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Comme quelqu’un pourrait dire de moi, que j’ai seulement fait ici
un amas de fleurs étrangeres: n’y ayant fourni du mien, que le filet
ales lier. (Michel de Montaigne, Essais)

This is an essay on Gauss sums and some of their applications.

In the first part we consider quadratic Gauss sums of odd order, the core result
being the evaluation of these sums. This turns out to be a by-product of a differ-
ent question, of independent interest: that of finding the eigenvalues of the Fourier
matrix. As applications, we prove the law of quadratic reciprocity, we derive some
elementary but non-trivial trigonometric identities, and we discuss the diagonaliza-
tion of the Jacobsthal matrix.

In the second part, we consider more general Gauss sums, but only of prime
order. Here the viewpoint is more algebraic; to begin with, we need the character
theory of finite abelian groups. Gauss sums cannot be evaluated, in general, beyond
their absolute value. This fact is already very useful; we use it to estimate some
character sums—notably, we prove the Pélya—Vinogradov inequality. We also use
Gauss sums to diagonalize the Fourier matrix of prime order.
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1. QuabpraTic GAUSS SUMS

1.1. Roots of unity. Let

) 2 2
Cn = 2/ — cos <F> + ¢sin <7T>
n n

denote the ‘first’ n-th root of unity in C*. Since (,, has multiplicative order n, it
follows that

— n ifn|r
1 rk — ?
) kZ:O n {0 otherwise.
In turn, this implies—by a calculation left to the reader—the following fact.

Lemma 1.1. For any choice of ag, . . . ,an—1 € C, we have
9 n—1 )
=n>_laxl”
k=0

As aconcrete instance of (2), we record the following identity. Here, and through-
out these notes, | A| denotes the cardinality of a finite set A.

n—1 n—1

) S D e

k=0 ;=0

Corollary 1.2. Ler A C {0,...,n — 1}. Then
12
) > >aH =nlal

Application 1.3. Consider two subsets A, B C {0,...,n — 1}. We claim that

@ > < ValAlB

acAbeB

Indeed, we have

DIPICTED D BCTEN P Bib SN

acAbeB acA beB acA beB

by the Cauchy-Schwarz inequality. Next, by (3) we have

S el <3| T

acA beEB a=0 beB

2
= n|B.

By combining the two inequalities we obtain (4).
By reading off the real and the imaginary part, (4) implies the following inequal-
ities for partial trigonometric sums:

ZZCOS (27?@(7)‘ < \/nl AT,

mn
acAbeB

Zzsin (27Tab)‘ < \/nlAlIB

mn
a€AbeB
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These seemingly elementary inequalities are remarkably non-trivial when taken out
of the context we have just described.

1.2. The Fourier matrix. The Fourier matrix of order n is the symmetric matrix

Iy = ( :LS)OST,SSn—l'

For instance

11 1 1 11 1 1
ot oa ¢ gl | -1 —i
Fa=1 ¢G ¢ ¢l 11 1
1 ¢ @ d Lo—i —1 i
Using (1), it is easy to see that
(5) F.F; =F;F, =nl,.

On the one hand, (5) says that the normalized Fourier matrix F,,//n is unitary.
On the other hand, (5) implies that the eigenvalues of F}, have absolute value y/n.
Going beyond this quick fact, we aim to find the eigenvalues of F), together with
their multiplicities.

Theorem 1.4. The eigenvalues of F,,, and their multiplicities, are as follows:

eigenvalue N4 —/n iv/n —iy/n
multiplicity || [(n+4)/4] | [(n+2)/4] | [(n+1)/4] | [(n—1)/4]

It turns out that the multiplicity of each eigenvalue is roughly n /4.

Herein, we prove Theorem 1.4 in the case when n is odd. This case suffices for
our purposes. The reader is invited to prove Theorem 1.4 in the case when n is
even, by adapting the arguments given below.

We start with two preliminary facts about the trace and the determinant of F;,.

Lemma 1.5. Let n be odd. Then |Tr(F,)| = \/n.
Proof. We have

n—1
Te(Fp) =Y G
r=0

and so
n—1n—1
2 2

TP = TR TR = 55

r=0 s=0
We make the change of variable s := s —r, understood modulo n, in the inner sum;
then we interchange the order of summation:

2 i, —s2 = 2sr
Te(F)P =G G
s=0 r=0
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By (1), the inner sum vanishes except when n divides 2s, in which case it equals n.
Asn isodd, n divides 2s precisely when n divides s; in therange s € {0,...,n—1},
this happens for s = 0 only. We conclude that | Tr(F},)|? = n. O

Lemma 1.6. Let n be odd. Then det(F),) is a positive multiple of (—i)™~1)/2,

Proof. Since F), is a Vandermonde matrix, we have

det(F,) = ] (¢ —¢h)

r<s

where, we recall, 7 and s take values in {0, ...,n — 1}. We rewrite each factor of
the product as follows:

== G (G — G = b 2isin 0T,

Note that (s — r)7/n € (0,7), since 0 < r < s < n — 1, and so the sine factor on
the right-hand side is positive. Thus, for some C' > 0 we have

det(F,) = C [[i ¢g* = cin= D2 T ¢t

r<s r<s

As n is odd, we have i"("~1/2 = (—)("=1/2_ Also, the latter product in the
formula displayed above equals 1; indeed, the exponent of (2, is

S+ =5 (X0 +5) - +9)

r<s 7,8 r=s
2n — 2 n—1\2
=5 (Xr)==(57)
T

which is a multiple of 2n. U

Proof of Theorem 1.4 when n is odd. As already pointed out, the eigenvalues of F},
have modulus y/n. Our aim is to determine the multiplicities of the possible eigen-
values ++/n, +iy/n. We denote them as follows:

e m, and m_ are the multiplicities of 1/n respectively —/n;
e m/_and m”_ are the multiplicities of i/n respectively —i\/n.

The spectral picture of F, simplifies upon squaring: F> can only have eigenvalues
n and —n, while F)} can only have one eigenvalue, .
Indeed, the matrix F2 turns out to be far simpler than F,. Its (7, s) entry is

— i, n ifn|r+s
D Gh =3 G- {
k=0 k=0 0

otherwise
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by (1). Forr,s € {0,...,n — 1}, we have that r + s is a multiple of n if and only
ifr=s=0,orr + s =n. Thus Fﬁ = nC where C'is the n-by-n matrix

10 ... 00
0 0 0 1
C=10 0 10
01 ... 00

Taking a further step, we notice that C? = I,,. The eigenvalues of C' can now be
easily determined. They are +1, and they sum up to Tr(C') = 1; the latter formula
owes to n being odd. It follows that the eigenvalues of C are 1 with multiplicity
3(n + 1), respectively —1 with multiplicity 1 (n — 1).

There are two direct consequences concerning F;,. The first one, not needed in
what follows but too pretty to go unnoticed, is that F/* = n21I,,; in other words, the
normalized Fourier matrix F}, //n has order 4. The second consequence addresses
our main interest, the eigenvalue multiplicities for F},. As F? has eigenvalues n,
with multiplicity %(n + 1), and —n, with multiplicity %(n — 1), we deduce that

(6) my +m_ = 3(n+1), m/, +m’ = 3(n—1).

Additional spectral information can be found in the trace and the determinant of
F,. It is at this point that we bring in the preliminary lemmas.
As

Tr(F,) = myv/n+m_(—v/n) + mlLiv/n +m’_(—iy/n)
= ((my —m_) + (m, —m")i)vn,
knowing that | Tr(F,,)| = \/n forces one of the following to hold:
7 {mjr—m/_ ==+1 or {mjr—m/_ =0
my —m_ =0 my —m_ = =1
On the other hand, we have
det(Fy) = (Vi)™ - (=v/n)™ - (iv/n)™ - (~iv/n)"™=
= (-1 ()R

since m/, +m’_ = 1(n—1). For det([,) to be a positive multiple of (—)(
we must have

n—1)/2

(8) m_ =m!. mod 2.

