HOLES, NONCONVEXITY, AND CURVATURE IN METRIC
SPACES
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ABSTRACT. We introduce a way of measuring nonconvexity of a metric space. We
apply it to define a broad generalization and refinement of the classical curvature
of a curve. We also use it to introduce a natural new notion of a fractal set.

1. INTRODUCTION

It is natural when investigating properties of a metric space to focus on the points
and subsets of this space. But what about what is not in the space, what is “missing”?
We propose here a way of measuring this missing part. One can think about it as
measuring what could be called the nonconvexity of the space. We apply this idea
to define a broad generalization and refinement of the classical curvature of a curve,
and compute it for a variety of examples. We also use it to introduce a natural new
notion of a fractal set.

A metric space is said to have midpoints if for every pair of points there is a point
whose distance to each of them is half the distance between them. We define a
quantity, the gap of the space, which is a measure of its failure to have midpoints.
The gap can be interpreted as the size of the largest hole, or perhaps more accurately
as a measure of the nonconvexity of the space.

While our initial interest in the gap of a metric space was inspired by global con-
siderations, we show here how its local behavior can be used to give a far-reaching
generalization of the classical curvature of a curve.

Given a point in our metric space, we can look at how the gap of a ball centered at
the point shrinks with its radius r. If the gap scales like 7P, we say that the space has
tryposity of order p at the point, and the p-tryposity gives finer information about
its dependence on the radius. In the case that the space is a curve, we also use the
term flexion for tryposity, because in this case it can be interpreted as a generalized
curvature at the point.

In particular, we show that the 3-flexion of a smooth curve at a point is equal
to one quarter the square of its classical curvature. However, at a point on a curve
for which either the curve is not smooth or the curvature is zero, there may be well
defined flexion of order other than 3. In this way flexion both refines and extends the
classical notion of curvature.
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We also use the local behavior of the gap to define a new notion of a fractal set in
a metric space, called a trypofractal, and study the relation between this definition
and one based on Hausdorff dimension.

The paper is organized as follows.

In Section 2 we introduce the gap of a metric space and its p-tryposity at a point
(or p-flexion if it is a curve) for p > 1, prove some basic properties, and give examples.

In Section 3 we prove that the 3-flexion of a C3 curve in R” at a point is one
quarter the square of the curvature, so that flexion is a generalization of the classical
curvature. We make use of the fact that in this case the Menger curvature coincides
with the classical curvature.

In Section 4 we show that for every p > 1, there is a C! planar curve with p-flexion
at a point of any positive value. In particular, when p < 3, the classical curvature
(corresponding to the 3-flexion) is undefined at this point, and when p > 3, the
classical curvature is zero.

In Section 5 we compute the 1-flexion at the vertex of a V-shaped curve making
an angle # with the horizontal axis, and show that it is maximized when

0 = sin~! <%) ~ 1.003.

In Section 6 we find upper and lower bounds for the 1-flexion of the Koch curve,
and define the notions of trypofractal and uniform trypofractal, using the standard
Cantor set as an example.

In Section 7 we construct (non-Euclidean) curves with every point having any
prescribed p-flexion for each p > 1.

In Section 8 we end with some open questions.

2. PRELIMINARIES

Let (X, d) be a metric space. We denote by B(z,r) the closed ball in X, centered
at x € X and of radius r. For x,y € X we define the hyperdistance between z and y
as

hd(z,y) = 2 inf{r : there exists z € X such that z,y € B(z,r)}.

Next, we define the leipodistance' between x and y by

Observe that d(z,y) < hd(z,y) < 2d(z,y), so 0 < ld(z,y) < d(x,y).

While it is obvious that in general leipodistance is not a metric on X, it is not im-
mediately obvious whether hyperdistance is. Here is an example where hyperdistance
does not satisfy the triangle inequality.

Example 2.1. Let X consists of five points, X = {A, B,C, D, E}. Define the metric
in X as follows: d(A,B) =d(A,C) =d(B,D) =d(B,E)=4,d(C,E) =3,d(A,D) =
d(B,C) =d(C,D) =2, and d(A, E) = d(D, E) = 1. It is easy to check that for all
10 triangles the triangle inequality is satisfied, so indeed d is a metric. However,
hd(A, B) = 8, while hd(A, D) = 2 and hd(B, D) = 4. O

I\eimw — to be absent, to be missing
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Now we define the gap of X as
V(X) =sup{ld(z,y) : z,y € X}.

It is immediate that any metric space with midpoints has gap zero. Here a metric
space X has midpoints if for all z,y in X there is m in X with d(z,m) = d(m,y) =
d(x,y)/2. For example, a convex set in a normed linear space has midpoints and
therefore gap zero.

Similarly, a metric space with approximate midpoints has gap zero. Here a metric
space has approximate midpoints if for all € > 0 and for all z,y in X there is m in X
with d(x,m),d(m,y) < d(x,y)/2 + e. In particular, every length space has gap zero.

Example 2.2. Let us compute the gap of an (n — 1)-dimensional sphere of radius
r and center x in R™. If y,2 € X and the angle Zyzz = 4a (0 < o < 7/4) then
d(y,z) = 2rsin2«a and hd(y,z) = 4rsina, so ld(y,z) = 4rsina — 2rsin2a (see
Figure 1). Differentiating with respect to a we get 4r(cosa — cos2a) > 0, so the
maximum is attained when o = 7/4, that is, when y and z are antipodal points.
Therefore, v(X) = 2v/2r — 2r = 2(v/2 — 1)r. This is proportional to r, so the gap
measures in some sense the size of the hole in the space.

FiGURE 1. Gap of a sphere.

Now consider Y = X U {z}. Take y € X. We have d(z,y) = r and hd(x,y) = 2r.
Therefore, ld(z,y) = r, so y(Y) > r (in fact, it is easy to see that v(Y) = r). Since
1> 2(\/§ — 1), this means that adding the center to the sphere increases its gap.
While this is may seem counterintuitive, it simply means that the gap measures not
only the size of the hole, but also its shape. O

Lemma 2.3. The gap of X is not larger than the diameter of X. Moreover, if X is
contained in a ball of radius r then v(X) < r.

