)(R x [0, 00]).

For p =2 Ay /K, is a C* algebra and a * subalgebra of the C* algebra B(H?) /K (H?).

Because of that we have

o)k m2) ([T]) = oay/i, ([T1)-

Hence we have for p = 2

0o(T) =T[T](R x [0,00]). O
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CHAPTER &

ESSENTIAL SPECTRA OF
COMPOSITION OPERATORS ON HARDY
SPACES OF THE UPPER HALF-PLANE

In this chapter we will characterize the essential spectrum of the composition
operators C, : H*(H) — H?*(H) that are induced by ¢, analytic self-map of the
upper half plane, satisfying the following conditions:

a-) The function ¢ extends analytically across R.

b-) The function ¥ (z) = ¢(z) — z is a bounded analytic function on H and
Y(H) CC Hi.e. ¢(H) has compact closure in H

c-) The function ¢ is analytic at oo

Our strategy in finding essential spectra is to show that if ¢ satisfies the
conditions (a),(b) and (c) above then C, € Ay. Since Ay/K, is a commutative
C* algebra and a closed subalgebra of B(H?)/K(H?), the essential spectrum of
C, coincides with the range of the Gelfand transform of Cy, on A,. For p # 2
the essential spectrum falls inside the range of the Gelfand transform. Finally we
calculate the Gelfand transform of C,, on A, /K, using the integral representation

of the operator. To show that C,, is bounded on H? and C, € A we will first

prove the following lemmata, Lemma 8.1 and Lemma 8.2:

Lemma 8.1 Let p: R x R — C be an integrable function that satisfies

/ sup | p(x,t) | dt < oo

—o0o TER
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then the following operator P : LP(R) — LP(R),

-ﬂﬁ@ﬁ:/mpuiﬁ@—@ﬁ

is bounded on LP(R). Moreover the following estimate holds for the LP operator
norm || P || of P;

umK/s%mwwwt

—00 TE
Proof Set

p(t) =sup | p(z,t) | .
x€R

then we have

o0 [e o]

|mmmg/ U@4wmwﬂﬁ§/lﬂ%ﬁuw%

—00 —00

So we have the following estimate

[ ipn@ s [ @0 P aoword <7161
The first inequality follows immediately and the second follows since p is positive.

Therefore we have
| PO <l Bl fll,- O

Lemma 8.2 Let ¢ : H — H be an analytic function such that ¢(H) cC H

i.e. ¥(H) is a compact subset of H. Then for the function f defined as follows

() — (i)
(W) + 1)) + 1)

fla,t) =

we have for any small € > 0 there is some N > 0 such that

/ sup | f(z,t) | dt <e
R—[—N,N]

zeR

Proof Let K = ¢(H), K is a compact subset of H. Let x = inf,cx 3(z) and
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I'={z:3(2) = k}N K, since K is compact I" is nonempty. Set 8 = inf,r R(2),
v = sup,cr R(z), and 6 = (6 + v)/2. Then we have

/OO dt _/°° dt
o [t V@) Nt +0(@) | S [t () =0 [+ () =3 |

by translation invariance of the Lebesgue measure. Set K = —§ + K. Let ¢ > 0
such that kK —e > £/2. Then there is a disc D(ia, &« — Kk + €) centered at iav with
radius o — k 4 & such that K cC D(ia, @ — k4 ¢€) i.e. K is compactly contained
in D(io,« — k +¢). Let 2a/k = M > 1 then

.
t+Z,O; =M>1
M
and so we have
inf |z 4t]>  inf [att|>] il
inf | 2z in z — +i—=
2K 2€D(ia,a—rK+e) M 2
and this implies
1 M

O +E—0 || 0@+ 0] [ttt 2

for all z € R. And there is S > 0 such that
| Y(z) — (i) < S

for all x € R. Combining these we have

| () — o) | MS
SR T+t 0 [[(e) +t 0]  [t+iL [P

Now fix small € > 0, then there exists a K > J such that

/ MSdt -
R-[-KK] | T+ Z% |2 .
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Taking N = K +  we have

/ | () = ¢() |

N mek | () + L ][ (@) + 1]

[ W@ -9 |,

P T R T —

/ MSdt
< s <&
Ro[—kK) | T+ 5L |

As a result we have for all € > 0 there is N > 0 such that

/ sup | f(z,t) | dt < e. O
R—[—N,N]

z€R

Lemmas 8.1 and 8.2 can be used to show the boundedness of C, where ¢
satisfies the conditions (a),(b) and (c) in the following way: Consider C, — Ty
where To(f)(2) = f(z + a);

(o To) / fa:—tdt / fx—tdt

@,
‘[.<<> D0 oy ¢

By lemma 8.3

* | d(x) — 9(i) |
/;%£<@>><o+ﬂﬁ<”'

Hence lemma 8.2 implies that C, — Ty ;) is a bounded operator on L? and hence
on H?. Since T ;) is bounded, C,, is also bounded.