The combination of (6), (7), (8) allows us to deduce the eigenvalue multiplicities.
If n=1mod4,sayn =4u+ 1,thenm/, =m’_ =m_ =vand my =u+ 1. If
n=3mod4, sayn =4v+3,thenmy =m_ =m/, =v+landm_ =v. In

either case,
m, =m_=|(n+1)/4], m_ =[n/4], my=|n/4]+1.
This completes the proof. (|
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Notes. The discrete Fourier transform maps a vector a = (ag, ..., a,—1) € C" to
the vector a = (ao, ..., an—1) € C", where

n—1
~ ik
ap = E aj(% .
Jj=0

The discrete Fourier transform is an invertible linear map, whose matrix representa-
tion in the standard basis of C™ is the Fourier matrix F},. In this context, formula (2)
says that ||a||2 = v/n ||al|2-

1.3. Quadratic Gauss sums. The quadratic Gauss sum of order n is the sum
n—1
k2
o= G-
k=0

With the Fourier matrix in mind, we recognize that I",, = Tr(F},). Since we know
the complete spectrum of F},, thanks to Theorem 1.4, the following explicit com-
putation is immediate.

Theorem 1.7. Let n be odd. Then

Vo ifn=1mod4,
r,= 3
iv/n ifn =3 mod 4.

Once again, herein we are only interested in the case when n is odd. For the
record, however, let us spell out the explicit evaluation of the quadratic Gauss sum
of even order:

)0 if n = 2 mod 4,
"l +i)yn ifn=0mod 4.

Particularly interesting is the case when the order is prime. In Lemma 1.9 below,
we give an alternate formula for a quadratic Gauss sum of prime order as a signed
summation involving all the roots of unity, the signing being given by the Legendre
symbol.

Let p be an odd prime. The Legendre symbol records the quadratic nature modulo
p of a given integer, as follows. When a is a multiple of p, we set (a/,) = 0. For a
relatively prime to p, we set

(a)y) 1 if a is a quadratic residue mod p,
Qa =
P —1 if a is a quadratic non-residue mod p.

Here, an integer a relatively prime to p is said to be a quadratic residue mod p if the
equation 22 = a mod p is solvable; otherwise, a is a quadratic non-residue. Elab-
orating further, we note the following: for each integer a, the number of solutions
z € {0,1,...,p— 1} to the equation 22 = amod pis 1 + (a/p).

We recall a few fundamental facts about the Legendre symbol. Firstly, it is peri-
odic: if @ = b mod p, then (a/,) = (b/,). The upshot is that we can restrict to the
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modular interval {0,1,...,p — 1} C Z, or we can induce a map on the quotient
Z/pZ, whenever convenient.
Secondly, the Legendre symbol is multiplicative: for any two integers a and b,

we have
(a/p)(b/p) = (ab/p).

One way to to obtain this is by means of the Euler formula a(?~1/2 = (a/,) mod
p. This formula also gives the useful fact that

1 if p =1 mod 4,
(_1/1)) = e
—1 if p =3 mod4.

Thirdly, the Legendre symbol is balanced: there are as many quadratic residues
mod p as quadratic non-residues mod p in {1,...,p — 1}; namely, (p — 1)/2 of
each kind. This can be stated as follows.

Lemma 1.8. We have
1

(k/p) =0.

0

3

=
Il

Proof. Consider the squaring map s : {0,1,...,p—1} = {0,1,...,p—1}, given
by s(z) = 22 mod p. Foreachk = 0,...,p—1, the preimage s~ (k) has 1+ (k/,)
elements. Therefore

p—1 p—1 p—1
p= s k=D (1+ k) =p+>_ (kfp),
k=0 k=0 k=0
and the claimed identity follows. ([

After this brief interlude on the Legendre symbol, let us return to quadratic Gauss
sums.
Lemma 1.9. Let p be an odd prime. Then

p—1

Iy = Z (k/p) §£~

k=0

Proof. We continue using the squaring map introduced in the proof of the previous
lemma. We have

p—1 p—1 —
Ly=>.G GV = Z [sH(R)I G
7=0 7=0 =
p—1 p—1
- (1 + (k/p))é}'.f = Z (k/p) C;z]f
k=0 k=0
since P} (F=o0. O

The above lemma is a very useful observation. It is the starting point for defining
general Gauss sums, which we will treat in some detail later on.
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Notes. Quadratic Gauss sums were first introduced end evaluated by Gauss. It
is very easy to compute the absolute size of a quadratic Gauss sum; this is what
Lemma 1.5 does. But the matter of actually evaluating the quadratic Gauss sums is
decidedly non-trivial. It took Gauss four years to settle this evaluation. In August
1805, he wrote the following in his mathematical diary:

Demonstratio theorematis venustissimi supra 1801 Mai commem-
orati, quam per 4 annos et ultra omni contentione quaesiveramus,
tandem perfecimus. (The proof of the most beautiful theorem men-
tioned above, May 1801, which we had been seeking for 4 years and
more with all efforts, we have at last completed.)

Gauss’s original approach to the evaluation of quadratic Gauss sums used what
are now called Gaussian, or g-binomial coeflicients. For an in-depth analysis of this
particular spot in the wide-ranging work of Gauss, we refer to the superb account
of Patterson [15].

The elegant approach via the Fourier matrix, adopted herein, is due to Schur
[18]. The Fourier matrix is a distinguished matrix, underlying the discrete Fourier
transform, so Theorem 1.7 is of independent interest.

1.4. Quadratic reciprocity. The law of quadratic reciprocity exhibits a correla-
tion between the Legendre symbols for two distinct primes. This is unexpected,
because we usually think of distinct primes as being arithmetically independent.

Theorem 1.10. Let p and q be distinct odd primes. Then

(a/p) = €pq (P/g)

where

o (_1)(p_1)(q_1)/4 _ 1 ifp=1mod4orq=1mod4,
P —1 ifp=3mod4andq=3modA4.

We will obtain the law of quadratic reciprocity from the following product rela-
tion for quadratic Gauss sums.
Lemma 1.11. Let p and q be distinct odd primes. Then

Ipg = (Q/p) (p/q) Iy Iy
Proof. We have

p—1 p—1
[y = Z (k/p) C;f = Z (ak/p) Sk
k=0 k=0

since k — ¢k mod p permutes {0, 1,...,p — 1}. Thanks to the multiplicativity of
the Legendre symbol, we deduce that

3
L

(a/p) Tp = (k/p) Sk‘
0

i



GAUSS SUMS 9
Note, at this point, that the argument of Lemma 1.9 is valid for any p-th root of
unity, so we may use ¢; in place of (, to deduce that

p—1

p—1
(/) Tp = D_(CHF =" ¢labr
k k=0

=0

There is, of course, a similar formula for (p/;) I';. Multiplying the two formulas
we get

() (p)o) Ty Ty = (Z ) (Z )

k=0 7=0
p—1lg-1 p—1lg-1
k)2 (gk
D I I
k=0 5=0 k=0 7=0
But{¢k+pj:k=0,...,p—1;5=0,...,q—1} ={0,1,...,pg — 1}, so the
latter sum is precisely I'y,. (]

Proof of Theorem 1.10. The previous lemma gives

(ah) (0l = 2%

Thanks to Theorem 1.7, we can compute the right-hand ratio: if p, ¢ = 1 mod 4, it
equals 1; if p, ¢ = 3 mod 4, it equals —1; if p = 1 mod 4 and ¢ = 3 mod 4, or vice
versa, then it equals 1. In summary, the right-hand ratio is precisely the signing €,
described in the statement. The claimed formula follows by rearranging. ([

Notes. Although quadratic Gauss sums first arose in a different context, Gauss soon
saw how to use them in order to prove the quadratic reciprocity law. This is neither
the first nor the last proof of the quadratic reciprocity law that Gauss found. Gauss’s
quest for several different proofs attest to his fascination with this somewhat mys-
terious law.