Proof. The first statement follows from the inequality (d(z,y) < d(x,y). Assume now
that X is contained in a ball of radius r and take z,y € X. If d(z,y) < r then
ld(z,y) < d(z,y) <r. If d(z,y) > r, then ld(z,y) = hd(x,y) — d(x,y) < 2r —r =
T 0

Let X, X’ be subsets of some larger space Y and let dy(X, X’) be the Hausdorff
distance between X and X’ (it can be infinite).
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Lemma 2.4. We have
(1) (X)) = 2(X)| < 6du(X, X").

Proof. 1f dy (X, X') = oo, there is nothing to prove. Assume that dy (X, X') is finite.
Fix a > dy(X, X’). For any z,y € X there are 2/,y’ € X’ such that d(x,2’) < a and
d(y,y') < a. Then d(2’,y") < d(z,y) + 2a, so

(2) —d(z,y) < —d(z',y) + 2a.
Fix ¢ > 0. There exists 2z’ € X’ such that 2/, ¢’ € B(2/,r) for some 2r < hd(z',y') +

e. There is z € X such that d(z,2') < a. Then z,y € B(z,7 + 2a), so hd(x,y) <
2r +4a < hd(2',y') + € + 4a. This proves that

(3) hd(z,y) < hd(2',y') + 4a.

Adding (2) and (3) we get ld(z,y) < ld(z',y") + 6a. This means that for any
x,y € X there are 2/,y" € X’ such that ld(z',y") > ld(x,y) — 6a. This proves that
Y(X’) > v(X) — 6a. Since a was an arbitrary number larger than dg (X, X’), we
get Y(X') > v(X) — 6dy(X, X’), that is, v(X) — v(X') < 6dg(X,X’). Similarly,
Y(X') —v(X) <6dy(X,X'), so we get (1). O

There is a simple corollary to this lemma.
Corollary 2.5. If X' is a dense subset of X then v(X') = v(X).

Lemma 2.6. If X is a subset of a Hilbert space Y then v(X) = 0 if and only if the
closure of X is convez.

Proof. By Corollary 2.5, v(X) = v(X). If X is convex, then clearly X has midpoints
so v(X) = 0.

If X is not convex, then (since X is closed) there exist points z,y € X, such that
if I is the segment joining x and g, then I\ {z,y} is disjoint from X.

By translating X, we may assume that y = —x. Suppose that ld(x, —z) = 0. Then
for every € > 0 there is z € X such that ||z — z|| < ||z]| + € and ||z + 2| < ||z|| + €.
There is a point 2’ € I such that z— 2’ is orthogonal to x. One of the numbers ||z’ —z||
and ||z’ + x| is larger than or equal to ||z||. We may assume that it is ||z’ + z||. We

have ||z|| < ||z’ + z|| < ||z| + € and 0, z, 2’ belong to I, so ||2'|| < e. We have
12" + 12 = 21 < 112 + 2* + [l = ZI° = ||z + =]|* < (Jlzl| +)*.

Therefore, ||z — 2'[|> < 2¢|z|| + €2, so [|2]|* < 2¢]|z|| + 22, Since ¢ > 0 was arbitrary,
it follows that 0 € X, a contradiction. [l

It is natural to suspect that the above lemma holds for any normed linear space Y.
However, this is not the case.

Example 2.7. Let Y be the plane R? with the maximum norm, that is, ||(z, )| =
max(|z|, |y|). Let I C R be an interval (in the general meaning, bounded or not), and
let f: I — R be a function, Lipschitz continuous with constant 1. Let X C Y be the
graph of f. Then, for z,y € I we have

d((x, f(2)), (y, [(y))) = max(|z —y|, [f(x) = F)]) = |z —yl.

Thus, the map h : X — I, given by h(z, f(z)) = z, is an isometry. Therefore,
v(X) =~(I) =0, although X is not convex unless f is affine. O
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Nevertheless, a similar set in the same space can have positive gap.

Example 2.8. Let Y be as in the preceding example, I = [—1,1], and let X be the
union of the graphs of functions f,¢ : I — R, given by f(x) = |z|—1 and g(z) = 1—|z|
(a “diamond”). Take points a = (1/2,1/2) and b = (—1/2,—1/2). Their distance is
1. If their leipodistance is 0, then their hyperdistance must be 1, so the intersection
of the balls B(a, 1/2) and B(b,1/2) (in X) has to be nonempty. However, those balls
are equal to the intersection of X with the first and third quadrants, respectively, so
their intersection is empty. This proves that v(X) > 0. O

Lemma 2.9. If X s a nonempty subset of R with the usual metric, then the gap of
X is the supremum of lengths of bounded components of R\ X.

Proof. By Corollary 2.5, we can assume that X is closed in R. If (a, b) is a component
of R\ X, then a,b € X, and ld(a,b) = b — a, so y(X) is larger than or equal to the
length of (a,b).

On the other hand, if z,y € X, with z < y, look at the midpoint z of [z,y]. If
z € X, then ld(xz,y) = 0. Otherwise, z belongs to some component (a,b) of R\ X.
Suppose that z —a < b — z. Then

ldz,y) =2(y—a)—(y—z)=x+y—2a=2(z—a)< (z—a)+(b—2)=b—a.

Similarly, if z —a > b— z, we also get ld(x,y) < b— a, so in both cases ld(x,y) is not
larger than the supremum of lengths of bounded components of R\ X. O

In the rest of the paper we will concentrate on the local behavior of the gap in the
neighborhood of a point. If (X, d) is a metric space, z € X, and p > 1, we define the
lower p-tryposity® and the upper p-tryposity of X at x by

@, (X, 1) = hrrn_}glf p . D, (X, z) = llriljélp p .
If &,(X,r) = ®,(X,z), we will call it the p-tryposity of X at x and denote it by

®,(X, ). Observe that by Lemma 2.3, we always have ®;(X,z) < 1.

Note that we allow p-tryposities to be 0 or infinity. However, each of ® (X, z) and
®,(X, r) is an increasing function of p, and is positive finite for at most one value of p.
If there is p > 1 such that ®,(X,x) = 0 for all ¢ < p and @, (X, ) = oo for all ¢ > p,
then we will say that the tryposity of X at x has order p. Moreover, if ®,(X,z) > 0,
we will say that the tryposity of X at x has order 1, and if ®,(X,x) = 0 for all ¢ > 1
we will say that the tryposity has infinite order, or that the total tryposity of X at x
is zero. In all other cases, we will say that the order of the tryposity of X at x does
not exist.