Now we will use lemma 8.1 and lemma 8.2 to prove the following theorem:

Theorem 8.3 Let 1 < p < oo and let C,, : HP(H) — HP(H) be the composi-
tion operator induced by the analytic function ¢ : H — H satisfying
1. ¢ is analytic across R

2. For the function 1(z) = ¢(z) — z we have ¢(H) CC H
3. The function 1 is analytic on R.
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Then C, € As.

Proof. Let k: C xR — C be

1 1
Mo t) = ———
(z¢) 2mix — p(x) —t

By Theorem 3.3, we write C,, as a singular integral operator with variable kernel

Colha) = [ " ke — o) f)dy.

[e.9]

Since ¥ (z) = ¢(z) — z is bounded and analytic at infinity, k(.,?) is also analytic
and keeping ¢ fixed k(.,t) has a unique power series expansion in powers of i—jrz

in the following way:

“Thn wreRr
Z+1

k(z,0) = 3 ba(0)(

where b,(t)’s are continuous functions depending on the partial derivatives of
k(z,t) with respect to z at z = i. Since ¢ extends analytically across R the

following Taylor series expansion is uniform in z € R pointwisely in t:

= )

x — p(x) w4

Using this power series expansion we will show that V € > 0 there exists an integer
N and b, € L' such that the partial sum

b (ast) = 3 b)

satisfies

|'sup | k(z,-) = kn(z,-) | [hi<e
z€R

And this will imply that C, € A, by lemma 8.1. Since the kernel m is not
in L'(dt) in t variable, we take the constant term in the Taylor series expansion
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to the other side and consider the following

! L @) e,
SOt @t @) )¢(@)+t)_;(x+i) ba()

V t uniformly in 2. Here ¢(x) = ¢(x) —x. The function e

)+
in ¢ variable and moreover by Lemma 8.2 we have V ¢ > 0 3 M > 0 such that

<

=
W@+t 2

/°° | Y(x) — () | di _/M | d(x) — (i) | dt
(z) +1)

sup : sup
oo aer | (@) W) + 1) | oy wer | (V(2)
On the other hand since b, (t)‘s are continuous we have V ¢ > 0 3¢ > 0 and 3
N > 0s.t.

V@) —0l)  §~Eei :
=t |<d =] e (W)H)—;(“i) bu(t) |< €

V x € R. Since [—M, M] is compact one also has Ve’ > 03 N € Nst. Vit e
[_M7M]

(@) —P(i) Noa—i, /
it‘]%' (Y(x) +1)(¥(i) + 1) ‘Z(H > ba(t) |< €.

£ Then we have

/I __
Take ¢ = 17

/ sup | () — w(l) B nz(x — Z)”bn(t) Lt < g'

et W) OO+ et

Now take an = X[-M,Mm]-bn. Therefore we have Ve > 03 N € N and an € L' such
that

> Y(x) — (i) rT—1i, -~
su . - )b, () | dt < e.

/mze£| (Y(z) +t)(Y(0) + 1) ;<$+z) (t) |
Here [, denotes the characteristic function of [—M, M]. So setting p(z,t) =

(@)= (i)
Wy We have

Mz
H&
3

I Sup\p 1< e.

n=1
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So we have Ve > 03 N € Nand b, € L' such that

N .
xr—1 ~
k(z,-) — )b, (- <
Isup | klo) = 2G50 | e

where k(z,t) = —L— and 50(t) = by(t) = ——. Therefore Cyo —Tyuy € A,

T—p(z)—t i—p(i)—t

where Ty f(2) = f(z 4+ (7). And since Ty) € Ay we have C, € A, O

And the Gelfand transform of C,, is computed as

For p = 2 since Ay/K(H?*(H)) is a commutative C* algebra with identity the
essential spectrum o (C,,) of C,, coincides with the range of the Gelfand transform

of C,. Hence we have

0(Cy |p2) = {ei?@)=2)t . z e R, t € [0,00)}.