After Gauss, many other proofs of the quadratic reciprocity law have been found.
This is, then, a proper ground for testing a philosophical question: what is a good
proof? For a nice discussion of depth versus transparency in various approaches to
the quadratic reciprocity law, see D’Alessandro [4].

1.5. Some trigonometric identities. We now turn to illustrating the use of qua-
dratic Gauss sums in the quaint art of trigonometry. Indeed, a quadratic Gauss sum
is, in essence, a trigonometric-type sum:

n—1 n—1 n—1
2rk? 21k
Fn:de:l—i—Zcos(W )—I—iZsin( T )
n n
k=0 k=1

The evaluation of quadratic Gauss sums, given in Theorem 1.7, can therefore be
stated in purely trigonometric terms.
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Theorem 1.12. Let n be odd. Then

n—1 2 B ) _
©) > cos (215 = {ﬁ I ifn=1mod4

- —1 ifn =3 mod4
and
(10) nzzlsin <27rk:2> _ 0 ifn=1mod 4,
P n vn o ifn =3 mod4

We continue focusing on the case when n is odd, but we remind the reader that
related formulas can also be written down when n is even.

Out of the above formulas (9) and (10) flow a number of concrete trigonometric
identities. They typically arise for small values of n, and that makes them decidedly
deceptive—they look elementary enough, yet they are quite non-trivial without the
background offered by quadratic Gauss sums.

Example 1.13. We have

27 s (47 4 cos (57 4 cop (167) _ YIT 1
COS 17 COS 17 COS 17 COS 17 = 1 .

This follows by using (9) for n = 17. The squares modulo 17 are 1, +2, +4, £8.
So each term cos(2km/17), where k = 1,2, 4, 8, appears four times on the left-hand
side of (9).

Example 1.14. We show that

3T . 2w
tan (11) + 4 sin <11> =V11.

We aim to exploit (10) for n = 11. Put @ = 7/11. The squares modulo 11 are
1,—2,3,4,5, so we have

sin(260) — sin(40) + sin(66) + sin(80) + sin(100) = \/21>1

We pack all the arguments into [0, 7/2] by using the symmetry sin(m — z) = sin z:

sin(#) + sin(20) + sin(36) — sin(460) + sin(50) = \/21>1

We now posit an identity of the form

5
tan(36) = 2 Z ¢k sin(k0).
k=1
Multiplying through by cos(36), and using the formula 2 cos x siny = sin(y —x) +
sin(y + x), we turn the above identity into
5

5
sin(36) = Z crsin ((k —3)0) + Z crsin ((k + 3)6).
k=1

k=1
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The right-hand side can be put in the form
ay sin(0) + ag sin(26) + a3 sin(36) + a4 sin(46) + as sin(56)
by using the formulas sin(7m — x) = sinz and sin(—x) = — sin z. The coefficients
are easily found: ay = ¢4 — 2, a2 = ¢5 — 1, a3 = ¢5, a4 = c1 + ¢4, and
as = c2 + c3. So we do have an identity if we impose a1 = a2 = a4 = a5 =0
and a3 = 1. This leads us to the alternating coefficients ¢y = c3 = ¢5 = 1 and
cy =cy = —1.
We thus find that

1
3 tan(36) = sin

—~

6) — sin(260) + sin(30) — sin(46) + sin(560)

= — 2sin(20).

[t

The claimed formula follows by rearranging.

Notes. The evaluation of

27 Lo (67 4 con (5
COS 13 COS 13 COS 13

is the starting point for Sury’s nice piece [19]. By an argument just like the one
given in Example 1.13, the answer turns out to be (/13 — 1)/2. Sury goes on to
discuss quadratic Gauss sums and their evaluation. He follows the same approach
as the one presented herein—namely, Schur’s argument using the Fourier matrix.

For a more elaborate discussion of Example 1.14, and kindred identities, see
Moll [12].

1.6. The Jacobsthal matrix. The Jacobsthal matrix of order p is the matrix
QP = ((a B b/p))oga,bgp—l'

Thus @, has 1 or —1 as off-diagonal entries, respectively 0 along the diagonal. For
example:

0 1 -1 -1 1
1 0 1 -1 -1
Qs=1-1 1 0 1 -1/,
-1 -1 1 0 1
1 -1 -1 1 0
and
-1 -1 1 -1 1 1
-1 -1 1 -1 1
1 o -1 -1 1 -1
Qr=1-1 1 1 0o -1 -1 1
1 -1 1 1 0o -1 -1
-1 1 -1 1 1 0o -1
-1 -1 1 -1 1 1 0

We observe the following properties of the Jacobsthal matrix:

— = O
o
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e (), is circulant: a cyclic shift of a row (or column) yields the next row
(respectively, the next column);

e cach row and each column of (), sums up to 0;

e (), is symmetric for p = 1 mod 4, respectively antisymmetric for p = 3
mod 4.

Another key property of the Jacobsthal matrix is that
Q;zo = (_1/;7) (pIp - Jp)
where I, is the identity matrix of order p, and J, is the all-1 matrix of order p.

This is a direct consequence of the following convolution-type computation for the
Legendre symbol.

Lemma 1.15. Let a and b be integers. Then
p—1 )
—(=1/p) if a # bmod p,
D (a—cp)e=bp) =4 T L
c=0 (=1/) (p—1) ifa=bmodp.

Proof. We write

p—1 p

(a—cfp) (c=0b/fp) = (—=1/p) (c—afp) (c—b/p)

|
—

c=0

= O

= (=1/p) Z (C(C ta— b)/p)
c=0
by using the multiplicativity of the Legendre symbol, followed by the reindexing
¢ := ¢ + a. It therefore suffices to prove that, whenever d is an integer, we have

p—1 .

-1 if d Z 0 mod p,
S (k4 ) =gt HaZOmed
prt P if d = 0 mod p.

S

The case d = 0 mod p is obvious, as (k?/,) = 1 forall k =1,...,p — 1. Assume
d # 0 mod p in what follows. Note that we can still drop the index value £ = 0 from
the sum. Foreach k € {1...,p— 1} there exists a unique &’ € {1...,p— 1} such
that k&’ = 1 mod p; thus £’ is the modular inverse of k. As (kk'/,) = (1/,) = 1,
we have (k/,) = (k' /,). We deduce that

p—1 p—1
> (k(k+d)/p) Z (K'(k+d)/p).
k=0

Considerthemap f : {1,...,p—1} — {0, 1,...,p—1} givenby k — k' (k+d)
mod p. The key point is that f is one-to-one. Indeed, assume k1, k2 € {1,...,p—1}
satisfy k] (k1 + d) = ky(k2 + d) mod p. Then ko(k1 + d) = ki(k2 + d) mod p
and so kod = k1d mod p. As d is relatively prime to p, it follows that k5 and &k are
congruent modulo p, whence equal.

We infer that the map f misses exactly one value in its codomain {0, 1,...,p —
1}. It is not hard to guess that the unattained value is 1; for ¥'(k + d) = 1 mod p
would imply k£ + d = k mod p, whence d = 0 mod p—a contradiction.
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In light of Lemma 1.8, we deduce that

p—1
(K'(k+d)fp) = —(=1/p) = -1,
k=1
which completes the argument. (]

Next, we turn to the diagonalization of the Jacobsthal matrix. Itis in this direction
that we run into quadratic Gauss sums.

As a general fact, all circulant matrices of order n are diagonalized (over C) by
one and the same matrix—the Fourier matrix F},. Recall, this is the invertible n x n
matrix F,, = (Cﬁb)ogmbgn—b It is not hard to see that, conversely, a matrix which
is diagonalized by the Fourier matrix F}, is a circulant matrix.

