NAME: Solution B

Math 163 (Cowen) Test 1 February 7, 2007
There are 5 pages, 6 questions, and 100 points on this test. The test finishes at 10:10am!
Follow the instructions for each question and show enough of your work that I can understand
what you are doing.

(10 points) 1. Write the domain and range of each of the following functions, and tell which is which.
(a) F() = 3= 1

Domain: ¢t > 4 or [4, 00)
Range: f(t) > 0 or [0, c0)

(b) g(s) =5+ 2cos3s

Domain: —oo < s < 00 or (—00,00)
Range: 3 < g(s) <7 or [3,7]

Here’s how to get the range: you have to know that the range of cosine is —1 < cos(z) < 1
for any x. Thus:

—1 <cos(3s) <1
so —2<2cos(3s) <2
and 5—2 <54 2cos(3s) <5+2
(c) 1402 if —4<v<-1
h(v)=4¢ 3—w it —1<v<2
(v—2)2 if v>2

Domain: —4 < v < 0o or [—4, 00)
Range: 0 < h(v) < oo or (0, c0)

(10 points) 2. Let f(s) = /s + 5 and let g(t) = sin(2t).

(a) Find an expression for f o g(x).

Jog(@) = F(g(x)) = f(sin(22)) = \fsin(22) + 5

(b) Find an expression for g o f(w).

go f(w) = g(f(w)) = g(Vw T 5) = sin(2V/w + 5)

(25 points) 3. Calculate each of the following limits, as a real number, +o00, or —oo, using a convenient
method. If the limit does not exist, say so and explain why.

3
(a) lim 23— 524 —— =77
T——2 x +
This function is continuous except for x = —1, so we find the limit by evaluating at x = —2:
lim 2% — 52 4+ —0 = (=2 = 5(—2) b — 84103 = —1
r——2 T + 1 —2 + 1



(Question 3, cont’d)

t2 - 16
im -——— = 77
(b) A4t
This function is not defined for ¢ = 4 because both the numerator and the denominator of
the fraction are zero at 4. To evaluate the limit, we hope we can do some algebra to simplify

and then evaluate the limit:

2 —1 —

m 6:im(t 4)(t+4):hm(t+4):§:2
t—4 12 — At t—4 t(t — 4) t—4 t 4

(¢) lim —> 77

s—>9+3—\/§:”

This function is not defined for s = 9 but the numerator of the fraction is not zero, so we
expect the limit not to exist or to be infinite. For s near 9, but larger than 9, /s is near 3 but
larger than 3, so the numerator is nearly 9 and the denominator is a very small negative number
and the quotient is a very negative number:

This function is not defined for » = 3 because both the numerator and the denominator of
the fraction are zero at 3. To evaluate the limit, we hope we can do some algebra to simplify
and then evaluate the limit:

11 _5 __ _r+2 5—(r+2) _3—r_
i 25 iy 20D 50D _ o 5042 o 504D 1 31
r—3 r—3 r—3 r—3 r—3 r—3 r—3 r—3 r—3r—35(r+2)
, -1 -1 1
= lim = =——
r35(r+2)  5(3+2) 25
(e) 1+ v? if —4<ov<-1
h(v)=¢ 3—w if —1<v<2
(v—2)2 if v>2
lim h(v) = 77
’U—>2

Because the definition of the function changes descriptions at v = 2, we need to evaluate the
left and right limits separately, then compare:

lim A(v) = lim 3—v=3-2=1

v—2— v—2—
and

lim h(v) = lim (v—2)*=(2-2)2=0

v—21 v—2t

Thus, lin% h(v) does not exist because the left and right limits are different.
V—



(20 points) 4. A boy throws a rock off the Golden Gate Bridge. The height of the rock (in feet) above the
water after ¢ seconds is approximately h = 240 + 24t — 16t>.

(a) Find the average velocity of the rock between the time he throws it and two seconds later.

The height at t = 0is h = 240+0—0 = 240’; the height at t = 2 is h = 240+ 24-2—16(2)? =

240 + 48 — 64 = 224'. Thus, the average velocity is
224 — 240
—5_o0 - —8 feet per second

(b) Using the limit definition of instantaneous velocity, find the instantaneous velocity of the
rock two seconds after he throws it. Show your work!

The instantaneous velocity is computed by the limit of the average velocities over shorter and
shorter time intervals at t = 2 seconds:
h(t) — h(2) i zm+2@—1&W—m4_r 16 + 24t — 162

locity = lim ————= =
Ve = T 0 t—2 0 t—2

—(t—2)(16t+8
Z%in% ( t)(2 + ):%jr%—(16t+8):—(32+8):—40 feet per second

(20 points) 5. Let f(x) =3z + 1.

(a) Using the limit definition of derivative, find f’(5). Show your work!

£(5) = lim f(5+h)— f(5) — lim V3B +h)+1—-+3-5+1 :hm\/m_m

_hm\ﬂ6+3h—4_lmlim+3h—4Mw+3h+4_hm 16 + 3h — 16
T S0 h T 50 h V16 +3h+4  h—0h(y/16 + 3h + 4)
3h 3 3

3
R0 h(VI6 +8h+4) A0 Vi613h+4 V644 8

(b) Using your work in part (a), find an equation for the line tangent to the graph of
y = +/3x + 1 at the point (5,4).

The line has slope f'(5) = % and passes through (5,4), so an equation for the tangent line is

y—4 3
r—5 8
This is equivalent to the prettier equation
3 17
Y=+ =

8 8



(15 points)

6. For the function h whose graph is given above, answer the following questions.
For questions asking for evaluation of a limit, if the limit does not exist, say so and explain why.

(a) lim h(z) =77

z——2

The graph of h has a jump at * = —2. From looking at the graph, lim h(x) = 3 and
xl}inz N h(z) = 2. Thus, $1_i)r£12h(x) does not exist because the limit from tflgifft and the limit
from the right are different. Note that the value of h at x = —2 is irrelevant for computing the
limit!

(b) :llir(l) h(z) =177

The graph of h has a jump at x = 0. From looking at the graph, xlil%li h(z)=1
and xlirgl+ h(z) = 1. Thus, 313136 h(z) = 1 because the limit from the left and the limit from the
right are both 1. Note that the value of h at x = 0 is irrelevant for computing the limit!

(¢) lim h(x) =77

,Z‘—)Q

From looking at the graph, lim2 h(z) = 2.
T—

(d) At which points is h discontinuous? In each case, explain why.

The function h is discontinuous at © = —2 because lim_h(x) does not exist, so it is not equal
T——
to h(—2) = 3.
The function & is discontinuous at x = 0 because lirr(l) h(z) = 1 which is not equal to h(0) = 2.5.
T—

(e) At which points is h not differentiable? In each case, explain why.

The function h is not differentiable at x = —2 because it is discontinuous at x = —2.
The function A is not differentiable at x = 0 because it is discontinuous at x = 0.
The function h is not differentiable at x = 2 because the graph has a corner at x = 2 and
h(2+d) — h(2
there is not a single line tangent to the graph there. More formally, Cllir% 2+d) ( ), which
defines the derivative of h at 2, does not exist because the limits from the left (which is positive)
and right (which is negative) are different.