Since Ay /Ky is commutative for any T € Ay, TT* — T*T is compact i.e. any
T € A, is essentially normal. Hence for ¢ satisfying the conditions (a), (b) and

(c) above C, : H* — H? is essentially normal.
So we summarize our result as the following theorem :

Theorem A. Let ¢ : H — H be analytic and extend analytically across R.
Let ¢ also satisfy the following:

(a) The function ¢(z) = ¢(z) — z is a bounded analytic function on H that is
analytic also at oo,

(b) the imaginary part of ¢ satisfies 3(¢)(z)) > M > 0 for all z € H for some
M > 0.

Then for 1 < p < o0,

i-) C, : HP(H) — H*(H) is bounded and C, : H?> — H? is essentially normal.
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ii-) The essential spectrum of C, : H*(H) — H?(H) is given by

0.(Cp) = {eV@ 1z € R, t € (0,00)}.
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CHAPTER 9

ESSENTIAL SPECTRA OF
COMPOSITION OPERATORS ON
HARDY SPACES OF THE UNIT DISC

For the unit disc under the conditions on v, COLIER uniformly bounded in z

41
where 1) = 7717, 7 being the Cayley transform.And we have lim,_, % =

1 for € R. Hence we have % € C(R). Now let T € B(HP) such that T =
((¥(z) +14)/(x +i))¥PCy. Then as we had seen in section 2, the operator C, on

the Hardy space of the unit disc is unitarily equivalent to 7. So we have

0.(Cyp) = 0.(T).

And since % eC (]R), T € A, whenever 9 is analytic across R, the function

n(z) = ¥ (z) — z is a bounded analytic function on H with n(H) CC H, and 7 is

analytic at infinity. So for p = 2 we have

W(x) 41
T+1

0.(C,) = {( )ewz)—z)t Lz € R, L€ (0,00)}.

Let 7 be the Cayley transform,the map that takes the upper half-plane confor-
mally onto the unit disc in a one-to one manner. We observe that if for ¢ : D —
D satisfies

v=1"lor,  P(2) =z+n(2)
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where 7 : H — H is a bounded analytic function then ¢ has the following form:

. i(1—w
o) = 2w + n(%)(l —w)
i) = il—w)

20+ (5 (1 - w)

So we formulate our result as the following theorem:

Theorem B. If ¢ : D — D is an analytic function of the following form

~w+n(w)(1 —w)

plw) =17 n(w)(1 — w)

where 77 : D — C is a bounded analytic function with (n(w)) > M > 0 for all
w € D and 7 extends analytically across T then

1-) the operator C, : H* — H? is essentially normal,

2-) the essential spectrum o.(C,) on H*(D) is given by

UE(CsD) =

{(x + 2in(e?) + i

- >e2n(ei9)t T e R,t S [07 OO)}
T+

where
e = (v —i)/(x +1).
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CHAPTER 10

ESSENTIAL SPECTRA OF
COMPOSITION OPERATORS ON
SPACES OF BOUNDED ANALYTIC

FUNCTIONS

In this final chapter of our thesis we will characterize the essential spectra
of composition operators C, : H*(H) — H*(H) where ¢(z) = z + b(2), the
function b is bounded analytic with b(H) CC H and lim,_ b(z) = by exists.

We begin with a special case where the function b is constant i.e. b(z) = by
Vz € H. For determining the spectra of these operators we use semigroup of op-

erators techniques. We will use the following Theorem 10.1 cited from [13,pp.93]:

Let D C C be a domain in the complex plane and let X ,Y be Banach spaces.
Let Iy C Y* be a determining manifold for YV i.e. if y*(y) = 0 Vy* € Y* then y =
0. Then U : D — B(X,Y) is called holomorphic if the function f(w) = y*(U,)
is holomorphic on D Vx € X, y* € T's.

Theorem 10.1 Let D C C be a domain and U : D — B(X,Y’) be a function.
If U is holomorphic on D then U is continuous and differentiable on D in the

uniform operator topology of B(X,Y) i.e. for any zy € D and € > 0 there exists
T e B(X,Y) and § > 0 such that Vw € D with | w — 2z |< 6 we have

1

w — 2y

(U(w) = U(2)) = T ||x,v)< €.
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As a corollary we have if U is holomorphic then VF € B(X,Y) the function
g(w) = F(U,) is holomorphic.

Forw e Hlet T, : H*(H) — H*(H), T,,f(2) = f(z + w). We consider the

following algebra of operators

B=<{T,:weH}uU{l} >

the closure of the linear span of {7, : w € H} U {I} in the operator norm of
B(H>). The algebra B is a commutative Banach algebra with identity. Let M

be the maximal ideal space of B. Then we have
o(Tw) C{AMTy) : A € M}

by Gelfand theory of commutative Banach algebras.