Lemma 1.16. Let

wo Wn—1 w1
w1 w, w9

W= 0
Wp—-1 Wp—2 ... WO

be a circulant matrix of order n, with complex entries. Then W is diagonalized by
the Fourier matrix Fy,; specifically, F,,'W F,, is the diagonal matrix

n—1
diag(Zwk(gkb:sz,...,n—l).

k=0

Proof. Let D denote the diagonal matrix described above. We aim to check that
W F,, = F,,D. We view the entries of the circulant matrix W as being given by the
formula Wy, = w,_p for 0 < a,b < n — 1, where the index is interpreted modulo
n. Then

n-t n—1 n—1
(WFn)ab = Z Wae (Fn)cb = Z Wo—ec Cfbb = Cfib Z Wy g;(a—c)b
c=0 =0 =0

n—1
=0 wk G = (Fo)ab Do = (FuD)ap.
k=0

We have thereby verified W F,, = F, D entry by entry. U

Returning to the diagonalization of the Jacobsthal matrix, we obtain the follow-
ing.

Theorem 1.17. The Jacobsthal matrix Q) is diagonalized by the Fourier matrix
E,; specifically,

diag((b/p)y/P:b=0,...,p—1) ifp = 1mod 4,

F1Q,F, =
p @l {diag(—i(b/p)\/f):b:O,...,p—l) ifp =3 mod 4.
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Proof. By the previous lemma, Fp_lQpr is the diagonal matrix whose entries are

1

(k/p) 6™

0

bS]
|

£
Il

forb = 0,...,p — 1. As we have already seen in the proof of Lemma 1.11, the
above sum equals (—b/,) I', whenever b # 0. This continues to hold for b = 0,
since both sides vanish in this case. Thus

F'QuF, = diag((—b/p) Tp:b=0,...,p—1).

This can be made very explicit, by using the evaluation of the quadratic Gauss
sum I';,. If p = 1 mod 4, we have I'), =  /p; furthermore, (—1/,) = 1. In this case
we obtain Fp_lQpr = diag((b/p)\/ﬁ :b=0,....,p— 1). If p = 3 mod 4, we
have ', = i,/p and (—1/,) = —1. We then have F,; 'Q,F,, = diag( —i(b/,)\/p :
b=0,....,p—1). O

The eigenvalues of the Jacobsthal matrix (), are listed along the diagonals, as if
on a clothesline, ready to be read off:

e when p = 1 mod 4, the eigenvalues of (), are 0, with multiplicity one, and
+.,/p, each with multiplicity (p — 1)/2;

e when p = 3 mod 4, the eigenvalues of ), are 0, with multiplicity one, and
+i,/p, each with multiplicity (p — 1) /2.

If the eigenvalues of (), is all that we are after, there is a quicker way to get
them. Indeed, they can be gleaned from the relation Q2 = (—1/,) (pI, — J,,). The
matrix J, has two eigenvalues, 0 and p, the latter being simple; therefore the matrix
pl, — Jp has eigenvalues p and 0, the latter being simple. We infer that (), has 0 as
a simple eigenvalue, and the remaining p — 1 eigenvalues satisfy A\? = (—1/,) p.
When p = 1 mod 4, we have (—1/,) = 1 and so A = £,/p. When p = 3 mod
4, we have (—1/,) = —1 and so A = %i,/p. Since the eigenvalues sum up to the
trace of (), which is 0, we deduce that, in each case, the two possible signs occur
equally often.

Application 1.18. A Hadamard matrix of order n is an n-by-n matrix whose en-
tries are 1 or —1, and whose rows are mutually orthogonal. For example,

()

is a Hadamard matrix of order 2. When n > 3, a simple combinatorial argument
shows that a necessary condition for the existence of a Hadamard matrix of order n
is that n = 0 mod 4. A long-standing open question asks the converse: does there
exist a Hadamard matrix of order n, for every n = 0 mod 4?

Here are two constructions of Hadamard matrices that have the Jacobsthal matrix
at their core:
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if p is a prime and p = 3 mod 4, then | if pis a prime and p = 1 mod 4, set

11 1 +1 1 1
1 1
My =1 . ;
: Qp—1Ip : QpE1p
1 1

is a Hadamard matrix of order p 4+ 1; | then
M, M-
M_ —M,

is a Hadamard matrix of order 2(p + 1).

We leave it as an exercise for the reader to check that the matrices are indeed
Hadamard, as claimed. Suffices to say that the argument exploits the properties
of @, that we have already listed. Firstly, (), £ I, has all its entries 1 or —1.
Secondly, )}, is symmetric and QZ = pl, — J, when p = 1 mod 4, respectively
Qp is antisymmetric and Q2 = —(pI, — J,) when p = 3 mod 4.

Notes. The remarkable construction of Hadamard matrices, outlined above, is due
to Paley [14].

2. GAuss suMs OVER F,

Marco Polo describes a bridge, stone by stone. “But which is the
stone that supports the bridge?” Kublai Khan asks. “The bridge
is not supported by one stone or another,” Marco answers, “but by
the line of the arch that they form.” Kublai Khan remains silent,
reflecting. Then he adds: “Why do you speak of the stones? It is
only the arch that matters to me.” Polo answers: “Without stones
there is no arch.” (Italo Calvino, Invisible Cities)

2.1. Characters of finite abelian groups. Let GG be a finite abelian group. The
operation of G is written multiplicatively, and its identity element is denoted by 1.
The cardinality of G is denoted |G]|.

A character x of G is a group homomorphism x : G — C*. That is to say, y is
a complex-valued map on G satisfying x(gh) = x(g)x(h) for all g, h € G. Note
that x(1) = 1, though one should bear in mind that the two 1’s are different, in
general.

Lemma 2.1. Let x be a character of G. Then

(i) [x(9)| = 1forall g € G;
(ii) x(g7') = x(g) forall g € G.

Proof. (i)Putn = |G|. Theneach g € G satisfies g" = 1 and so x(g)" = x(¢9") =
x(1) = 1in C*, whence |x(g)| = 1. In fact, not only does x take values in the unit
circle, its values are actually among the n-th roots of unity. Next,

1 S

X@A):X@)IX@)
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which proves (ii). [l

Let G denote the set of characters of G. Then G is a group under pointwise
multiplication, the neutral element being the trivial character 1 given by 1(g) = 1
for all ¢ € G. The inverse, in G, of a character x is x~' = X. The finite abelian
group G is called the dual of G.

Here is a key example.

Example 2.2. Consider the additive group Z/nZ. A character x is determined by
the value x(1), where 1 € Z/nZ is the canonical generator. As x(1) is an n-th
root of unity in C, we have x(1) = ¢* for a unique k& € {0,...,n — 1}. The
corresponding character is given by
xi(a) = G,

So the dual group of Z/nZ is Z//\nZ ={xx:k=0,...,n— 1}. This is a cyclic
group with n elements, generated by the character ;. The map k — Xy, defines a
group isomorphism Z/nZ — Z/nZ.

A key upshot of the above example is that Gis isomorphic to G, whenever G is a
finite cyclic group. Now every finite abelian group is isomorphic to a direct product
of finite cyclic groups, and taking duals is compatible with direct products—in the
sense that G@g is naturally isomorphic to é\l X C/r‘\g for any two finite abelian
groups GG1 and G2. The verification of this latter fact is left to the reader. We thus
reach the following conclusion.

Theorem 2.3. Let G be a finite abelian group. Then the dual G is isomorphic to
G. In particular, G has exactly |G| characters.

The previous theorem is one of the core facts in the character theory for finite
abelian groups. The next two are concerned with certain fundamental character
sums, and they are sometimes referred to as the orthogonality relations. It will be
convenient to start using the Iverson bracket notation: if P is a statement, then

1 if P is true,
[Pl = .
0 if P is false.