In particular, if there is p such that 0 < @ (X, z) < ®,(X,r) < 0o, then the order
is p. If there are p < ¢ such that ®,(X,z) > 0 and @,(X,r) < oo, then the order of
the tryposity of X at x does not exist.

A convex subset or an open subset of a normed linear space are trivial examples of
a space whose total tryposity at every point is zero: a ball in such a subset centered
at any point and with sufficiently small radius is convex, so the gap of this ball is 0.

It is easy to give an example where the order of the tryposity does not exist.

27’p1§7ra — hole
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Example 2.10. Let X = {a, : n = 1,2,3,... } U {0}, where a,, = 1/2*". We have
B(0,a,+1) = B(0,a,/2), so by Lemma 2.9, the gap of this ball is a,4+1 — an12. Since
lim,, o0 Gpio/dni1 = 0 and a, 11 = a2, we get

7(B(0, ant1)) 1(B(0, an/2))

(4) T}LI}(}Q a1 = ]., but 1}1)% (an/2)2 =14,
Therefore, the order of the tryposity of X at 0 does not exist. O

Similar examples can be constructed to show that even when the tryposity has
order p, the p-tryposity can be 0 or infinity.
Example 2.11. Let X = {a,, : n =1,2,3,... }U{0}, where a,, is defined by induction:
a; =1/2, and ap11 = a, + lo‘;’&n
(a,) decreases and converges to 0. If a,, < r < a,_1, then by Lemma 2.9 we have

. It is a standard exercise to check that the sequence

2

a
B0,r) =a, — apy1 = ———.
v(B(0,7)) +1= log a,,
Hence, the tryposity of X at 0 has order 2, and since
a2
an-1 + o 271 n—
Hm — — lim —— 1ty Il g
n—00 (y_1 n—o0 Ap—1 n—oo 10g @y, 1
we get
a2
TTosa 1
®y(X,0) = lim —%% — Jim ——— =0
n—oo a2 n—oo — log ay,

O

Example 2.12. We make the same construction as in Example 2.11 with one differ-

2
lo‘;fln, we set an1 = a, + a?loga,. Then the
computations are very similar (in particular, the tryposity of X at 0 has order 2),

but we get

ence. Instead of setting a,1 = a, +

2
—a?logay, .
®y(X,0) = lim "I98 fim log a,, = 0.

n—00 a,?_b n—00

O

We will also use the term flexion for tryposity if X is a curve. We will see that flex-
ion gives a substantial generalization of the usual curvature, with 3-flexion essentially
recovering the classical curvature, higher order flexion enabling us to distinguish be-
tween for example a quartic and a sextic at the origin, and lower order flexion enabling
us to deal with cases where the curvature is undefined, for example corners.

3. CURVES WITH NONZERO CURVATURE

In this section we will consider a simple regular curve I' in the Euclidean space R,
of class C3. It turns out that we can compute the curvature of I' using the gap. Note
that in such a way we use only the metric on I', inherited from R", and we can forget
about the rest of R”. In 1930 K. Menger used an idea in the same spirit to define
what we call now the Menger curvature (see [Me]). In the situation considered above
it turns out to be equal to the classical curvature.
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Let x,y,z be three distinct points of I'. Denote by kys(x,y, z) the reciprocal of
the radius of the circle passing through those points (if they are collinear, then
ky(x,y,2) = 0). The following theorem is proved in [BM] as Theorem 10.5 there.

Theorem 3.1. Assume that n = 3 and fiz P € I'. Then the limit of ky(z,y, 2), as
distinct points x,y,z € I converge to P, exists and is equal to the classical curvature
of I" at P.

Since we want to work in R™ with n possibly larger than 3, we have to generalize
this theorem.

Theorem 3.2. Fiz P € I'. Then the limit of ky(x,y, 2), as distinct points x,y,z € T’
converge to P, exists and is equal to the classical curvature of T' at P.

Proof. We want to modify the proof from [BM] to avoid using the assumption that
n = 3. In the statement of the theorem there, the authors choose the parametrization
of the curve by arc length. Then the proof starts with choosing the coordinate system
in which P is the origin, assuming that the parametrization starts there, and the
unit tangent vector is (1,0,...,0). Thus, if the parametrization is (z1,...,x,), then
z;(0) =0 for all 4, 21(0) = 1, and «}(0) = 0 for all i > 1.

After that the proof (based on the notion of the Haantjes curvature [Ha|, which
was earlier shown to be equivalent to the Menger curvature) does not use the as-
sumption that the dimension is 3, until it comes to the proof that x}’(0) = —x? and
o (27(0))* = k*, where & is the classical curvature of ' at the origin. Here the
authors invoke the Frenet-Serret formulas, which require that n = 3.

However, those formulas are not necessary. The formula > 1"  (27(0))* = £? is

well known, and often is used as the definition of x. In order to get the formula
2'(0) = —~k?, observe that Y »  («}(¢))? = 1 for all ¢. Differentiating both sides

twice, we get
n

> (@ @alt) + (1)) = 0.

Evaluating at t = 0 we get z{'(0) + x* = 0, and this completes the proof. OJ

We have two natural metrics on I', one given by arc length, and the other inherited
from R™ (this metric will be denoted d). They may be quite different. It may happen
that the points are close to each other one in R", but far from each other along the
curve. However, the situation is much better locally.

Let us call a subset of a curve, which is connected and consists of more than
one point (so it is a curve itself), a subcurve. Moreover, let us say that a curve
parametrized by a function a has the monotone distance property (MDP) if for ev-
ery ti,to,t3 such that t; < ty < t3 we have d(a(t),a(t:)) < d(a(ty),a(ts)) and
d(a(ts), a(ts)) < d(a(ty), a(ts)). Clearly, this property does not depend on the choice
of a parametrization. Of course, every subcurve of a curve with MDP also has MDP.

Let us return to our curve I'.

Lemma 3.3. Let a : [a,b] — R™ be a parametrization of I' by the arc length. Then
for every ty € (a,b) there exists ¢ > 0 such that a < ty — ¢, to + & < b, and the
subcurve a([ty — €,to + €]) has MDP.
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Proof. For every t € |a, b] there is a unique decomposition o/ (t) = ¢(t)a/(to)+v(t) such
that c(t) is a scalar and the vector v(t) is orthogonal to o/(ty). If € > 0 is sufficiently
small then a <ty —e, tog+ec <b, and ||v(t)| < c(t) for every t € [to — €,to + €]. Take
t1,t9,t3 such that tg —e < t; < ty < t3 < to+ . Since for every t € [ty — &,ty + €]
the vector o/(t) is contained in the (one-sided) cone C' consisting of vectors of the
form éa/(ty) + 0, where ||0|| < ¢ and v is orthogonal to o/(t), we see that the vectors
a(ty) — a(ty) and a(ts) — a(tz) also belong to C'.
If vectors ¢;a/(to) + 04, © = 1,2, belong to C, then their scalar product is

C16g + (U1, 0g) = E18p — [0 - [0 > 0.