Fix A € M and consider g(w) = A(T,,). We will see that g is holomorphic:
for that we will use the Theorem 10.1. To apply the Theorem 10.1 we will take
Uy =Ty, X =Y = H*H), T} =Ty = {0, : z € H} where 0,(f) = f(2).
By Hahn-Banach theorem there exists A € B(H*)* such that A [3= A. So by
Theorem 10.1 if for any z € H and f € H*(H) the function h(w) = 0.(T,f)
is holomorphic then the function g(w) = A(T,,) = A(T,,) is holomorphic. It is
easy to see that h is holomorphic. Hence ¢ is holomorphic. The function ¢ also

satisfies the following
g(wy 4+ wy) = g(wy)g(ws) Vwy, wy € H

and
lg(w) |<|| Tw |=1  YweH

So we deduce that g(w) = e for some t; € [0,00). So we have for any w € H
o.(Ty) C o(T,) C {e™ :t€[0,00)} U{0}

Now take A = €% for some t; € (0,00). Then the function f(z) = €% is in

48



H>(H) and satisfies
Tuf(z) = " [(2)

So we have f € ker(e*] — T,) and hence \ = "% € ¢(T,). Therefore
o(T,) = {e™ :t €]0,00)} U {0}

Now let D,, = {e*"'w : z € H}, D,, is the image of H under a holomorphic map
and hence is open with nonempty interior. Consider the following subspace K of
Hee:

K = {f(z) = e k(e*™%) : k € H®(D,)}

Observe that K C ker(e'*[ —T,,). Hence ker(e"* [ —T,) is infinite dimensional.
This implies that e°*] —T,, is not Fredholm and by Atkinson’s theorem we have

e € g.(T,). So we have
0(Ty) = o(Ty) = {e"™ : t € [0,00)} U {0}

Let X be a Banach space and K (X) be the space of all compact operators on
X. Take K € K(X). Since for any '€ B(X) and A€ C, X[ -T =X -T - K
in B(X)/K(X) we have
0 (T + K) =0.(T)

i.e. the essential spectrum is invariant under compact perturbations. Using this
fact and the following Theorem 10.2 we conclude that if ¢(z) = z + b(2), the
function b is bounded analytic with b(H) CC H and lim,_, b(z) = by then for
C, : H*(H) — H*(H) we have

0e(Cyp) = 0.(Th,) = {ef™ . ¢ €]0,00)} U{0}

Theorem 10.2 Let b : H — H be a bounded analytic function such that
b(H) cC H and let lim, . b(z) = by € H exists. Let ¢(z) = z + b(z) and
Ty f(2) = f(z + by), Th, - H*(H) — H*(H). Then C, — T, is compact on
H>(H).
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Proof Take { f,}5>, C H>®(H) such that || f, ||x< 1. Consider K; = {z+iy €
H:|z|< j,% <|y|<j}, Kj’s are compact, K1 O Kj and (J;2, K; = H. Since
{fn} is equibounded and equicontinuous on K7, K is compact by Arzela Ascoli
theorem {f,} has a subsequence { f,, } that converges uniformly on K. Applying
the same process on K and {f,,}, going on iteratively we arrive at a subsequence
{fx} that converges uniformly on each K and hence on each compact subset of
H.

Let f(z) = limy_ o fx(2) then by Weierstrass theorem f is analytic on H. Our
aim is to show that indeed for g(z) = f(z+b(z)) — f(z 4+ by) we have g € H>*(H)
or in other words for gx(2) = fi(z +0b(2)) — fr(z + o), g converges uniformly on
H.

Let £ > 0 be given then since lim,_,, b(z) = by we have j, € N such that
| b(z) —bo |< e Vz € H\M;,

Mjoz{x+2y€H‘.’L’|§jg,0<y§j0}

Now let @ = inf, ey S(b(2)). Since b(H) is compact in H we have a > 0. And let
Se ={x+iy e H:y > a}. Take z € S, and let T be the circle of radius « and

center z. Then by Cauchy Integral Formula and Cauchy estimates on derivatives

we have . F(OVdC .
/ k /
= — < -
) = 5 | S = A 12 21 el

hence

sup | f1(2) 1< 2 | fi llos =

Z€£M g e ko= o
Combining this with Mean Value Theorem we have

1
| fe(z +0(2)) — fu(z +bo) |< o | b(z) — by | Vz € H.