Theorem 2.4. For each character x of G we have

{o if x # 1,

> xlg)=IGlIx=1]= Gl fxl

geG

Proof. When x = 1, we clearly have dec x(g) = 1. The interesting part is
proving that } . x(g) = 0 whenever x # 1. Indeed, for each i € G we have

X)) x(9) =D x(hg) =D x(9)-

geG e geq
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As x is non-trivial, there exists h € G with x(h) # 1. The desired vanishing
follows. O

Theorem 2.5. For each element g € G we have

0 ifg#1,
Xzeéx(g) Gllg =11 {|G| ool

Proof. We calculate
S = X (X aw) (X )

9€G el 9€G €@ x2€G

= > > (axal).

x1,x2€G 9€G

By the previous theorem, the inner sum equals |G|[xi1x2 = 1] = |G|[x1 = x2]
and so we can continue as follows:

SIS =16l Y a=xl=l6ld = 6P
9€C xeG X1.x2€G

~

The term corresponding to g = 11is 3 5 x(1) = |G| = |G|. We deduce from
the above formula that Zx cé X(g9) = 0 whenever g # 1. O

We note that, over the group Z/nZ, the previous theorem yields (1).
The finite-dimensional space of complex-valued functions on GG can be endowed
with the natural scalar product

(o, 8) = alg) Blg).

geG

Viewed in this light, Theorem 2.4 implies that (x, 1) = 0 for each non-trivial char-
acter y—that is to say, x is orthogonal to the trivial character 1. Actually, more is
true: distinct characters are orthogonal. We have brushed past this fact in the proof
of Theorem 2.5. If 1 # x2 then

(X1,X2) = ZXl(g)XT@ = Z(Xlﬁ)(g) =0
geG geqG

since the character y1x2 is non-trivial.
There are |G| characters of G, as many as the dimension of the space of complex-
valued functions on G, and they form an orthogonal set. So the following holds.

Theorem 2.6. The characters of G form an orthogonal basis for the space of
complex-valued functions on G.
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2.2. Incomplete character sum estimates: the square-root bound. Let G be a
finite abelian group. A sum of the form

> x(9),

geA
where y is a character of G, and A is a subset of G, is known as an incomplete
character sum. In applications, such a sum counts an arithmetic occurrence (en-
coded by x) within a restricted range (the subset A). The explicit evaluation of an
incomplete character sum is an exceptionally rare event. Instead, one usually aims
for estimates on its magnitude.
The trivial bound, which follows from the fact that |x(g)| = 1 foreach g € G, is

> x| <14l
geA

This uniform bound is attained by the trivial character y = 1, so let us focus on
non-trivial characters. We will show that the square-root bound

1" x(o)| < VI
geEA

holds on average. This can actually be interpreted in two different ways—that we
vary x while keeping A fixed, or that we vary A, subject to a fixed size, while
keeping y fixed. It is a comforting fact that both ways lead to the same outcome.

Theorem 2.7. Let A C G be non-empty, and let x be a non-trivial character of

G. Then
E| > x(0)| < V4]
geA
in two ways:
e for each A, as x runs over the non-trivial characters of G
e for each x, as A runs over the subsets of G of a given size.

We recall that the expected value of a random variable f : {2 — R, defined over
a finite sample space (2, is

1
Ef = M%f(w)

In general, we have (E|f])? < E(|f|?) by a simple application of the Cauchy-
Schwarz inequality. The expected value of | f|? turns out to be easier to compute in
a number of situations that exhibit ‘orthogonality’, such as the character context we
are in.

Lemma 2.8. Let A C G be non-empty, and let x be a non-trivial character of G.

Then ) A4
E)ZW)’ G -1
cA

in two ways:
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e for each A, as x runs over the non-trivial characters of G;
e for each x, as A runs over the subsets of G of a given size.

We remark that the symmetry A <> A¢ in the above outcome should not be a
surprise. For if x is a non-trivial character, then . 4 X(9) = — >_,c 4 X(¢) and

50 | Ygeac X(9)] = | X geax(9)]-
Theorem 2.7 is an immediate consequence of the lemma.

Proof. To begin with, we write
) > ><(g)‘2 = (Z x(g)) ( ZW) = Y x(gh™).
geA geA heA gheA

Let A C G be fixed non-empty subset. As x runs over the non-trivial characters of
G, we have

2 1 2
E‘ZX(Q)‘ ZWZ‘ZX(Q))
geA x#1 geA
1 -
T G-1 Q%A );X(gh ).

By Theorem 2.5, the inner sum is |G|[gh~! = 1] — 1 = |G|[g = h] — 1. Hence

2 1
E| X0 =gy 2 (Gllg=r1-1)
geA g,he A
_[GIIAI = AP _ |AJjA
IG[— 1 IG[—1°

Now let  be a fixed non-trivial character of G. As A runs over the subsets of G
of given size o, we have

o = () X [T

geA |[Al=a g€A

(N7 T e

|A‘:a g,heA

‘ 2

The double sum can be written as
> x(gh™") - {ACG:g,he A Al =a}
g,heG
and the latter count is ('g':ll) when g = h, respectively (‘g':;) when g # h. So
the above double sum evaluates as

<§|__11> > x(1) + ('S'__;) > x(gh™).

geqG g#h
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Here > . x(1) = |G|, and

D oxtgh™) =D x(gh™) = > x(gh™)

g#h g=h g,heG
2
=Y - | > x| =Ia
geG geG

as well. We conclude that

ol = () (9 -

as claimed. |

2.3. Multiplicative characters of F,. Let F, = Z/pZ be the finite field with p
elements, where p is an odd prime. Two abelian group structures coexist on F:
the additive group (F,, +), and the multiplicative group (F},-); both are cyclic.
A significant difference arises, however, when it comes to the cyclic generators.
There is an explicit and canonical additive generator, namely 1, but a multiplicative
generator is quite mysterious in general-neither explicit, nor canonical. In fact,
finding one is a challenging problem from the computational viewpoint—no efficient
algorithm is known for doing so.

Two types of characters can be associated to F,: additive characters, which are
maps ¢ : F, — C* satisfying 1(a)y(b) = 1 (a + b), respectively multiplicative
characters, which are maps x : Fj — C* satisfying x(a)x(b) = x(ab). The
additive characters can be described explicitly, as in Example 2.2, thanks to the
canonical additive generator 1. The lack of a canonical multiplicative generator
makes multiplicative characters more obscure. They are the main characters in what
follows.

It is convenient to extend each multiplicative character x, from F} to the whole
of F,. We do so by setting x(0) = 0 when x # 1, respectively x(0) = 1 when
X = 1. Thus extended, a multiplicative character y satisfies x(a)x(b) = x(ab) for
alla,b € Fp, and

> x(a) =plx=1] =

acFyp

0 ifyxy#1,
p ifxy=1.

Example 2.9. The Legendre symbol on Z descends to a multiplicative character
of Z/pZ = F,, denoted by o and referred to as the quadratic character in what
follows. Thus

o(a) = (a/p)
fora € {0,1,...,p— 1}. Note that the quadratic character is +1 valued on F}, and
already extended to Fj, by 0(0) = 0. The quadratic character has order 2; in fact,

since the dual of the multiplicative group F, is cyclic, it is the unique multiplicative
character of order 2.
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We recall that
1 ifp=1 d4
o(-1) = Spm o mee®
—1 ifp=3 mod4.

Lemma 2.10. Let x be a non-trivial multiplicative character of Fp, and let a,b €
Fp. Then

S x(eta)xle+b) =pla="b]— 1=

ceFp

-1 ifa # b,
p—1 ifa=hb.

Proof. We write

Z x(c+a)x(c+b) = Z X(Zig)

ceFy c#—b

When a = b, the right-hand sum equals (p — 1)x(1) = p — 1. When a # b, we
observe that ¢ — (c+a)/(c+b) is abijection from F,,\ {—b} to F,,\ {1}. Therefore
the right-hand sum equals —x (1) = —1. O

For x = o, the quadratic character, we recover Lemma 1.15 and its proof.

2.4. Gauss sums. The Gauss sum associated to a multiplicative character x of F,,
is

Gix)=>_ xla) ¢,

acFy

where, as usual, ¢, = e2m/P is the “first’ p-th root of unity.

When Y is the trivial character, we have G(1) = ) ack, Sp = 0.

When y is the quadratic character o, Lemma 1.9 can be stated as saying that
G(o) = Iy, the quadratic Gauss sum of order p. We therefore have the following
fact.