Therefore the scalar product of a(ty) — a(t;) and «(ts) — a(ty) is positive, so the
length of (a(ty) — a(ty)) + (a(ts) — a(tz)) = alts) — a(ty) (that is, d(a(ty), a(ts))) is
larger than the length of (a(t2) — a(ty)) (that is, d(a(t1), a(ts))).

The proof of the second inequality from the definition of MDP is similar. O

Remember that according to our notation, when we write B(P,r), we mean the
(closed) ball in T, not in R™.

Corollary 3.4. For every point P € ', which is not an endpoint, if r > 0 is suffi-
ciently small then B(P,r) is a subcurve of T' and has MDP.

Proof. Use Lemma 3.3 with a(tg) = p. Take r such small that r < d(P, a(ty — ¢)),
r < d(P,a(ty+¢)), and r is smaller than the distance from P to I' \ B(P,r). Then
B(P,r) is asubcurve of a([ty—¢, to+¢]). Thus, it is a subcurve of I" and has MDP. [0

We want to establish a connection between gap and curvature. Let us start with a
simple geometrical lemma.

Y\/ \/Z
A X 4
X

FIGURE 2. Situation from Lemma 3.5.
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Lemma 3.5. Let distinct points x,y, z belong to a circle centered at s with radius
R >0, and let d(z,y) = d(x, z) = o, where o < R. Then

QS

> 3
232(1+ 1—4%)

where the leipodistance is computed in the space {x,y,z}.

(5) ld(y,z) =

Proof. The situation is depicted in Figure 2. Point y; is the midpoint of the segment
xy, and z; is the midpoint of xz. Point x; is the point of intersection of the segments
sx and y;21.

Since our space consists of three points, x,y, z, we have ld(y,z) = 20 — d(y, z).
From the right triangle sxz; we get

d(acl Zl) _ d<$,21)d(8,2’1) (Q/Q)W

d(z,s) B R '
However, d(x1,21) = d(y1,21)/2 = d(y, z) /4, so
92 2 2 3
ld(y,z)zQQ—Eg RQ—%:2Q<1— 1_4Q_R2>: ¢ . g
2R (1 +4/1- $>

Remark 3.6. The assumption that ¢ < R is made only to avoid discussion of cases
which are unnecessary for us. We will use this lemma only for R bounded away from
zero and p converging to zero. Note that then the expression in the parenthesis in (5)
converges to 2. Moreover, note that (5) is valid also in the case of R = oo, that is,
when the points x, y, z collinear.

Theorem 3.7. Let I' be a simple curve of class C* in R™, and let P € T’ be a point
that is not an endpoint of I'. Then

/412

— Z’
where K is the curvature of U at P. In particular, if Kk # 0, then the flexion of I' at P
has order 3.

(6) ®3(I', P)

Proof. For simplicity, denote

Q3

2R2 <1+ 1 02)

T AR?

By Corollary 3.4, if r is sufficiently small, then I, = B(P,r)) is a subcurve of
' and had MDP. Let y, and z,. be the endpoints of I[,. By MDP, the ball in I,
containing both y, and z, with the smallest radius is B(P,r). Thus, by Lemma 3.5,
ld(y,, z,) = &(r, Ry, soy(I) > &(r, R,), where R, = 1/ky (P, yr, z). As r approaches
0, by Theorem 3.2 and Remark 3.6, £(r, R,)/r® approaches x?/4. This proves that

2
lim inf M > i.
r—0 7’3 4
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Now fix ¢ > 0. If r is sufficiently small, then by Theorem 3.2 for every three
distinct points x,y, z € I, the radius R of the circle passing through z,vy, 2z is larger
than 1/(k+¢). When computing the hyperdistance between y and z in I, we minimize
the radius of the ball containing both z and y when its center x is equidistant from y
and z (that is, d(z,y) = d(x, z)). Thus, it suffices to consider only such triples. But
then we can use Lemma 3.5, and we see that ld(y, z) < &(d(x,y), R). The function
¢ is increasing with respect to the first argument and decreasing with respect to the
second argument. Since R > 1/(k +¢), we get ld(y, z) < &(d(x,y),1/(k +¢€)).

Either both z,y or both x,z are on the same side of P. Since I, has MDP, it
follows that either d(x,y) < r or d(z,z) < r. Since d(z,y) = d(z,2), in both cases
d(z,y) <r. Then ld(y,z) < &(r,1/(k + ¢€)), and hence

2
lim sup YLD (5 +e)”
r—0 r3 4

Since ¢ can be taken arbitrarily small, this completes the proof of (6). O

4. ZERO CURVATURE OR UNDEFINED CURVATURE

The assumption of the second part of Theorem 3.7 was that the curvature of I' at
P is nonzero. The question remains, what happens when it is equal to zero. In this
section we will investigate a family of standard examples including such situations, as
well as situations in which the usual curvature is undefined. Namely, we assume the
curve I' in the plane is given by y = K|z|?, where ¢ > 1 and K > 0 are real numbers,
and the point P is the origin O.

When we try to compute the leipodistance between two points on this curve (we
really need only to find out what happens when they both approach the origin), we
have to consider two possibilities: they are on different sides of the origin (including
the case when one of them is at the origin), and they are on the same side of the
origin. Let us start with the first case, which turns out to be simpler.

B
J C v
A = a (B
A - DJAD .
= -

F1GURE 3. The case when A and B are on opposite sides of the origin.

