Math 442 (Cowen) Problems for Thought (revised) Not Due

1. (Compare to Problem 4 on Midterm 2!)

(a) Give a counter-example to the assertion of 4(b), that is, show that there are sets A and B
with m*(4 + B) > m™(A) + m*(B).

(b) Is it true that for all subsets A and B of R, that m*(A + B) > m™(A) + m™(B)?

2. Suppose D is a dense set of real numbers, that is, for each open interval, I, the set D N[
is non-empty. Prove that if f is a real valued function on R such that for each « in D the set
{z: f(z) > a} is measurable, then f is a measurable function.

3. Show that the set of measurable simple functions defined on the interval [a, b] is an algebra,
that is, show that if ¢ is a real number and ¢ and 1 are simple functions, then cp, ¢ + 1, and
pY are also simple functions.

4. Let [a,b] be a finite closed interval of R and suppose ¢ is a measurable, real-valued function
on [a,b]. Show that for each ¢ > 0, there is a measurable simple function ¢ on [a,b] so that
m{z : |g(x) — p(z)| > €}) < e. That is, measurable functions can be approximated by simple
functions on most of their domain!

5. Let [a, b] be a finite closed interval of R and suppose ¢ is a measurable simple function. Show
that for each e > 0, there is a continuous function f on [a, b] so that m({z : | f(x)—¢(x)| > €}) < €.
That is, simple functions can be approximated by continuous functions on most of their domain!

6. Define f on the unit interval by
1 e <z<grforn=0,1,2,
flz) = 0 Qn—{rl<x§2n%forn:(),l,2,---
0 r=0

Show that f is measurable, that f is Lebesgue integrable on [0,1], find [ f, and explain why this
is a very easy problem given our definition of the Lebesgue integral.

7. In class we waved our hands over the Theorem that all Riemann integrable functions are
Lebesgue integrable and the integrals are the same. Show that the function f(x) = 2 is Lebesgue
integrable on the interval [0, 1] and use the definition of the Lebesgue integral as we have given
it to find the value of the integral.

8. Show that the Cantor function is Lebesgue integrable on the interval [0,1] and use the
definition of the Lebesgue integral as we have given it to find the value of the integral.