Theorem 2.11. The Gauss sum corresponding to the quadratic character can be
evaluated as

Glo) = VP ifp=1mod4,
K i/P ifp=3mod4.

As for Gauss sum associated to general non-trivial characters, we quickly aban-
don any hope of evaluating them. What we can evaluate, quite easily in fact, is their
absolute value. This will play a crucial role in what follows.

Theorem 2.12. Let x be a non-trivial multiplicative character of F,,. Then

(11) |IG(X)| = v/

One way to prove Theorem 2.12 is by means of the following result of indepen-
dent interest.
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Lemma 2.13. Let x be a non-trivial multiplicative character of Fp, and let ¢ € F,,.
Then

(12) > x(a) ¢5° =x(c) G(x)

acFy,

Proof. If ¢ = 0, then both sides of (12) vanish. If ¢ # 0, then the change of variable
a — ac” ! yields

D xl@) o= xlac™) ¢ =x(c™) D xla) ¢ =%(c) G(x),

acF, acF, acFp

and so (12) is verified in this case as well. O

Proof of Theorem 2.12. By (2), we have

S x| =p X P

ceFp  acF, ceFp

On the left-hand side, the inner-most sum equals X(c) G(x), thanks to (12). Thus,
the above identity becomes

GO Y Ix@P=p ) x>

ceFp ceFp

The two sums are clearly identical, and non-vanishing; in fact, their value is p — 1.
It follows that |G(x)|?> = p, whence the formula (11). O

The first remark concerning the identity (12) is that, by applying it for c = —1,
we have

(13) G(x) = > x(a) ¢, = x(—1) G().

acFp

Thus (11) can also be expressed as G(x) G(XY) = x(—1)p.
The second remark on (12) is that it can be put in the following form:

(14 xa) = i 3 x(0) G

ceF}

Note that we have dropped the index value ¢ = 0, as x(0) = 0. The point of the
above formula is that the left-hand side behaves multiplicatively in the argument
a, whereas the right-hand side has an additive behavior. Subsequent results will
illustrate the usefulness of this trade-off.

Notes. For the sake of conciseness we have restricted our attention to Gauss sums
over F,. One may-and should— consider Gauss sums over a finite field, or over a
modular ring Z/nZ. We refer the reader to Conrad’s blurb [2] for a nice overview of
these generalizations. The common case of F,, = Z/pZ is the simplest, yet arguably
the most important—the main features of Gauss sums shine through, unburdened by
technicalities.
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2.5. The Fourier matrix of order p, revisited. Recall that the Fourier matrix of
order p is given by F}, = (CI’;S) 0<rs<p1° We can presently make a key observation:
that we can interpret (12) as saying that

(15) F,-x=GXx)X

for any non-trivial multiplicative character x of F,,. Here, we view x as the column
vector (0 = x(0),1 = x(1),...,x(p—1)) € CP. Replacing x by  yields

(16) X =GX) x-

Taken together, the relations (15) and (16) suggest that two linear combination of
X and Y are eigenvectors of Fj,. This is what the first part of the next theorem
states, though casting out the quadratic character o. In the case when xy = o, the
relations (15) and (16) are duplicates since o is real-valued, and we simply get that
o is an eigenvector of Fj,. The second part of the next theorem records this case.

The third part completes the picture by finding the contribution of the remaining
multiplicative character—the trivial character 1.

Theorem 2.14 (Eigenvectors of £},).
(i) Let x # 1,0 be a multiplicative character of F,,. Put

1oy =1,
E(X)_{z‘ iFx(-1) = -1

so that €(x)* = x(—1). Then vy (x) = £e(x)/P X + G(x) X is an
eigenvector of Fy, with eigenvalue F¢(x)/p.

(ii) The quadratic character o is an eigenvector of F, with eigenvalue G(0).
(iii) Put 19 = (1,0,...,0) € CP. Then v+(1) = £,/p 1o + 1 is an eigen-
vector of F), with eigenvalue +.,/p.

Proof. (i) Let us first spell out the simple fact that y(—1) = =41 for each multi-
plicative character x of F,; this is implicit in the definition of the signing €. The
assumption that x # 1, o guarantees that x and  are distinct, whence linearly in-
dependent. Therefore the vectors v () and v_(x) are non-zero, in fact linearly
independent as well.

Using (15) and (16), we compute

Fy v (x) = e0)vp(Fp - x) + GO (Fp - X)
= e0)vP(G(X) X) + GOI(G(X) X)-
As G(x) G(%) = x(—=1)p = €(x)*p, we obtain
Fy-v1(x) = e0)vP(G(X) X+ e()vp x) = () VP - v+ (X)-

That is, v () is an eigenvector of F}, with eigenvalue €(x),/p. A similar calcula-
tion shows that v_(x) is an eigenvector of F}, with eigenvalue —e(x)/p.
(ii) This is (15), and (16) as well, in the case when xy = o.
(iii) We have
F,-1=ply, F, -1y=1.
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The latter relation simply reflects the fact that the first row of F}, consists of 1’s.
The former relation, a bit more interesting, owes to (1). We then have

Fp-vp(1)=\pF,- 1o+ F,-1=/pl+ply=pvy(l),
and similarly F,-v_(1) = —,/pv_(1). Obviously, v, (1) and v_ (1) are non-zero,
so they are eigenvectors with corresponding eigenvalues /p and —,/p. O

Let us tally up the eigenvectors we have obtained in Theorem 2.14. The starting
point is the basis for the complex-valued functions on Fy, consisting of the p — 1
multiplicative characters of F,. When extended to F,, the multiplicative characters
remain independent; adding the function 1g yields a basis for the complex-valued
functions on F,,. The eigenvectors for the Fourier matrix I}, that we have obtained
are localized perturbations of the multiplicative characters of F,,.

The trivial character 1 contributes two eigenvectors, v4 (1) and v_(1). The qua-
dratic character cuts a solitary figure: it is the only multiplicative character of F,
that is an eigenvector for F},. There are (p — 3)/2 doublets of conjugate, non-real
multiplicative characters {x, X }; each such doublet contributes two eigenvectors,
v4+(x) and v_(x). The grand total is p distinct eigenvectors.

Theorem 2.15. The p eigenvectors of Iy, as described in Theorem 2.14, form an
orthogonal basis.

Proof. We set aside for a moment the eigenvector of Fj, given by the quadratic
character. The remaining p—1 eigenvectors span the same 2-dimensional subspaces
as their seed vectors. Namely, v (1) and v_(1) span the same plane as 1 and 1,
and for each doublet of conjugate, non-real multiplicative characters {x, X}, the
eigenvectors v (x) and v_(x) span the same plane as x and . Consequently, the
p eigenvectors are spanning, and so they form a basis.

Let us consider the orthogonality aspect. To begin with, the characters of the
multiplicative group F are orthogonal; they remain so upon extending them to F,.
The function 1, which we add so as to obtain a basis, is orthogonal to the non-
trivial multiplicative characters but not to the trivial character 1.

Much of this orthogonality is preserved when passing to the p eigenvectors of F,.
The only pairs whose orthogonality is in question are v (1) and v_ (1), respectively
v4+(x) and v_(x) for each non-real multiplicative character y. We check these
directly:

(v+(1),v-(1)) =(vPlo+1,—\/plo+ 1)
= —p(lo,10) +(1,1) = —p+p=0,
and
(v (x);v- (X)) = (VP X + GO X, —e()VP X + G(X) X)
= —e00)Pp(x. x) + 1GOOI (X X)
=-p(p—1)+plp—1)=0.

Of course, the orthogonality of the p eigenvectors also implies that they form a
basis. ]
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Example 2.16. It is quite instructive to pick a small prime p and to work out, very
explicitly, the eigen-picture of the Fourier matrix F}, that we have described above.
The reasonable choice is p = 5.

We first tabulate the characters of the multiplicative group F;. They are deter-
mined by their value on a chosen generator, say 2. Besides the trivial character 1
and the quadratic character o, there is one doublet {y,x} of conjugate, non-real
multiplicative characters.