Consider the situation from Figure 3, where the curve is y = K|z|?, with ¢ > 1 and
K > 0. We assume that 0 < a < b. The points are A = (—a, Ka?), B = (b, Kb?),
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C = (b_T“, KW) is the midpoint of AB, D = (d, Kd?) and C'D is perpendicular to
AB, A = (—a, K¥5et) | B — (b, K¥50), DY = (b2, Kd), E = (%52,0).
Let us look first at the simple case when a = b. Then d(A, B) = 2b and hd(A, B) =

2v/b?2 + K2b%4. Therefore

2K 2!
1d(A, B) = 2b (\/1 T K22 — 1) - .
V14 K202 41
This function divided by 5?7~! goes to K? as b goes to 0. Moreover, if b (and
consequently, a) lies on the sphere centered at the origin O with radius r, then
= /14 K?2b%~2 so the ratio b/r goes to 1. Therefore,

(7) lim inf VBB T)) > K2,

r—0 r2a—1
In the general case, we have
d(C,A") d(C,B') d(C,D')
d(C,A) d(C,B) d(C,D)

Hence, d(C, B') = d(C, B) cos . Since the triangles CBD and C'B’D’ are similar, we
get also d(D’', B") = d(D, B) cos «, so

d(D',B") — d(C,B') = (d(D, B) — d(C, B)) cos a.

Moreover, d(D’, B") < d(E, B"). Therefore (using the inequality /1 +z < 1+ z/2),
we get

ld(A, B) =2(d(D,B) — d(C,B)) = 2(d(D', B") — d(C, B')) sec
< 2(d(E,B) — d(C, B)) seca = 2 \/<b;a> K2 (bq ; “q) - b;“ sec

_ <\/(b+ a)? + K2(b4 4+ a)? — (b + a)) sec

2
a4 g4
=(b+a) \/1+K2<bbia> — 1| seca
a

b+ at\’ K? (b7 + a?)?
b—|— > SGC@ZTTSGCO{.
a a

= COS C.

< %(b +a)K? (

Set t = a/b. We assume that 0 < ¢ < 1. We have a = bt, so

K? (1 +1t7)?
2 1+t

We claim that (1 +¢9)?/(1 +t) < 2. This is equivalent to Q(¢t) < 0, where Q(t) =
2 + 2t9 — 2¢ — 1. The second derivative of ) is nonnegative on [0, 1], so @ attains 1ts
maximal value on [0, 1] at one of the endpoints. However, Q(0) = —1 and Q(1) =
so @ is nonpositive on [0, 1].

In such a way we get ld(A, B) < K207 !seca. Since a goes to 0 as b goes to zero,
using this inequality shows that if for the computation of the tryposity of I' at O we

ld(A,B) < b?1 sec .
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use only the case of A and B on opposite sides of the origin, we would get
7(B(O,r))

r2q—1

lim sup < K*.

r—0

Then, together with (7), we would get ®5, 1(I',0) = K?.

However, we still have to consider the case of both A and B on the same side of
the origin (see Figure 4). The natural guess would be that we will not get anything
new, but a surprise is awaiting us.

A
B
A C a -B’
a o}
D26
Al _

FIGURE 4. The case when A and B are on the same side of the origin.

We have now 0 < a < b and the points are A = (a, Ka?), B = (b, Kb?), C' =
(c,e) = (&2, K™%} is the midpoint of AB, D = (d, Kd?) and CD is perpendicular
to AB, A" = (a,¢), B = (b,¢), D' = (¢, Kd).

As in the first case, we have

d(D',B") — d(C,B') = (d(D, B) — d(C, B)) cos .

However, now estimating leipodistance from above does not suffice, so we have to
make estimates from both sides. Fortunately for us, we only need to consider the
limit as b goes to 0, and in the limit some of those estimates become equalities. For
two expressions, ¢ and &, that depend on a and b, we will write ¢ = £ if the limit of
¢/€ is 1 uniformly in a, when b goes to 0.

In particular, as b goes to 0, « also goes to zero (uniformly in a), so we get

d(D',B) —d(C,B") =d(D, B) — d(C, B).
From the triangle CDD’ we get d — ¢ = (¢ — Kd?) tan . Moreover,

49 — 4
C < gdtt < bt
d—c
Therefore,
c— Kt Kd? — K¢t d? — 1
_ — q—1
1<5—qu_1+ K —1—|—Kd_c tana < 14 Kgb? " tan a,
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soc— Kl =¢— Kdi.
Now,
ld(A,B) = 2(d(D, B) —d(C, B)) = 2(d(D’, B') —d(C, B’))

b—a)\? b—a
—9 o Kdi)? —
\/( . ) + (@ Kany -

Let a = tb. We have
G- Kd_ - Kot KU - K (%) eyt e - ()]
b—a  b—a b—a 1—1

By L’Hospital’s rule,

q q $a—1 q—1
t—1 1—1¢ t—1 —1 2 2
Therefore E_bf(fq goes to 0 uniformly in a as b goes to zero. Thus,
b—a\? b— ¢— Kd?)? 2
\/< °) +e- K-t ) J
2 2 b—a o Kda) \ 2
1+ = ) T 1

goes to 1 uniformly in a as b goes to zero. Therefore

(O Kt _ (o= Ken |2 (K - K (b))
b—a b—a b—a '

Set again a = tb. Then ld(A, B) = K?f,(t)b*7", where

25 - (59

ld(A,B) =2

t) = 2
) —

Together with our earlier results from this section, and taking into account again
that if d(O,B) = r then r = b, we get the following result. Denote by m, the
supremum of f, on the interval [0, 1) (it is finite, since the limit of f,(¢) at ¢t = 1 is 0).

Theorem 4.1. If the curve I' in the plane is the graph of the function y = K|x|? for
some real ¢ > 1 and K > 0, then its flexion at the origin O has order 2qg — 1 and
Py, 1(T,0) = K? max(1,m,).

Note that this agrees with Theorem 3.7, since my = 1/8 and the curvature of the
graph of the function y = K2 at the origin is 2K.
We get as a corollary to Theorem 4.1:

Corollary 4.2. For every real p > 1 and ¥ > 0 there is a C' planar curve T’ and a
point P € I' such that the flexion of I' at P has order p and ®,(I', P) = .

To get more information about m,, let us look more closely at f,(¢) as a function of
qg>1land 0 <t < 1. If we fix t and let ¢ go to infinity, we get the limit 1/(2(1—t)). If
t > 1/2, this is larger than 1, and therefore, if ¢ is large, then max(1,m,) =m, > 1.
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Let us show that for 0 <t < 1, the function g — f,(t) is increasing on (1, 00). This
is clear if t = 0, so consider ¢t € (0, 1). Set

1+1¢

g(t) =tlogt — (1+1t)log
for 0 <t <1. We have
t
<0

1
g'(t) =logt —log
and g(1) = 0. Therefore g(¢) > 0 for ¢t € (0,1). Thus,

log t 1+t (1—|—t)q
< ,

< —_—
2 log % 2t 2t

0 [1+12 14+t\? tql , 14t ql 1+t>0
= - = —logt — | —— 0 .
9g \ 2 2 g 8 2 &7
1+tq> 14+t\?