Since b(H) is compact in H we have ¢(M},) is compact in H. So we have

sup | fe(z +0(2)) — fu(z+b0) |< 2] fr |lo<2  VE.

ZGMjO
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Hence for gi(2) = fi(z + b(2)) — fu(z + by) we have
€
Fg l|l< max{2, =} vk

So for g(z) = limg_o gr(2) we have g € H*°(H). The sequence {gx} converges
uniformly on H. Therefore for any sequence {f,,} such that || f, ||< 1, {(Cy, —
Ty, ) fn} has a convergent subsequence in H°(H).

As a result C,, — Tp, is compact on H>°(H). O

We have the following two main results, one for composition operators on
H>(H) and the other for composition operators on H>*(D):

Theorem C. Let ¢ : H — H be an analytic self-map of the upper half plane
satisfying

(a) p(2) = z+b(z) where b : H — H is a bounded analytic function satisfying
J(b(2)) > M > 0 for all z € H and for some M positive,

(b) The limit lim, .., b(z) = by exists and by € H.

Let Tp, : H®(H) — H*(H) be the translation operator Ty, f(2) = f(z + bo).

Then we have
0u(Cy) = 0ul(Thy) = {e"™ : £ € 0,00)} U {0}

Theorem D. If ¢ : D — D is of the following form

2iw + b(U=2) (1 — w)
pw) = —+ i(1—w)

with b : HH — H bounded analytic with b(H) CC H and lim, o, b(2) = by then
for Cy, : H*(D) — H*(D) we have

0.(C,) = {e™ : ¢ € [0,00)} U {0}.

51



[9]

[10]
[11]

[12]

REFERENCES

Akhiezer N.I. Lectures on Integral Transforms, Translations of Mathematical
Monographs 70, A.M.S. 1988.

Arveson W., An Invitation to C* Algebras,Graduate Texts in Mathematics
39, Springer-Verlag 1976.

Calderéon A. P.; Zygmund A., On singular integrals, Amer. J. Math. 78
(1956), 289-3009.

Calderén A. P., Zygmund A., Algebras of certain singular operators, Amer.
J. Math. 78 (1956), 310-320.

Conway J.B., Functions of One Complex Variable,Springer Verlag 1978.

Cordes H. O., Herman E. A., Gelfand theory of pseudo differential operators,
Amer. J. Math. 90 (1968), 681-717.

Cowen C. C., MacCluer B. D., Composition Operators on Spaces of Analytic
Functions, CRC Press, 1995

Douglas Ronald G., Banach algebra techniques in operator theory,Second

Edition Graduate texts in Mathematics, Vol.179. Springer,1998

Gallardo-Gutierrez Eva A., Montes-Rodriguez Alfonso,Adjoints of linear
fractional composition operators on the Dirichlet space. Math. Ann. 327
(2003),n0. 1, 117-134.

Gamelin T.W., Private Communication.
Garnett J.B.,Bounded Analytic Functions Academic Press, Inc. 1981

Gilbert J.E., Murray M.A.M, Clifford Algebras and Dirac Operators in Har-
monic Analysis, Cambridge studies in advanced mathematics 26, Cambridge

University Press 1991

52



[17]

[18]

[19]

[20]

[21]

[22]

23]

Higdon William M., The spectra of composition operators from linear frac-
tional maps acting upon the Dirichlet space., J. Funct. Anal. 220 (2005), no.
1, 55-75

Hille E.,Phillips R., Functional Analysis and Semigroups, AMS, 1957

Hoffman K., Banach Spaces of Analytic Functions, Prentice-Hall Inc., En-
glewood Cliffs, N.J., 1962

Koosis P., A Introduction to Hp Spaces, London Mathematical Society Lec-
ture Note Series 40, 1980

Lax P.D., Functional Analysis, John WileySons Inc. 2002

Matache V., Composition operators on Hardy spaces of a half-plane,Proc.
Amer. Math. Soc. 127 (1999), no. 5, 1483-1491.

Nieto J., On Fredholm Operators and the Essential Spectrum of Singular
Integral Operators, Math. Annalen 178, p.62-77(1968)

Seeley R.T., The Index of Elliptic Systems of Singular Integral Operators,
Journal of Mathematical Analysis and Applications 7,p.289-309 (1963)

Stein E.,Harmonic Analysis,Princeton University Press, 1993

Stein E., Singular Integrals and Differentiability Properties of Functions,

Princeton University Press, 1970

Stein E., Shakarchi R., Fourier Analysis, An Introduction, Princeton Lec-

tures in Analysis I, Princeton University Press, 2003

93



VITA

o4