M
(13

_= W e N
== = =] e
—_
|
—_
|
—_

Next, we extend the multiplicative characters to F5, and we add the function 1,
S0 as to obtain a basis for the complex-valued functions on Fs.

s Do [t ]o]x]X]

0 1 1 0] 0] O

1 0 1 111 1

2 0 1| —=1] ¢ | —

3 0 1 | =1 —¢| 2

4 0 1 1 |-1|-1

As x(—1) = —1, we have €(x) = i. So we can tabulate the eigenvectors of Fj
provided by Theorem 2.14 as follows.
R o@ [ v® (o] o | v ]

0| vb+1 |[=vB+1| 0 0 0
1 1 1 1| iW/5+G(x) | —iv5+G(x)
2 1 1 —1| =5 —iG(x) | V5 —iG(x)
3 1 1 —1| VB5+iG(x) | —V5+iG(x)
4 1 1 1 | =iV —-G(x) | ivV5—G(x)

We evaluate the Gauss sum associated to the character x:
G0 =x(1) G +x(2) G +xB) & +x(4) G
=G i — i~ G =66 i(G - G)
27r 47
= 2¢sin ) — 28111 )

\/5—f \/5+\f
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In the last step, we used the elementary evaluations

. (27r> 5+5 : (47r> 5—5
sin | — ) = , sin|{— | = ,
5 8 5 8
which are probably best derived from the simpler-looking evaluations
(27r> V5 —1 (477) -5 -1
cos|— ) = , cos(— ) = ——.
5 4 5 4
Using the latter formulas, it is easy to evaluate the quadratic Gauss sum. The point
is that we do so directly, without an appeal to Theorem 2.11.

G(o) =o(1) G5 +0(2) G +0(3) G +0(4) G
=G-CG-G+G =6+ (G+)
-2en () 20 (1)
= /5.
The eigenvalues of Fy are +¢(x)v/5 = £iv/5, G(0) = v/5, and then ++/5.

Another upshot of Theorem 2.14 is an alternate proof of Theorem 2.11. The
point is that we can get an explicit list of all eigenvalues of F,, other than G(o).
Recall that our original pathway to Theorem 2.11 was through Theorem 1.4.

Alternate proof of Theorem 2.11. From Theorem 2.14 we read off the following
eigenvalues of F},: +e(x)/p, each one with multiplicity (p — 3)/2, &,/p, and
G(o). This is a complete listing of the eigenvalues of F},, since the corresponding
eigenvectors form a basis. To get an explicit spectral picture, we need to understand
the distribution of €(), as x runs over the non-real multiplicative characters of
F- Let n denote the number of doublets {x, X} of conjugate, non-real characters
satisfying x(—1) = X(—1) = £1. On the one hand,
p—3
ny +n_ = B .

On the other hand, the summation formula

> x(-1)=0

x€F;
yields the relation 1 4+ o(—1) + 2ny — 2n_ = 0. We obtain
p—o(—1)—4 . :p+0(—1)—2.

4 ’ - 4
In summary, the p eigenvalues of F}, are as follows: +,/p, each with multiplicity
1 + ny; £i,/p, each with multiplicity n_; and G (). Our aim is to show that

(o) VP if p=1mod4,
g)=
i/p if p =3 mod 4.

ny =
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To do so, we recall Lemma 1.6, which tells us that the determinant of F), is a
positive multiple of (—i)(p_l)/ 2. Our present knowledge of the eigenvalues of E,
allows us to compute

VP (=) (i) - (—iy/p)" - Glo)

det F), = (
( 1)1+n++n, . iQn, ‘p1+n++n, . G(O‘)
(—

E-D/2 . o(-D-2)/2  ,0-D/2 . G(4)

_ iP=1/2 . pe-D/2. q(g) if p =1 mod 4,
i®=3)/2.p=1/2.G(s) ifp=3mod4.

We deduce that G(o) is positive when p = 1 mod 4, respectively a positive multiple
of i whenp = 3 mod 4. Since |G(co)| = /p, thanks to (11), we conclude that
G(o) = \/p when p = 1 mod 4, respectively G(o) = i,/p whenp = 3mod 4. [

As soon as the value of the quadratic Gauss sum is known, the eigenvalues of
F)—including their multiplicities—can be completely spelled out. We tabulate them
below.

eigenvalue /P —/P i\/D —i\/p
p =1 mod 4:

multiplicity || (p+3)/4 | (p—1)/4|(p—1)/4 | (p—1)/4

eigenvalue /P —/P i\/D —i\/p
p = 3 mod 4:

multiplicity || (p+1)/4| (p+1)/4| (p+1)/4| (p—3)/4

We have thereby obtained a different approach to the result of Theorem 1.4 in
the prime order case.

Notes. The alternate approach to the evaluation of the quadratic Gauss sum adapts
an argument due to Waterhouse [22]. It is worthwhile emphasizing that the follow-
ing two problems go hand in hand, and may be even construed as being equivalent:
(i) the determination of the eigenvalues (and their multiplicities) for the Fourier ma-
trix F,, and (ii) the evaluation of the quadratic Gauss sum G(o). Our first approach
was to solve (i), and then deduce (ii). In this section, we saw how (i) hinges on (ii).

Eigenbases of the Fourier matrix of order n have received quite a bit of attention;
see, for instance, [10, 13, 5, 7, 20, 11, 8]. There is a lot of freedom in building
eigenbases since the four eigenspaces have high dimension. For a generalization of
the character-based approach described herein, see Morton [13].

2.6. Incomplete character sum estimates: double sums. The following result is
an additive analogue of Application 1.3.
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Theorem 2.17. Let x be a non-trivial multiplicative character of Fp, and let
A,B CF,. Then

33" xa+b)| < Vo TAIBIA B,

acAbeB

We note that a simpler, but coarser, upper bound is /p|A|| B|.

Somewhat surprisingly, the proof will make use of Gauss sums. Let us first de-
scribe a direct argument—not involving Gauss sums—that will yield a slightly weaker
upper bound. This argument bears a strong resemblance to the approach taken in
Application 1.3.

A weaker bound. We begin by estimating
2 2 2
S Y e n)] 1A [ Yo xa+n| <141 [P xa+ b))
acAbeRB a€A beB acF, beB

The first estimate is an application of the Cauchy-Schwarz inequality; in the sec-
ond estimate, we complete the outer sum. The point now is that the latter, half-
completed double sum can be evaluated as follows. We write

S xarn[ = (Exta+n) (X xarv)

a€F, beB acF, beB b'eB
g g (a+b)x(a+b).
by EB acF,

Thanks to Lemma 2.10, we know that the inner sum equals p[b = b'] — 1. Therefore
Y Y x(a+bx(a+t)=p > [b=V]- > 1=pBl-|B>
bb'€B acF, b'eB bb'EB
Overall, we obtain the bound

33 xa+b)| < \/1AI(pIBI - |BE) = /| AI1BI(p - |B]).

acAbeB

Note, however, that A and B play symmetric roles; so the upper bound can be
improved to \/]A\ |B|(p — max{|A|,|B|}). This is better than the simple upper
bound +/p|A||B|, but still weaker than the desired upper bound. O

As already mentioned, the better argument exploits Gauss sums.

Proof of Theorem 2.17. By (14), we have

> Katb) = g 0 3¢

a€AbeB CGFP a€EAbeB
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We take absolute values; as x is non-trivial, we have |G(x)| = /p, and we deduce

that
> xa+b)| < \}ﬁ ST Y g

acAbeB ceF), acAbeB

The next step is bounding the inner double sum over A and B. Here, we are aided
by the fact that we can separate A from B. Indeed:

Z Z <Iga+b)c _ (Z Cgc) (b%; CI?C),

acAbeB acA

whence
S = gl g
cEF;‘, acAbeB CGF; a€A beB
o\ 1/2 9\ 1/2
<(Zxef) (Z]xel)
(S acA ceFy  beB

by the Cauchy-Schwarz inequality. Now

DA

ceFy acA

= plA| — |A]? = |A]| A9

by applying (3); an analogous evaluation holds over B as well. Overall, we have

323 vt | < o VIATATIBTE:

ac€AbeB
as desired. O

Application 2.18. Let A C F, have the property that the difference between any
two distinct elements of A is a square in F,,. For example, {1, 4, 5} is such a set for
p = 13. We note that a necessary condition for the existence of such a set is that
—1is a square in F, that is to say, p = 1 mod 4.