2 2 ’

because the function ¢ — 7 is strictly convex. This proves that the function ¢ — f,(¢)
is increasing. In particular, the function ¢ — m, is increasing.

SO

Moreover,

FIGURE 5. Graphs of functions f,.

Numerical investigation of the functions f, gives interesting results. In Figure 5
we see the graphs of the functions f, for ¢ = 2,3,4,6,8,10,12, 13,14, 16, 18,20 (from
the bottom up). We see that m, < 1 for ¢ < 12, but m, > 1 for ¢ > 13 (we have
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f13(0.65) ~ 1.0071941657). Since we consider all real ¢ > 1, there is some critical
q € (12,13) for which m, = 1.

5. V-CURVES

Now we consider the simplest family of nonsmooth curves, namely two rays joined
at their endpoints. Then for any point other than the singularity, any sufficiently
small ball around such a point is a segment and thus has gap zero. In contrast, at
the singularity, the gap is positive and proportional to the ball’s radius.

Theorem 5.1. For ¢ > 0, let Vi be the graph of y = c|x| in the plane, where 0 is the

angle in the first quadrant between Vy and the horizontal axis, so that ¢ = tan (see

Figure 6). Then the flexion of Vi at the origin O has order 1 and the 1-flexion there
18 .

2({1———= | =2(1—cosh) if 0<c<1,

( v1+ 02) ( ) N

and

2c 1 . :
2 (1 e m) =2(2sinf — 1) cosf if c¢>1
(see Figure 7).

FIGURE 6. The curve V.

We write V for Vp, then V' for the part of V' in the first quadrant (its right arm),
and V'~ for the part in the second quadrant (its left arm), so that V. =V*T UV~

Let Py be the points in B(O,r) at distance r from the origin, with P, € V* and
P_ € V~. Thus, Py = (+a,c|a|), where a = r cos .

We will prove that the gap of B(O,r) is witnessed at the endpoints P_ and P,
that is,

(®) A(B(O,r)) = ld(P-, Py).

Note that a homothety scales leipodistances accordingly. Thus, in order to prove (8)
it suffices to prove it in the case that a = 1, i.e.  =sec#, so P = (£1,¢). For the
same reason, at least one of any pair of points with maximal leipodistance in B(O,r)
is an endpoint. Thus, by symmetry we can take one of our two points to be P_.
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0 /4 /2

FI1GURE 7. Flexion as a function of the angle 6.

Then clearly the second point giving maximal leipodistance cannot also be on V.
Let @ = (z,cx), with 0 < 2 < 1, be a point in V. We want to show that ld(P_, Q)
is maximized when ) = P, i.e. when x = 1.

Consider first the case of ¢ > 1. For a given point () = (x, cx) on the right arm let
Q™ = (—y, cy) be the point on the left arm such that the segment joining ¢ with @~
is perpendicular to the left arm (see Figure 8). Then the vectors (z + vy, c(x —y)) and
(—1,c) are perpendicular, so —z — y + c*z — c*y = 0. Therefore,

(9) y- 1

FIGURE 8. The case ¢ > 1, x > .

There is a unique point Qo = (zo, cxo) for which d(P-,Qq) = d(Qo, Qg ), where
Qo = (—Yo, cyo) is the point @~ as above corresponding to Qy. We have d(P_, Q) =
(1—yo)Ve2 + 1and d(Qo, Qg ) = /(0 + 10)? + 2(wo — yo)2. By (9), we get d(Qo, Qp ) =
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2cxo/V e+ 1, s0

A+1
?4+2c—1

If 2 > xy then hd(P_, Q) = 2d(Q, Q7 ); if x < xg then hd(P_, Q) = 2d(Q, S), where
S is the point on the left arm for which d(Q,S) = d(P-,S) (see Figure 9). Observe
that if ¢ € [0, 1] then for all z we have hd(P-, Q) = 2d(Q, S).

Lemma 5.2. Assume that ¢ > 1 and xo < x < 1. Then ld(P-,Q) < ld(P-, Py).

Proof. We compute d(Q, Q™) in the same way as d(Qo, Qy ), s0 d(Q, Q™) = 2cx/v/c* + 1.
Thus,

o =

dex
ld(P_,Q) = — v (x+1)2+c2(1 —x)2.
(P-Q) = = =V r P+ 20—
For Q@ = P, we have x =1, so
4c
10 ld(P_,Py) = — 2.
(10) (P Py) = ——

Therefore, we have to prove that
4c(1 —x)
Ve +1

We square both sides of (11), rearrange it and divide by (1 — z) (which, as we
know, is positive), and get an equivalent (under our assumptions) inequality

16¢ ,  16c2
~ 22 V-,
02+1+<C 02+1)( 7)

At z =0, (12) becomes 4 < 16¢/v/c? 4+ 1, which holds because ¢ > 1. At z =0, (12)
is equivalent to (11) for = 0, that is,

4
9 ¢ 211

c2+1

(11) 2 <V(z41)2+ (1 — )2

(12) 3+z<

This inequality also holds because ¢ > 1 (in fact, its left-hand side is negative).
Since inequality (12) is affine in = and is satisfied for = 0 and = = 1, it is satisfied
for all z € [0,1]. O

As we mentioned, if x < xy (and also for all x if ¢ < 1) we have hd(P_,Q) =
2d(Q,S). Let us express this quantity in geometric terms. Let o € (0,7/2) be the
angle between the left arm and the segment L joining P_ with @), and let U be the
point on L for which the segment from S to U is perpendicular to L. Then

d(@,S)=d(P-,5)=d(P-,U)seca = Mseca

(see Figure 9). Therefore,
(13) ld(P-,Q) =d(P-,Q)(seca — 1).

Lemma 5.3. If ¢ > 1 and 0 < = < x, then ld(P_,Q) < ld(P-,Qy). Similarly, if
0<c<land0<z <1, thenld(P-,Q) <ld(P-,Py).
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O

FIGURE 9. The case ¢ > 1, x < xy.

Proof. Let 8 be the angle between the arms of V. By the Law of Sines, d(P_,Q) =
sin 8d(O, Q)/ sin o, S0

seca — 1

ld(P-,Q) = sin f——d(0, Q).
sin «v
Observe that (for a fixed ) d(O, Q) is a strictly increasing function of . Moreover,
if € (0,7/2), then (seca — 1)/ sin a is positive. The product of two positive strictly
increasing functions is strictly increasing. Thus, in order to prove both parts of the

lemma, it is enough to show that the function g(«) := (seca — 1)/sin« is strictly
increasing on (0, 7/2).
We have
, tan? o + cosa — 1
g (o) = —
sin” «

The function h(a) := tan? @ 4+ cosa — 1 has value 0 at @ = 0, and
B (a) =sina(2sec’ a — 1) > 0

for all @ € (0,7/2). Thus, ¢'(a) > 0 for all a € (0,7/2), so g is strictly increasing on
(0,7/2). O

From Lemmas 5.2 and 5.3 we get easily (8).
Proposition 5.4. We have y(B(O,r)) = ld(P-, P,).

Proof. As we have observed, it has to be proved only for the case of r = secf.
If ¢c >1and g < x < 1, it follows from Lemma 5.2. If 0 < ¢ < 1 and 0 <
x < 1, it follows from Lemma 5.3. If ¢ > 1 and 0 < < xy then by Lemma 5.3

ld(P-,Q) < ld(P-,Qo). However, ld(P-,Qy) < ld(P-,P;) by Lemma 5.2, and the
desired inequality follows. O

Now we can prove Theorem 5.1.
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Proof of Theorem 5.1. First suppose 0 < ¢ < 1. We have () = P, so S = O. There-
fore, hd(P_, Py) = 2r, and we get

’7(B<O,T’)> = ld(‘P—a P—l—) = hd(P—7P+> - d(P—7P+) =2r—2a

=2 (1 - \/ﬁ) r=2(1—cosf)r.

Now suppose ¢ > 1. Then we can use (10), remembering that it was obtained under
the assumption that r = /1 + ¢2. Thus, in the general case we have

r 4c 2c 1
ld(P_,P,) = —92]1 =2 _
( +) V1+¢? (\/1—|-02 ) (1+62 \/1+C2)T

Therefore,

A(B(0.r)) =2 ( 2 !

1+ JVite

) r=2((2sind — 1) cos ).

Elementary computations give us an unexpected result.

Corollary 5.5. The 1-flexion of Vi at the origin is maximized when

L <1 +/33
8

0 = sin ) ~ 1.00296695386625,

i.e. when c is the largest zero of the polynomial 3c* — 9c? + 4:

c— \/%ﬁ ~ 1.5676182914716.

Thus, as 0 varies, the 1-flexion of Vi at the origin takes all values between 0 and

414 — 66+/33
8
but no larger values (see Figure 7).

~ 0.738017456956381,

6. FRACTALS

Let us now look at curves that are very non-smooth, namely fractal ones [Fa|. If we
understand “fractal” as “self-similar”, when we take smaller and smaller scales, we see
the same picture scaled down. This means that we should expect that the tryposity
(flexion) of our curve at every point will have order 1. In fact, this should be true for
all self-similar sets, not only for curves. However, an exact statement of such result
and a proof may depend heavily on what we really understand as “self-similarity”.
Therefore, here we will work with a concrete curve, namely with the quite popular
Koch curve. Let us define it.

We construct it in steps. We start with the interval [0, 1], then we remove its middle
1/3 and replace it by the two other sides of the equilateral triangle whose one side
was the remove interval. Next we repeat the same operation with every segment of
our curve, and we continue by induction (see Figure 10). In the limit we get a curve
which we call the Koch curve and denote by K.



20 WILLIAM GELLER AND MICHAL MISIUREWICZ

FIGURE 10. Construction of the Koch curve.

We have to estimate the gap of balls in the Koch curve from both sides. One
estimate, namely

(14) V(B(x,r)) <,

follows immediately from Lemma 2.3.
The other estimate is more complicated.

Lemma 6.1. If0<r <1 and x € K then v(B(x,r)) > %r.

Proof. Let IC,, be the curve that we get in the nth step of the construction of K (so
in Figure 10 we see I, for n = 0,1,2,3). It is clear that the diameter of K is 1.
Therefore, the diameter of any part of I between two consecutive vertices of IC,, is
37", It follows that if x € K and r > 37" then B(z,r) contains at least one part
of the curve K between two consecutive vertices of IC,,. Call this part X. It looks
like all of K, scaled down by the factor 3". Let y, 2z € K be the two vertices of K, 1,
adjacent to the endpoints of X (see Figure 11). Their distance is 3=+ while their
hyperdistance is larger than 2 times the altitude of the equilateral triangle whose one
side is the segment joining y with z. Thus, ld(y, z) > (v/3 — 1)3~("+1),
In such a way we see that if 37" < r < 371 then

V3-1
9

v(B(z,7)) > (V3 -1)3"0+D >

7.
O

From the inequality (14) and Lemma 6.1 we get immediately the following theorem.
Theorem 6.2. The flexion of the Koch curve K at any point has order 1, and at

V3-1
9

each point the lower 1-flexion is at least , while the upper 1-flexion is at most 1.
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Yy Z
FI1GURE 11. Points y, z, where the visible curve is an approximation to X.

As we said, the idea that the tryposity order should be 1 for fractals should apply
not only to curves, but also to other spaces. Let us investigate what happens to
various Cantor sets (subsets of the real line homeomorphic to the standard middle
third Cantor set).

Let X be our space. As always, when we write B(x,r), we mean a closed ball in X.
By the definition, in order to check whether the order of the tryposity at all points is
1, we only have to check whether

B
(15) timint XBET)
r—0 r
for every x € X. If this property is satisfied (that is, if the tryposity order is 1 at all
points), we will say that X is a trypofractal.
Sometimes we can expect an even stronger property:
(B(z, 7))

(16) lim inf
r—0zxeX r

> 0.

Then we will say that X is a uniform trypofractal.

Proposition 6.3. Let X be the standard middle third Cantor set. Then, for every
x € X andr € (0,1] we have v(B(x,r)) > /9, so X is a uniform trypofractal.