We then have the following double sum involving the quadratic character:

Y ola—b) =3 (|Al-1) = A|(4] - 1)
a,beA acA
On the other, by applying Theorem 2.17 to the sets A and — A, we know that

1
o(a—> —|A|(p — |A]).
]a% (=) < 1Al - 4]

Combining the two facts, we deduce that |A| < ,/p.

Notes. Theorem 2.17 was first noted by Erdds and Shapiro [6], and then by Chung
[1] in the stronger form stated herein.

The bound |A| < ,/p from Application 2.18 is probably folklore, as there are
many ways to obtain it. Can it be improved, possibly below the square-root bound?
This is a well-known problem in additive combinatorics; see, e.g., Croot - Lev [3,
Problem 2.8]. The best result known so far is the following modest improvement,
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recently proved by Hanson and Petridis [9]: |A| < /p/2 + 1. The conjectural
expectation, however, is that for each ¢ > 0 the bound |A| < p° should hold for
large enough p.

2.7. Incomplete character sum estimates: the Pélya—Vinogradov inequality.
Let us say that a subset A C Fy, is an arc of length m, where m < p, if it is of the
form A = {t,t+1,...,t+m—1}.

Theorem 2.19. Let x be a non-trivial multiplicative character of Fp,. Then, for
any arc A C F,, we have

(17) 3" x(@)| < vp logp.

a€A

There are two points to be noticed about the upper bound in (17): firstly, it is very
close to being on the order of /p; secondly, it is independent of the arc’s length.
In keeping with the usage in number theory, the logarithm in (17) is the natural
logarithm with base e.

The proof of the bound (17) combines two ideas: that multiplicative characters
can be expressed in terms of the additive ones, by means of the formula (14), and
that the additive analogue of (17) can be handled rather easily by using the assump-
tion that A is an arc. The argument will also need a delightful exercise in calculus!

Proof. By using (14), we can write
_ 1
> _X(a) = a0 Do x) Y G
acA X pers acA
Taking absolute values, and keeping in mind that |G(x)| = /p, we deduce that

PRCIERS S|

a€A k=1 a€A

Now we make use of the specific form of A. Foreach k € {1,...,p — 1} we
have:

k kmil k 1 G
t j ¢ /4
Z Cg = 5p Z CIJJ I ¢k
acA j=0 p
since C{f # 1. Therefore
‘ZC“’“:H_QM’< 2 __ 1
P

[1—Chl — 11— ¢kl sin(km/p)’

Summarizing, we have shown that

a€A
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We give an upper bound for the latter sum in a separate lemma, see below. The
lemma’s bound implies that

2 4
s ™
acA

It is a simple matter to verify that this bound is in fact better than the desired bound
(17), for any p > 3. U

Lemma 2.20. We have

L 1 < 2p 1 4p
——— < — log —.
= sin(kw/p) 7w &

[y

Proof. We start from the observation that the left-hand side resembles a Riemann
sum for the function f(x) = sin(7z)~'. Which brings us to the following general
fact: if f is a convex, continuous function on the interval (0, 1), then

1= g 1-1/(2p)
M () < / f(a) da.
AN 1/(2p)

This can be seen by interpreting the left-hand side as the midpoint Riemann sum
over the partition 1/(2p) < 3/(2p) < --- < (2p — 1)/(2p). Convexity implies
that such a midpoint Riemann sum underestimates the Riemann integral. Thus,
denoting € = 1/(2p), we obtain

p—1

L /16 LI
p = sin(kw/p) — J.  sin(mz)

1 w(l—e¢) 9 w/2
:/ cscxdq::/ cscx dx
7T TE 7T TE

by a change of variable, and a use of symmetry. We now work out the definite
integral. Recall that log | csc z — cot x| is an antiderivative of csc(x); we write

)
cscx —cotx = 1 Sir(;(;s "= 2 Sinz(i'l/HQ)(f(f:()I/?) = tan(=/2).
We then get
/9 w/2
[, escla) e = togtante2) | = tos

Next, we use the inequality tan x > z, valid for any = € (0, 7/2). We deduce that

w/2 1 4p
/7r6 csc(z) dx < log e/ = log —

The claimed bound follows. O
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Application 2.21. Just like Application 2.18, the most immediate use of the Pélya—
Vinogradov inequality pertains to the quadratic character:
’ > o ’ < /p logp
acA
for any arc A C F,.

If we assume that each element of the arc A is a non-square, then we obtain
|A| < \/p logp. We interpret this as a fact about the spacing of squares: any two
consecutive squares in F,, = {0,1,...,p — 1} are at most ,/p log p apart.

A similar argument, this time assuming the arc A to consist of squares only,
shows that the same spacing bound holds for non-squares as well.

The next result puts the Pélya—Vinogradov inequality (17) into perspective. It
shows, in particular, that the main term in the upper bound, ,/p, is unavoidable.

Theorem 2.22. Givenm € {1,...,p— 1}, there exist positive constants cy,, Cy,
so that the following holds: for each non-trivial multiplicative character x of F,

we have
acA
as A runs over the arcs of length m.

Proof. Put 6 = m/p. There are p arcs of length m = Jp, namely A(t) = {¢,t +
1,...,t+m — 1} foreach t € F,. The desired expected value is

PR NPIEL
tEFp acA(t

The upper bound. This part bears some resemblance with Lemma 2.8. The main
ingredient here is the fact that, for any subset A C F,,, we have

2
SIS x| =4jiad.
teFp, act+A
Indeed, we can expand

Y @ =[xt = 3 e+ o)

act+A a€A a,be A
Using Lemma 2.10 along the way, we compute

Z‘Z ‘ > > x(t+a)x(t+b)

teFp, act+A a,bcA teFy
= Y (pla=0b] —1) = p|A| - |A]® = |4]|A°|.
a,beA
In the case at hand, we take A = A( ) and sot + A = A(t). We deduce that
A0
€3 v = AOIAOT 5,

acA p
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Using the inequality (E|f|)? < E|f|?, it follows that
E| > x(@)] < VoI =9) v = Cuu/p.
acA

The lower bound. This part of the argument uses Gauss sums. Put

=2 (3 x@)s

ter aEA
On the one hand,
s1< Y| > (@)
teFy, acA(t
and so
— < E‘ Z x(a ‘
acA

On the other hand, S admits a 31mple closed form. Indeed, we can write

S=Y Y wrag= Y Y e

teFp ac A(0) a€A(0) teFp
The change of variable ¢t := t — a reveals that the inner sum equals G(x)¢, “.
Therefore
m—1 —
1-¢™
S = G I =G(x) —2—.
Z ( — Cp 1— C]:
acA(0) J—O

Taking absolute values, we deduce that

11— sin(mm/p)
IV TG Y )
We expect the latter fraction to have a lower estimate on the order of m. We note
that sinz < x for z > 0, and sinx > 2z /7 for 0 < & < 7/2; the latter bound can
be checked by showing that (sinx)/z is decreasing on (0, 7/2]. A combined use

of these bounds confirms our expectation:
sin(mm/p) _ 2m/p  2m

sin(r/p) ~ w/p  w’
In summary, we have shown that

2my/p 20

Sl > —""=—

5] - —pVD
and so

el > v = B 2
—VDP = tmy/D.
acA

This completes the proof. (]

Notes. Theorem 2.19 is due, independently, to Pélya [16] and Vinogradov [21].
The proof presented herein is due to Schur [17]. Schur also proved what, in our
account, is the lower bound in Theorem 2.22.
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