Proof. When 3™ < r < 3 for some n > 1 and z € X, then B(z,r) is the
intersection of X with a closed interval, and this interval contains an interval of
nth generation (of length 37") from the construction of X. In this interval there
is a gap® of (n + 1)st generation. This gap has length 3771, so by Lemma 2.9,
v(B(z,r)) >3 1 =3""/9 >r/9. O

Example 6.4. Let us modify slightly Example 2.10, by replacing each point a,, by
a standard Cantor set containing a,, scaled down linearly is such a way that its
diameter is smaller than a?. Then the limits (4) will not change and we see that
again the tryposity at 0 does not exist. Thus, it is not a trypofractal. However, our
set has no isolated points and has a countable base consisting of clopen sets, so by
Brouwer’s Theorem [Br] it is a Cantor set. O

We will say that X is a fractal if for every nonempty open subset U C X the
Hausdorff dimension of U is larger than its topological dimension. However, readers
are welcome to use their favorite definition of a fractal.

3Here we are talking about the gaps in the Cantor set, not about the gap of any space.
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Proposition 6.3 gives us an example of a set that is both fractal and trypofractal.
Example 6.4 is an example of a fractal that is not a trypofractal. A remaining question
is whether every trypofractal is a fractal. This question can be asked for arbitrary
compact metric spaces, or only for Cantor sets.

7. NON-EUCLIDEAN CURVES

Let us now consider some curves that cannot be embedded into Euclidean spaces.
Take an interval and define a metric on it that makes it homeomorphic to the same
interval with the usual metric. We will make this interval locally homogeneous. That
is, any two points have small neighborhoods which are isometric to each other. This
means that the flexion will be the same at each point. This is in contrast to the
results of Sections 4 and 5, where we obtained special flexion at one point.

Our metric will be of the form d(z,y) = f(Jz — y|), and the space will be (0, ¢).

Lemma 7.1. Assume that f : (0,e) — (0,00) is a strictly increasing function of
class C*, such that lim,_,o f(z) = 0 and [ is decreasing. Then the function d(x,y) =
f(z—yl|) if x #y and d(x,z) = 0 is a metric on (0,e) and (0,e) with this metric is
homeomorphic to an interval.

Proof. The only property of the metric that is not obvious is the triangle inequality.
Suppose 0 < z <y < z < e. Then d(x, z) > d(z,y) and d(z, z) > d(y, z), so we only
have to check that d(z,z) < d(x,y) + d(y,z). Let y —2 = a and z —y = b. Then
we have to prove that U(a) > 0, where V(a) = f(a) + f(b) — f(a + b), under the
assumptions that a,b > 0 and a + b < e. We have ¥'(a) = f'(a) — f'(a + ) > 0,
because f’ is decreasing. Moreover, lim,_,o ¥(a) = f(b) — f(b) = 0. Thus, ¥(a) > 0.

The property that our space is homeomorphic to an interval follows immediately
from the fact that f is strictly increasing and lim, o f(x) = 0. U

First we will construct a metric in which the flexion has order 1 and 1-flexion takes
any prescribed value from (0, 1).

Example 7.2. Fix ¢ € (0,1) and set ¢ = 1 and f(x) = 29. Then the assumptions of
Lemma 7.1 are satisfied.

fO<z<y<z<landd(z,y =dy,z2) =r,wegety—o=2—y =19
so z —x = 2r'/9. Hence, d(x,z) = 29r, and it is easy to see that hd(z,z) = 2r.
Therefore, (d(z,z) = (2 — 29)r, so it is clear that the flexion at y has order 1 and
1-flexion is 2 — 29. In particular, our interval is a trypofractal (in fact, it is even a
uniform trypofractal). This is not surprising, because its nonempty open sets have
Hausdorff dimension 1/¢ and topological dimension 1, so it is a fractal. O

Next we construct a metric in which the flexion has order 1 and 1-flexion is 1.

Example 7.3. Set ¢ = ¢ 2 and f(z) = —loéx. We have f'(z) = m > 0.
Moreover,
2+ logx
" _
i) = 12(log )3

is negative if 0 < < e72. Therefore, the assumptions of Lemma 7.1 are satisfied.
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fOo<z<y<z<landd(z,y)=d(y,z)=r,wegety—x=2—y=e /" so
2z —x = 2¢'/". Hence,
B —1 B -1
~log(2eY7)  log2 — 1’

d(z, 2)

and it is easy to see that hd(z, z) = 2r. Therefore,

-1 1
(z,2) =2r log2 — 1 ( +rlog2—1>r’

and since

1
li 24— 1 =1
rl—%( +T10g2—1) ’

it is clear that the flexion at y has order 1 and 1-flexion is 1.
Observe that here nonempty open subsets of our space have infinite Hausdorff
dimension. O

Finally, we get flexions of any prescribed order p > 1 and p-flexion of any prescribed
positive value.

Example 7.4. Fix p > 1 and K > 0. Set ¢ = (Kp)z;fll and f(z) =z — KaP. We
have f'(x) = 1— Kpaz?~! > 0 for x € (0,¢). Therefore, the assumptions of Lemma 7.1
are satisfied.

f0<z<y<z<eandy—x=z—y=a,then d(z,z) = 2a — K(2a)? and it is
easy to see that hd(zx,z) = 2(a — KaP). Thus, ld(x,z) = K(2P — 2)aP, and since the
limit of (a — KaP)/a is 1 as a goes to 0, we get flexion at y of order p, and p-flexion
equal to K (27 — 2). O

8. QUESTIONS

Let us look at our results and try to ask some natural questions.

In Section 3 we assume that the curve is of class C3. The third derivative is used
in the proof of Theorem 3.2. But maybe this theorem is also true if we assume only
that the curve is of class C?? Or maybe, even if it is not true, the main results are
true under this weaker assumption?

In Section 4, for all orders p > 1 we get all positive p-flexions for one point of a C*
planar curve. However, we got this by considering the concrete examples y = K |x|9.
Can one get this for a much more general class of examples?

In Section 5 it is notable that the construction does not yield 1-flexions close to 1.
Can we get them arbitrarily close to 1 for planar curves (with order 1)? Or at least

closer to 1 than this strange number —“114;66\@? And can we get 1-flexion 17 It is
far from clear how to try to construct such curves.

In Section 6 we get estimates for the upper and lower 1-flexion for the Koch curve.
But are there points where the upper and lower 1-flexion are equal? Or maybe this
happens for every point? And how do those 1-flexions depend on the point? In fact,
similar questions can be asked even for the standard Cantor set, but there they should
be relatively simple.
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